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1 Introduction

Let A be an algebra. A linear mapping 6 : A — A is called a derivation if it satisfies the
Leibniz rule o(xy) = 6(x)y + xo(y) for all x,y € A. Let INy be the set of all nonnegative
integers. If we define a sequence D = {d,},cn, of linear mappings on A by dy = I and
d, = %, where I is the identity mapping on A, then the Leibniz rule ensures that d,,’s
satisfy the condition
dy(xy)= ) di(x)d;(y),
i+j=n

for every x,y € A and each non-negative integer n. Such a sequence D is called a higher
derivation. Note that dy is a derivation, if D is a higher derivation. Higher derivations
were introduced by Hasse and Schmidt [3], and algebraists sometimes call them Hasse-
Schmidt derivations. For an account on higher derivations the reader is referred to the
book [2].

Mirzavaziri [6] proved that there exists a one-to-one correspondence between higher
derivations and the family of sequences of derivations on torsion free algebras. He
showed that for each higher derivation D = {d,,},>, on a torsion free algebra A, there
is a unique sequence A = {9,}77 of derivations on A such that

i

d, = Z( Y (]_[rﬁ;“) O, -+:00,)

i=1 Zj-:lrj:n j=1
where the inner summation is taken over all positive integers r; with Z}:l rj=n.

Let x € M,,(IR) be fixed. For inner derivation
Oc(a)=ax—xa (aeMy(R)),

on M, (RR), the ordinary higher derivation D = {d,,}”, on M,(IR) is defined as follows.

n n k
dy=1, d,(a)= 5);(‘a) = Z (_nl') (Z)xkax"_k (a € M,,(R)).
! — nl

For example, consider x € M,(IR) given by

[ o)

Then, the ordinary higher derivation corresponding to x, is defined by dy =1 and
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(D) TR ()
Dlyn @) BT DRG)

n! n!
_ 20 (-1)"ap,
B n! an 0 !

for all a = [a;;] € M(R) and each n € N.

A functional equation is said to be stable, if any approximate solution of it, is near
to a true solution of it. The stability problem of functional equations originated from
the following question of Ulam [13]: Under what condition does there exist an additive
mapping near an approximately additive mapping? Hyers [5] gave a partial affirmative
answer to the question of Ulam in the context of Banach spaces. A generalized version
of the theorem of Hyers for approximately linear mapping was given by Th. M. Rassias
[9]. After that, several functional equations have been extensively investigated by a
number of authors (for instances, see [7, 8, 10, 11]).

In this paper, we prove that any orthogonally higher ring derivation on an inner
product algebra (an algebra equipped with an inner product) is a higher ring derivation.
Also, we find the general solution and prove the generalized Hyers-Ulam stability of
the pexider orthogonally higher ring derivations on inner product Banach algebras (a
Banach algebra equipped with an inner product).

2 Pexider Orthoganally Higher Ring Derivations

In this section, we first show that any orthogonally higher ring derivation on an inner
product algebra is a higher ring derivation.

Definition 1. Let A be an inner product algebra. A sequence D = {d,,}", of mappings
form A into A with dy =1 is called an orthogonally higher ring derivation if for each
n €N,

dy(x+y) = dy(x) +dy(y), (1)
for all x,y € A with (x,p) =0 and
du(xy)= ) di(x)d;(y), (2)
i+j=n

for all x,y € A.

Note that an orthogonally additive mapping cannot be additive or linear in general.
Ratz in Corollary 10 of [12] showed that if (X, L) is an inner product space and (Y,+) a
uniquely 2-divisible abelian group, then a function d : X — Y is orthogonally additive,
if and only if there exist additive mappings a: R — Y, b:X — Y such that d(x) =
a(||x|I?) + b(x), for every x € X.

Using this corollary, in the next theorem we characterize the orthogonally higher
ring derivations.
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Theorem 1. Let A be an inner product algebra. Any orthogonally higher ring deriva-
tion on A is a higher ring derivation.

Proof. Let D = {d,}; ., be an orthogonally higher ring derivation on A. Since for
any n € IN, d,, is an orthogonally additive mapping on the inner product space A, by
Corollary 10 of [12], it follows that d,, is of the form

dy(x) = ay(|IxI7) +by(x)  (x € A),

in which 4,,: R — A and b, : A — A are additive mappings. Using this, it follows from
(2) that

an(|lxyll?) + b, (xy)
Z (a; (1xI1%) + i (x))(aj Iy 11%) + bj ()

i+j=n

S (aslelP)a 1) + aIxl2)b;(9) + by (x)as(IplP) + bi(x)b ),

i+j=n

for all x,y € A. Let k € N, replacing x by 2kx and v by Zky in the above equation, we
obtain

2%, (|lxyl?) + 2% by (xp)
= ) ¥ aylllxl?)a (1) + 2% a(16P)b; (9) + 2% by (0)a (I9IP) + 22 i (x)b; (),

i+j=n
for all x,y € A. Dividing the above equation by 2%k and letting k — oo, we get
anleylP) = ) aillxP)alyl?)  (xp € A), (3)
i+j=n

which implies that

2%b,(xp) = ) (2% ai(IxlP)b;(p) + 2 bi(x)a; (plP) + 2% bi(x)b;(p))  (x,y € A).

i+j=n

23k

Also, dividing the above equation by and letting k — oo, we get

Z (ai(IIx17)b;(v) + bi(x)a;(I9I*) = 0 (x,y € A),

i+j=n

which implies that
bulxp) = ) bi(xbj(y) (v € A).
i+j=n

Since dy =1 (by definition of higher derivation), it follows that by = I and ay = 0.
Therefore {b,};”, is a higher ring derivation. By induction on n we show that a, =0
for each n € N. Assume that a; =0 for all k <n. From Equation (3) we deduce that
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an(llxyl?) = an(ldP)ag liyl®) + Y allP)a; vl
o<ita1
which implies a,(]lxy||?) = 0 for all x,y € A. For each t > 0 define xy = Vt||z| "'z (0=
z€ A). Then a,(t) = a,(|lxy||*) = 0. Since a,, is additive, it is odd. Thus, for each t <0,
a,(t) =—a,(-t) =0 and so 4, = 0 on R. This completes the proof.
O

Corollary 1. Let A be an inner product algebra. Any orthogonally ring derivation on
A is a ring derivation.

Definition 2. Let A be an inner product algebra. If F = {f,}77,, G = {g,},~, and
H = {h,}}>, are sequences of mappings from A into A such that fy = gy = ho =1 and
for each n € IN,

Julx+9) = gu(x) + hy(v), (4)
for all x,y € A with (x,y) =0 and
)= ) gilohi(), (5)
i+j=n

for all x,y € A, then the triple (F,G, H) is siad to be a pezider orthogonally higher ring
derivation on A.

To see a similar aspect of the above definition, the reader is referred to [1, 4].

Remark 1. In the framework of unital inner product algebras, each pexider orthogo-
nally higher ring derivation is in fact a higher ring derivation. To see this, let A be a
unital inner product algebra with the identity element e. Letting y = 0 in equation (4)
for n =1 we obtain

fix) = g1(x) + h1(0),  (xeA). (6)
On the other hand, letting y = e in equation (5) for n =1 we have
fi(x) = g1(x)ho(e) + go(x)hi(e) = g1 (x)e + xhy(e), (x € A). (7)

Comparing (6) and (7) we get h1(0) = xh;(e) for all x € A. Putting x = 0 in this equation
we have h1(0) = 0. So, it follows from (6) that f;(x) = g;(x) for all x € A.

Reasoning like above, we get that g;(0) = 0 and so f;(x) = hy(x) for all x € A. Hence
fi = g1 = hy, and consequently, f; is an ordinary derivation on A. By continuing this
process, we can prove that f, = g, = h, for all n € N, which means that {f,};”, is an
orthogonally higher ring derivation and so by Theorem 1, is a higher ring derivation on

A.

Proposition 1. Let A be an inner product algebra. If the triple (F, G, H) is a pexider
orthogonally higher ring derivation on A, then there exists a higher ring derivation
D ={d,},;., on A such that for each n € Ny,

fn(x) = dn(x) +fn(0); gn(x) = dn(x) +gn(0)l hn(x) = dn(x) + hn(o):
for all x € A.
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Proof. Putting x =y =0 in (4), we conclude that f,(0) = g,,(0) + h,,(0). Putting x =0
in (4), we get f,(v) = g,(0) + h,(p) for all y € A and so

h(¥) = fa(¥) = 8a(0)  (y € A). (8)
Putting y =0 in (4), we get f,(x) = g,(x) + h,,(0) for all x € A and so
&u(x) = fu(x) = hy(0)  (x € A). (9)

If we define the function d,, : A — A by d,(x) = f,(x) — f,(0), then using relations
(8) and (9), we have

fn(x) = dn(x) +fn(0)l gn(x) = dn(x) +gn(0)! hn(x) = dn(x) + hn(O), (10)

for all x € A and n € INy. Substituting equations (10) into (4), we obtain

dn(x +})) = dn(x) + dn(y)r

for all x,y € A with (x,p) =0 and n € IN;y. That is, for any n € N, the function d,, is
orthogonally additive.
Substituting equations (10) into (5), we obtain

dy(xy)+ fu(0) = Z (d;i(x) +£i(0))(d;(y) + h;(0))
i+j=n

Z (di(x)d;(y) +di(x)h;(0) + & (0)d;(y) + & (0)h;(0))

i+j=n

for all x,y € A. Putting x =y = 0 in the last equation, we get
fa0)= ) &i(0)h;(0),
i+j=n

and so

dy(xy) = Z (di(x)d;() +di(x)h;(0) + g;(0)d;(v)), (11)

i+j=n
for all x,y € A. Putting y =0 and x = 0 in equation (11), we get respectively,
) di@hi(0)=0, ) &(0)d;(y) =0,
i+j=n i+j=n

for all x,y € A, which implies that

du(xy)= ) di(x)d;(),

i+j=n

for all x,y € A. That is, D = {d,};, is an orthogonally higher ring derivation and so
by Theorem 1, is a higher ring derivation. O



Ekrami S.Kh./ COAM, 7 (1), Winter-Spring 2022 99

In the next theorems, we will prove the generalized Hyers-Ulam stability of the
pexider orthoganally higher ring derivations.

Theorem 2. Let A be an inner product Banach algebra and ¢, ¢ : Ax A — [0,00) be
functions such that for all x,y € A,

lim 2Kp(27%x, 27%y) = 0, lim 2% yp(27%x, 27 y) = 0. (12)

k—o0 k—o0

Suppose that ¢(x,0),¢(0,v) < @(x,y) for all x,y € A and there exists M > 0 such that
for all x,y € A with (x,y) =0 and (x+v,x-)=0,

max {p(x,9), p(x,~y), p(x +y,x —y)} < Mp(x, x),

and the limit

Q(x) = Z2k_1<p(2_kx, 27%x), (13)
k=1
exists for all x € A. If F = {f,}72,, G = {gulyey and H = {h,}}>, are sequences of

mappings from A into A such that for any n € Ny, f, is odd, g,(0) = h,,(0) =0 and

1fa(x+9) = gu(x) = hu(9)ll < p(x,), (14)
for all x,y € A with (x,y) =0 and

)= ) &) < ), (15)

i+j=n

for all x,y € A, then there exists a unique higher ring derivation D = {d,}}?, from A
into A such that

181 (x) = dn(x)ll < IMP(x) + @(x,0), (16)

for all x € A and n € INg.

Proof. Since for all x € A, (x,0) =0, so putting y =0 in (14), we get

I/ (x X < ¢(x,0), (17)
for all x € A. Also putting x = 0 in (14), we get
1/u(¥) = (@)l < 9(0, ), (18)
for all y € A. Using (14), (17) and (18), we have
1fa(x+9) = fulx) = fu@ll < 39(x,9), (19)

for all x,y € A with (x,p) =0.

Let n € Ny and x € A be fixed. There exists y € A such that (x,y) = 0 and
(x+7y,x—7y)=0; then, moreover, (x,—y) = 0. Applying inequality (19) for the orthog-
onal vectors (x,—y) and (x +y,x—-p), we get
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1fu(x =) = fu(x) + fu@l < 39(x, ), (20)

”fn(zx)_fn(x+y)_fn(x_y)|| < 3(P(x+y'x_y)' (21)
Using (19), (20) and (21), we have

12 (2%) = 2£, ()] < 3(p(x,9) + @(x,—y) + P(x + 9, x = Y)) < IM@(x, x). (22)

From the above inequality we get

IA

Ifulx) = 28 £ 270l anm (270 ) 2" (27|

IA

9M ZZm_lqo(Z_mx, 27y,

It follows from (13) and the above inequality that the sequence {2*f,(27¥x)} is Cauchy
in Banach algebra A and so is convergent. If we define the mapping d,,: A — A by

d,(x):= lim 2K £,(27%x)  (x € A),

k—o0

then
Il (x x)| < 9IMp(x),

for all x € A.
It follows from (17) and (18) that for all x € A and n € N,

125 f,(27Fx) - 25 g, (27F %)l < 25 p(27%x, 0),

and
12 £ (275 x) = 2Ky, (27F )| < 26900, 27 ).

So taking limit, we get

lim 2Fg, (27%x) = lim 2%n,(27%x) = d,,(x),

k—o0

for all x € A and n € Ny and also using (17) and (18) we get
118, (x) = dy(x)I| < IMP(x) + p(x,0),
[11,(x) = dy ()]l < IMP(x) + (0, x).

Let x,y € A with (x,p) =0. It follows from (14) that for all x € A and n €N,

I (x +9) = du(x) = d ()l = lim 1125 £,(27(x + ) = 28 (27 %) = 2B, (2769

< lim 2k(p(2 x,2" ky) =0.

k—o0

That is, the mappings d,, are orthogonally additive.
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Let x,y € A and n € Ny. Replacing x by 27%x and y by 2"‘;} in (15) and multiplying
by 22k we have

22k

FEF 0 H ) - ) g2k on ey < 22 ptx 2y,

i+j=n

which tends to zero as k — oo. Since the sequence {2* gi(Z’kx)} converges for all x € A, it
is bounded. Thus for each x € A there is Cy > 0 such that [|2Kg;(27¥x)|| < C,. Therefore

- ) A

i+j=n
sIktxxy)-22kﬁ42‘2kxyﬂl+HszﬁA2‘2kxy)— Y g )2 ty)|
i+j=n
“ Z ZkgZ 27k X) || “ Z ZkgZ 27k x)) Zkh (2" y) d; (y))”
i+j=n i+j=n

<\l (xp) = 2% £, (27 xy) || + 22K

fn2x2y Zg12x Zy)”

i+j=n

+ ) IR -q, Wd|Hmek2y di@)ll

i+j=n

which tends to zero as k — co. Therefore the sequence D = {d,};", is an orthogonally
higher ring derivation and so by Theorem 1 it is a higher ring derivation.

If D’ = {d,};", is another higher ring derivation satisfying (16), then for each n € N,
we have

lld, () = dp (Ol < Nldy (x) = (Ol + N1 () = dp ()] < 18M @(x),
for all x € A. Therefore

() = dj (0l = lim 278, (25x) - d}, (2" x| < Tim 275(18MG(2%x)) = 0.
So we obtian that d,(x) = d,(x) for all x € A and n € Ny and then D = D’. Thus the
higher ring derivation D is unique and this completes the proof. O

Theorem 3. Let A be an inner product Banach algebra and ¢, : Ax A — [0,00) be
functions such that for all x,y € A

lim 2% (2kx, 2ky) = 0'1}220 272k (2kx, 2ky) = 0.

k—o0

Suppose that ¢@(x,0),¢(0,v) < @(x,y) for all x,y € A and there exists M > 0 such that
for all x,y € A with (x,y) =0 and (x+y,x-) =0,

max{p(x,y), p(x,-y), p(x +y,x - p)} < Mp(x,x),

and the limit
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Pl =) 27Fp(21x, 25 x),
k=1
exists for all x € A. If F = {f,}72,, G = {gulyey and H = {h,}}>, are sequences of

mappings from A into A such that for any n € Ny, f, is odd, g,(0) = h,(0) =0 and

1fn(x+ ) = 8u(x) = ha (@)l < (%, p),
for all x,y € A with (x,y) =0 and

fuley)= )~ gilx)h || P(x,9),

i+j=n

for all x,y € A, then there exists a unique higher ring derivation D = {d,};>, from A

into A such that _
£ (x) = d, ()| < IM (),

181 (x) = dy(x)I| < IM@(x) + ¢(x, 0),
17 (x) = dy ()l < IMP(x) + (0, ),

for all x € A and n € INy.

Proof. As in the proof of Theorem 2, replacing x by 25~1x in (22) and multiplying by
27k we get

k
127 £, (252) = fu(l < OM ) 272" %, 2" x),
for all x € A and n € Ny. Thus the Cauchy sequence {27% fn(2kx)} is convergent and so
for each n € N there exists a mapping d,, : A — A defined by
dy(x) := lim 27k 7.(2kx)  (x e A),
such that

£ (x) = dn(x)]] < OIM @(x),
for all x € A. The rest of proof is similar to that of Theorem 2. O

Corollary 2. Let A be an inner product Banach algebra and € > 0 be a real number.
If F={f}20, G=18u};~o and H = {h,};" , are sequences of mappings from A into A
such that for any n € Ny, f, is odd, g,(0) =h,(0) =0 and

Ifu(x + )= &u(x) - hu()l < &
for all x,y € A with (x,y) =0 and

fa(xy) - Z gi(x || <¢

i+j=n

for all x,y € A, then there exists a unique higher ring derivation D = {d,};>, from A
into A such that

Il fu(x <9, Ign(x) —dp(x)[| < 10¢, |1, (x) —dy(x)|l < 10¢,

for all x € A and n € INy.
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Proof. This follows from Theorem 3 by taking ¢(x,v) = (x,y) =€ for all x,y e A. O

The next corollary follows from Theorem 2 (Theorem 3).

Corollary 3. Let A be an inner product Banach algebra and ¢, be functions sat-
isfying the conditions of Theorem 2 (Theorem 3). If F = {f,};°, is a sequence of odd
mappings from A into A such that for any n € N

1fu(x+9) = fulx) = @) < (x,p),

for all x,y € A with (x,p) =0 and

)= Y A0 <),

i+j=n

for all x,y € A, then there exists a unique higher ring derivation D = {d,}7?, from A
into A such that

/() = du(x)ll < 3Mp(x),

for all x € A and n € INg.

Example 1. Define the sequence of odd functions F = {f,, : M(IR) — M,(IR)};2, by

a

an ano n! 21 0

for all a = [a;;] € M5(RR) and each n € IN. Then for all a,b € M,(RR) and each n € Ny, we
have

_qynf _A1atbis a12 b1y
(O ( 1) (|“12+b12|+1 laa 41~ Tby,l+1 )”

Ifula+b) e~ Fu0) = | o

0 0
_2n n( ap+biy  app b )|
n! lai +bial+ 1 app|+1  bro|+1
<6,

and
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n n—1
Ifulab) =Y fil@fu iD= Ifulab) = fol@)fu(b) = ful@)fo(B) = ) fi(@)fuoi(b)
i=0 i=1

ay byptag,b
- | 2_"( 0 (1) (@r1b12 + aroba + G ))
n! a21b11+a22b7_1 0
2”( 412+W) 0 (-1 (b12+|b12|+1))
n! \az az; bay 0
_2_11 0 (-1)" (a12+|a12|+1)) b1y b12+|b |+1)
n! \ay; 0 by bay
Reriis (O (- 1)(“12+W))( 0 (-1)" 1(b12+|b ) H
p i' (Tl—l)' an 0 b21 0
ay ba+ag,b
_ 2 ( 0 (—1)n(ﬂ11512+012b22+—|anlélzlia1;§2;|il))
n! an b11 + ﬂ22b21 0
b
a2+ b (D) an(bia+ )
azyba (=1)%az (b12 + p37)
(=1)"bar(ar2 + o) (=1)"boz(@ra + )
a21b11 a21(b12+|b |+1)

i=

n— l(n) a12+ m |+1)1721 0 H
~\1 0 (-1)" 021(b12+|b )
a ay byy+ag,b b a
= 2_” [_(a12 * |“121|i'1 )blz(l * (—1)”) (_1)"(|a”1é121ia1215222|2+1 -4 (|b121|2+1 ) B b22(|a121|il ))]

bis
0 —az (b2 + )1+ (=1)7)
~ (ﬂ12+m)b21 ?;f(—l)i(?) 0 | ||
0 az (biz+ iy |+1)Z?:_11(—1)”_1(?)
ay bya+ag,b
_ 20 (D (e an ()~ baal ) ||
n! 10 0
271

=1 n( ﬂlblblz‘i'ﬂlbzbzz 4 1( bb12 )—b 2( a12 ))|

n! laj1b12 +a12bpn| +1 |byo|+1 lajo|+1
2(1 +ayq|+|baal)

< 2(1 +||al| + [[BI]).

So, if we define
@(a,b) =6, (a,b)=2(1+]lall+|ll]),
then by Corollary 3 the higher ring derivation defined by

20 (-1)"a
do =1, d”(a):m(azl ( )()12)

satisfies the inequality
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lf(a)—d,(a)]] <18

for all a € M,(IR) and each n € INj.

3 Conclusion

In this paper, we showed that any orthogonally higher ring derivation on an inner prod-
uct algebra (an algebra equipped with an inner product) is a higher ring derivation.
Also, we found the general solution of pexider orthogonally higher ring derivations on
inner product algebras. Finally, we showed that for any approximate pexider orthogo-
nally higher ring derivation on an inner product Banach algebra A under some control
funtions ¢(x,y) and 1(x, ), there exists a unique higher ring derivation D = {d,};”, on
A, near the approximate pexider orthogonally higher ring derivation estimated by ¢
and .
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