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1 Introduction

In the years that have passed, several classes of vector and scalar Continuous-time
programming problems have been the subject of countless researches. First, Bellman
[5] studied this class of problems in a linear case. He formulated the dual problem of
this class and provided the duality relations. Investigation of the optimality conditions
of KKT type for nonlinear continuous-time problems was first studied by Hanson and
Mon [14]. In a smooth case, further generalizations of the FJ and KKT type of the
optimality conditions for continuous-time nonlinear problems are found in [1, 12, 14, 24].
On the other hand, the FJ and KKT optimality conditions for Lipschitz continuous-
time programming problems were established by Brandao et al. in [6], for the non-
smooth case. Later on, by using the Clarke sub-differentials, Nobakhtian et al. in
[19, 20] provided the necessary optimality conditions for non-smooth continuous-time
problems with vector-valued objective functions.

In recent years, the idea of convexificator which is seen as a generalization of the
sub-differential has been studied by many researchers to extend and reinforce different
results in non-smooth analysis and optimization. In particular, the well-known sub-
differentials, such as Michel-Penot sub-differential, Clarke sub-differential, and Treiman
sub-differential, are convexificators for the locally Lipschitz functions. Unlike, well-
known sub-differentials which are compact and convex, the convexificators are not
necessarily convex or compact, but are always closed sets. This concept was first
defined by Demyanov [8] in the form of a convex and compact set, as a generalization
of the idea of lower concave and upper convex approximations. Afterward, Jeyakumar
and Luc in [16] used a closed and nonconvex set instead of a convex and compact set
and they introduced what is now known as the nonconvex convexifiector.

Many researchers have obtained different results concerning FJ and KKT type nec-
essary optimality conditions for non-smooth optimization problems with using con-
vexificators (see [3, 4, 8, 9, 10, 11, 13, 16, 22, 23]). The upper semi-regular convex-
ificator defined in [11] is a strengthened version of an upper convexifactor. Further,
for the locally Lipschitz function, one can have the upper semi-regular convexificators
smaller than the Michel-Penot sub-differential, Clarke sub-differential, Mordukhovich
sub-differential, and Treiman sub-differential, so the optimality conditions obtained in
terms of upper semi-regular convexificators are sharper. Our purpose in this paper is
to introduce a new generalization of the Mangasarian-Fromovitz constraint qualifica-
tion and following that to obtain an actual result of necessary optimality conditions in
the form of KKT type for non-smooth continuous-time problems with inequality con-
straints with using convexificator. As mentioned above, the convexificator is viewed as
a generalization of the sub-differential, so it leads to more robust results in optimiza-
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tion. Indeed, the results in this perusal are correct with the convexificator replaced by
known sub-differentials such as Clarke and Mordukhovich sub-differentials where the
functions are locally Lipschitz. The main result of this paper might be used to general-
ize the duality and optimality conditions for non-smooth continuous-time optimization
problems in future research.

The structure of the next sections of this work is as follows. In the second section,
we introduce the notations and give the basic definitions of convexificators, support
functions, integration of Multifunctions, and derive some preparative results from being
used in the residual of this paper. In the third section, we introduce a new constraint
qualification for non-smooth continuous-time problems with inequality constraints via
convexificator and we establish KKT type necessary optimality conditions.

2 Notations and Preliminaries

Let Z ⊂ L∞m [0,T ] be a nonempty, open and convex where (L∞m [0,T ],∥.∥∞) is the Ba-
nach space of all m-dimensional vector-valued Lebesgue measurable essentially bounded
functions defined on the [0,T ] ⊂ R, with the essential norm ∥.∥∞ appointed by

∥z∥∞ = max
1≤j≤m

esssup{|zj (t)|, t ∈ [0,T ]},

for z(t) = (z1(t), · · · , zm(t)) ∈ Rm. We consider the following non-smooth continuous-time
problem:

(CTP) min Θ(R) =
∫ T
0
θ(t,R(t))dt,

s.t. ρi(t,R(t)) ≤ 0, i ∈ I = {1, . . . , r}, a.e. t ∈ [0,T ],

R ∈ Z ,

where the functions t → θ(t,R(t)) and t → ρi(t,R(t)) are integrable and Lebesgue
measurable for all R ∈ Z. We define ρi(t,R(t)) = Φi(R)(t), i ∈ I and θ(t,R(t)) =
Ψ(R)(t), where Φi(·) and Ψ(·) are maps from Z into the normed space Λ1

1[0,T ] of
all functions which are Lebesgue measurable and essentially bounded defined on the
compact interval [0,T ]. In the rest of this paper, the set of feasible solutions of the
(CTP) is denoted as Ω. In other words,

Ω = {R ∈ Z : ρi(t,R(t)) ≤ 0 a.e. t ∈ [0,T ], i ∈ I}.

Next, we reminisce some concepts and substantial structures of non-smooth analysis
that are needed in the following of this paper. Most of the concepts and substance
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included here can be found in [7] where the reader can find rather references, details
and discussions.

Suppose that ψ : Y → R = R ∪ {+∞} be an extended real valued function defined
on the Banach space Y . The upper and lower Dini directional derivatives of ψ at ȳ in
direction d ∈ Y are introduced respectively by

ψ+(ȳ;d) := limsup
t↓0

ψ(ȳ + td)−ψ(ȳ)
t

,

ψ−(ȳ;d) := liminf
t↓0

ψ(ȳ + td)−ψ(ȳ)
t

.

Whenever for function ψ at ȳ in direction d ∈ Y , the upper and lower Dini directional
derivatives are equal, we say that the function ψ has directional derivative at ȳ in
direction d ∈ Y and is denoted as ψ′(ȳ;d). If ψ is Fréchet differentiable at ȳ with
Fréchet derivative ∇ψ(ȳ), then for all d ∈ Rm, ψ′(ȳ;d) = ⟨∇ψ(ȳ),d⟩. Also, it is worth
mentioning that both the upper and lower Dini derivatives definitely exist for locally
Lipschitz functions.

Now, assume R ∈ Z and d ∈ L∞m [0,T ]. We have

ρ+i (t,R(t);d(t)) :=Φ+
i (R;d)(t) := limsup

λ↓0

Φi(R+λd)(t)−Φi(R)(t)
λ

,

a.e. t ∈ [0,T ]. According to the above hypotheses, it follows that for every R ∈ Z and
d(t) ∈ L∞m [0,T ] the functions

t→ ψ+(t,R(t);d(t))

t→ ρ+i (t,R(t);d(t)), i ∈ I ,

are integrable and Lebesgue measurable.
Now, to achieve the desired results, we recall the definition of the integration of

multi-functions. Let Γ : [0,T ]→ Rm be a multi-function defined on [0,T ]. The integral
of Γ, which denoted by

∫ T
0 Γ(t)dt, is defined by the following subset of Rm,∫ T
0

Γ(t)dt :=
{∫ T

0
γ(t)dt : γ ∈ S(Γ)

}
,

where S(Γ) is the following set,

S(Γ) := {γ ∈ Lm1 [0,T ], γ(t) ∈ Γ(t) a.e. t ∈ [0,T ]},

where L1[0,T ] := {η : [0,T ]→ R : ∥η∥1 :=
∫ T
0 |η(t)| <∞}.

If for measurable multi-function Γ, there exists an integrable function β : [0,T ]→ R+

such that
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|Γ(t)| = sup
ξ∈Γ(t)

∥ξ∥ ≤ β(t), a.e. t ∈ [0,T ],

thus, we say that Γ is integrally bounded.
Suppose that for Banach space Y , the dual space of continuous linear functionals

on Y equipped with the weak∗ topology is denoted by Y ∗. In this case, the support
function of a nonempty subset ∆ in Y is the function H∆ : Y ∗ → R, which defined as
follows

H∆(ξ) = sup{⟨ξ,y⟩ : y ∈ ∆},

where ⟨·, ·⟩ is the standard duality pairing between Y ∗ and Y .
Next, we state some fundamental results for support functions that are required in

the sequel.

Proposition 1. ([15]) Let µ, λ ≥ 0 be given scalars. Then, for nonempty closed convex
subsets Σ, ∆ of Y , we have

Σ ⊆ ∆ iff HΣ(ξ) ≤H∆(ξ), ∀ξ ∈ Y ∗,

µHΣ(ξ) +λH∆(ξ) =H{µΣ+λ∆}(ξ), ∀ξ ∈ Y ∗.

Theorem 1. ([2, Proposition 8.6.2]) For an integrably bounded multi-function Γ with
compact values, we have

H∫ T
0
Γ(t)dt

(v) =
∫ T

0
HΓ(t)(v)dt, ∀ v ∈ Rn.

We now recall the definitions of convexificator and some of its significant properties
from [16]. As mentioned before, this notion plays a key role in the main results of this
paper.

• We say that the function ψ : Y → R have an upper convexificator (u.c or
Jeyakumar-Luc sub-differential [23]) (or lower convexificator(l.c)) at y ∈ Y if there
is a weak∗ closed set ∂∗ψ(y) ⊂ Y ∗ (or ∂∗ψ(y) ⊂ Y ∗) so that for every d ∈ Y ,

ψ−(y;d) ≤ sup
ξ∈∂∗ψ(y)

⟨ξ,d⟩
(
or ψ+(y;d) ≥ inf

ξ∈∂∗ψ(y)
⟨ξ,d⟩

)
.

A closed set ∂∗ψ(y) ⊂ Y ∗ is said to be a convexificator of ψ at y iff it is both l.c
and u.c of ψ at y.

• The function ψ : Y → R is said to have an upper-regular convexificator(u.r.c)(or
lower regular convexificator(l.r.c)) at y ∈ Y if there is a weak∗ closed set ∂∗ψ(y) ⊂
Y ∗ (or ∂∗ψ(y) ⊂ Y ∗) so that for every d ∈ Y ,

ψ+(y;d) = sup
ξ∈∂∗ψ(y)

⟨ξ,d⟩
(
or ψ−(y;d) = inf

ξ∈∂∗ψ(y)
⟨ξ,d⟩

)
.
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Some significant properties of convexificators, such as neither necessarily convex nor
necessarily compact, make it possible to study a large class of non-smooth problems
using this concept. We note that if a continuous function ψ : Rn→ R embrace a locally
bounded Jeyakumar-Luc sub-differential at z, then it is locally Lipschitz near this point
(see [16]).

Now, we recall from [10], the definition of upper semi-regular convexificators which
will be beneficial in what follows.

• We say that, the function ψ : Y → R have an upper-semi regular convexifica-
tor(u.s.r.c) at y ∈ Y if there is a closed set ∂∗ψ(y) ⊂ Y ∗ so that for every d ∈ Y ,

ψ+(y;d) ≤ sup
ξ∈∂∗ψ(y)

⟨ξ,d⟩.

Obviously, an u.r.c of ψ is also an u.s.r.c of ψ and each u.s.r.c is an u.p. Moreover,
convex hull of an u.s.r.c of a locally Lipschitz function may be strictly contained in
Michel-Penot and Clarke sub-differential(see Example 2.1 of [16]).

Example 1. Assume that function ψ : R −→ R is defined as follows:

ψ(z) :=


sin2z, if z ∈ [0,+∞)∩Q,
z3 − 3z, if z ∈ (−∞,0]∩Q,
0, Otherwise,

where Q is the set of rational numbers. In this case, by slightly calculating, the lower
and upper Dini derivatives of function ψ at the point z = 0, are obtained respectively
by:

ψ−(0;d) = 0, (∀d ∈ R),

ψ+(0;d) =

 2d, if d ≥ 0,

−3d, if d < 0.

Therefore, for function ψ at z = 0, the nonconvex set {−3,2} is an u.s.r.c. Also, the
convex set [−3,2] is too another u.s.r.c for this function and so they are u.c for ψ at
z = 0. Indeed, convexificators are not necessarily unique.

Since for all d ∈ Y , ψ−(y;d) ≤ ψ+(y;d), it follows that an u.s.r.c is also an u.c of ψ at
y. The following example illustrates that the reverse of this statement is not necessarily
true.

Example 2. Suppose that the propound function ψ : R −→ R is as follows.

ψ(z) =

 tan2z, if z ∈Q,
0, if z <Q.
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Then,

ψ+(0;d) = 2max{0,d},

ψ−(0;d) = 2min{0,d}.

Observe that the set ∂∗ψ(0) = {−1,1} is an u.c of ψ at z = 0. On the other hand, since
by considering d = 1, we have,

sup
ξ∈∂∗ψ(0)

⟨ξ,1⟩ = 1 < ψ+(0;1) = 2.

The set ∂∗ψ(0) is not an u.s.r.c.

Remark 1. Note that the set ∂∗ψ(x) = {∇ψ(x)} is a unique u.r.c for any differentiable
function such as ψ. Moreover, we know that any locally Lipschitz function is differ-
entiable almost everywhere. Thus, these functions have a u.r.c on a dense set. Also,
if ψ is locally Lipschitz, then the Mordukhovich sub-differential ∂Mψ(x) [18], Michel-
Penot sub-differential ∂⋄ψ(x) [17], Clarke sub-differential ∂Cψ(x) [7] and Treiman sub-
differential ∂Tψ(x) [21] are examples of u.s.r.c for ψ.

In the following Lemma, we derive some calculus rules for upper semi-regular con-
vexificator under convenient conditions.

Lemma 1. Let ψ = (ψ1, . . . ,ψk) be a continuous vector function from Banach space Y
to Rk , and for each l = 1, . . . , k, the function ψl admits an u.s.r.c, ∂∗ψl(ỹ) at ỹ ∈ Y . Also,
assume that,

g(y) = max{ψl(y) : l = 1, . . . , k},

and I(ỹ) = {l : g(ỹ) = ψl(ỹ)}. Then co{
⋃
l∈I(ỹ)∂

∗ψl(ỹ)} is an u.s.r.c of g at ỹ(for the
nonempty set S, the convex hall of S is denoted by coS).

Proof. Suppose, without loss of generality, that I(ỹ) = {1, . . . , q}. Thus

g(ỹ) = ψ1(ỹ) = · · · = ψq(ỹ) > ψj (ỹ), ∀j = q +1, . . . , k.

From the continuity of ψl , for every y in a neighborhood of ỹ, we have

g(y) = max{ψl(y) : l = 1, . . . , q}.

Therefore

g+(ỹ;d) = limsup
t↓o

g(ỹ + td)− g(ỹ)
t

= limsup
t↓o

max{ψ1(ỹ + td), . . . ,ψq(ỹ + td)} − g(ỹ)
t



Necessary Optimality Conditions for Non-smooth ... / COAM, 5 (1), Winter-Spring 20208

= limsup
t↓o

max
{ψ1(ỹ + td)−ψ1(ỹ)

t
, . . . ,

ψq(ỹ + td)−ψq(ỹ)
t

}
=max

{
limsup

t↓o

ψ1(ỹ + td)−ψ1(ỹ)
t

, . . . , limsup
t↓o

ψq(ỹ + td)−ψq(ỹ)
t

}
=max

{
ψ+
1 (ỹ;d), . . . ,ψ

+
q (ỹ;d)

}
≤ sup

{
⟨η,d⟩ : η ∈ ∂∗ψ1(ỹ)∪ . . .∪∂∗ψq(ỹ)

}
≤ sup

{
⟨η,d⟩ : η ∈ co{

q⋃
l=1

∂∗ψl(ỹ)}
}

Hence, co{
⋃
l∈I(ỹ)∂

∗ψl(ỹ)} is an u.s.r.c of g at ỹ.

3 Main Results

In this section, we focus on getting optimality conditions for (CTP). Indeed, we deduce
the KKT type of the necessary optimality conditions for a large class of nonconvex and
non-differentiable continuous-time problems. Using the idea of u.s.r.c, we generalize the
Mangasarian-Fromovitz constraint qualification for a non-smooth problem where the
objective and constraint functions are continuous. The Generalized Gordan Theorem
[25], will help to obtain the results of this section.

Let us introduce the following non-smooth analogue of the generalized Mangasarian–
Fromovitz constraint qualification named by (GMFCQ).

Definition 1. The GMFCQ is satisfied at a feasible point x̃ of (CTP), if there exists
a non-zero vector v ∈ L∞[0,T ] such that for all i ∈ I ,

sup
ζ∈∂∗ρi (t,x̃(t))

⟨ζ,v(t)⟩ < 0, a.e. t ∈ Ai(x̃),

where Ai(x̃) := {t ∈ [0,T ] : ρi(t, x̃(t)) = 0}.

Next, we are ready to demonstrate our result of KKT type necessary conditions in
terms of u.s.r.c.

Theorem 2. Let GMFCQ holds at R̄ ∈Ω. Also, suppose that θ(t, ·) and ρi(t, ·), i ∈ I
are continuos functions at R̄, and admit bounded upper semi-regular convexificator
∂∗θ(t,R̄) and ∂∗ρi(t,R̄) for all i ∈ I . Then there exists λ ∈ L∞r [0,T ], such that

0 ∈
∫ T
0

[
co∂∗θ(t,R̄(t)) +

r∑
i=1

λi(t)co∂
∗ρi(t,R̄(t))

]
dt, (1)
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λ(t) ≥ 0, a.e. t ∈ [0,T ], (2)
λi(t)ρi(t,R̄(t)) = 0, a.e. t ∈ [0,T ], i ∈ I . (3)

Proof. We get,
ρ(t,R̄(t)) = max

1≤i≤r
ρi(t,R̄(t)), a.e. t ∈ [0,T ].

Thus, we reformulate (CTP) in the following tantamount form.

min Θ(R) =
∫ T
0
θ(t,R(t))dt,

s.t. ρ(t,R(t)) ≤ 0, a.e. t ∈ [0,T ],

R ∈ Z .

Now, we show that the following system has no solution d ∈ L∞r [0,T ].

Θ+(R̄;d) < 0, (4)
ρ+(t,R̄(t);d(t)) < 0, a.e. t ∈ A(R̄) := {t ∈ [0,T ] : ρ(t,R̄(t)) = 0}. (5)

Assume, to the contrary, that the system (4) and (5) has a solution d̂ ∈ L∞r [0,T ].
According to continuity of the functions and the limsup properties , there exists a real
number δ > 0 such that for every γ ∈ (0,δ),

ρ(t,R̄(t) +γd̂(t)) ≤ 0, a.e. t ∈ [0,T ],

Θ(R̄+γd̂(t)) <Θ(R̄), R̄+γd̂(t) ∈ Z.

This means that R̄+γd̂ is a feasible solution of (CTP) for γ ∈ (0,δ). This conflicts with
the fact that ẑ is an optimal solution for problem (CTP). Hence there does not exists
d ∈ L∞r [0,T ] which satisfy in the systems (4) and (5). Applying the Generalized Gordan
Theorem yields the existence of λ0 ≥ 0, λ̂(t) ≥ 0 a.e. t ∈ [0,T ], not all identically zero,
such that

0 ≤ λ0Θ+(R̄;d) +
∫
A(R̄)

λ̂(t)ρ+(t,R̄(t);d(t))dt, ∀d ∈ L∞r [0,T ].

Setting λ(t) = λ̂(t), if t ∈ A(R̄) and λ(t) = 0, otherwise, we acquire

0 ≤ λ0Θ+(R̄;d) +
∫ T
0
λ(t)ρ+(t,R̄(t);d(t))dt

= λ0 limsup
µ↓0

∫ T
0 [Ψ(R̄+µd)(t)−Ψ(R̄)(t)]dt

µ
+
∫ T
0
λ(t)ρ+(t,R̄(t);d(t))dt

≤
∫ T
0
λ0

[
limsup
µ↓0

Ψ(R̄+µd)(t)−Ψ(R̄)(t)
µ

]
dt +

∫ T
0
λ(t)ρ+(t,R̄(t);d(t))dt
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=
∫ T
0
λ0θ

+(t,R̄(t);d(t))dt +
∫ T
0
λ(t)ρ+(t,R̄(t);d(t))dt,

for all d ∈ L∞r [0,T ]. Let I(t,R̄(t)) = {i ∈ I : ρ(t,R̄) = ρi(t,R̄)}. Similar to the proof of
Lemma 1, we have

ρ+(t,R̄(t);d(t)) = max{ρ+i (t,R̄(t);d(t)) : i ∈ I(t,R̄(t))}. (6)

Now, let d0 ∈ L∞r [0,T ] be the vector which is satisfied in (GMFCQ). Therefore for
every i ∈ I ,

sup
ζ∈∂∗ρi (t,R̄(t))

⟨ζ,d0(t)⟩ < 0, a.e. t ∈ Ai(R̄). (7)

According to relationship (7), since ρi admit an u.s.r.c, we have

ρ+i (t,R̄(t);d0(t)) < 0, a.e. t ∈ [0,T ], i ∈ I .

The equation in (6) in turn gives the following strict inequality

ρ+(t,R̄(t);d0(t)) < 0, a.e. t ∈ [0,T ]. (8)

Indeed, if λ0 = 0, then we have

0 ≤
∫ T
0
λ(t)ρ+(t,R̄(t);d(t))dt, ∀d ∈ L∞r [0,T ].

Accordingly, by the Generalized Gordan Theorem, there is no d ∈ L∞r [0,T ] such that

ρ+(t,R̄(t);d(t)) < 0, a.e. t ∈ [0,T ].

This is a contradiction with (8). So, λ0 , 0. We put µ(t) = λ(t)
λ0
, and hence we obtain

0 ≤
∫ T
0
θ+(t,R̄(t);d(t))dt +

∫ T
0
µ(t)ρ+(t,R̄(t);d(t))dt

≤
∫ T
0

[
sup

ξ(t)∈co∂∗θ(t,R̄(t))
⟨ξ(t),d(t)⟩+µ(t) sup

η(t)∈co∂∗ρ(t,R̄(t))
⟨η(t),d(t)⟩

]
dt

=
∫ T
0

[
Hco∂∗θ(t,R̄(t))(d(t)) +µ(t)Hco∂∗ρ(t,R̄(t))(d(t))

]
dt

=
∫ T
0

[
H{co∂∗θ(t,R̄(t))+µ(t)co∂∗ρ(t,R̄(t))}(d(t))

]
dt,

for every d ∈ L∞r [0,T ]. Insomuch the above inequality holds for every d ∈ L∞r [0,T ], it
holds, in special, for constant functions d(t) = u ∈ L∞r [0,T ].
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Sine ∂∗θ(t,R̄(t)) and ∂∗ρ(t,R̄(t)) are bounded upper semi-regular convexificators, it
can be easily verified that the multi-function

t −→ co∂∗θ(t,R̄(t)) +µ(t)co∂∗ρ(t,R̄(t))

is integrably bounded and compact-valued. By Theorem 1, we have

H{0}(d) = 0 ≤
∫ T
0

[
H{co∂∗θ(t,R̄(t))+µ(t)co∂∗ρ(t,R̄(t))}(d)

]
dt

=H{
∫ T
0
[co∂∗θ(t,R̄(t))+µ(t)co∂∗ρ(t,R̄(t))]dt}(d).

Therefore,

0 ∈
∫ T
0

[co∂∗θ(t,R̄(t)) +µ(t)co∂∗ρ(t,R̄(t))]dt. (9)

It can be inferred from (9) and the definition of integration of multi-functions that
there exists a measurable function η(t) ∈ co∂∗ρ(t,R̄(t)) a.e. t ∈ [0,T ] such that

0 ∈
∫ T
0

[co∂∗θ(t,R̄(t)) +µ(t)η(t)]dt. (10)

On the other hand,by the Lemma 1, co{
⋃
i∈I(t,R̄)∂

∗ρi(t,R̄(t))} is an u.s.r.c for ρ(t, ·), we
have

η(t) ∈ co{
⋃

i∈I(t,R̄)

∂∗ρi(t,R̄(t))}.

Therefore, there exists κ ∈ L∞r [0,T ], κ(t) ≥ 0 a.e. t ∈ [0,T ] such that

η(t) ∈
r∑
i=1

κi(t)∂
∗ρi(t,R̄(t)),

r∑
i=1

κi(t) = 1.

By defining λi(t) := µ(t)κi(t), i ∈ I , it follows from (10) the proof is complete.

4 Conclusion

Since the Clarke and Michel-Penot subdifferentials of a locally Lipschitz function are
bounded u.s.r.c, the results of Theorem 2 and Lemma 1 in this work are valid with
the convexificators replaced by these subdifferentials. Also, the main result of this
paper is an actual theorem that might be used to generalize the optimality conditions
and duality for non-smooth continuous-time optimization problems and non-smooth
multi-objective continuous-time problems in future research.
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