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Abstract.
for mathematical programming problems with switching constraints

This paper examines normal cones of the feasible set

(MPSC). Functions involved are assumed to be continuously differ-
entiable. The primary focus is on providing the upper estimate of the
Mordukhovich normal cone for the feasible set of MPSCs.
constraint qualification, called the “MPSC-No Nonzero Abnormal Mul-

First, a

tiplier Constraint Qualification”, is considered for the problem. Based
on this qualification, the main result of the paper is presented. Finally,
an optimality condition, called the “necessary M-stationarity condition”
is proposed for optimal solutions of the considered problems. Since
other optimization problems with multiplicative constraints can be
rewritten in the form of MPSCs, results obtained in this paper can be ex-
tended to a wider class of problems involving multiplicative constraints.
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1 Introduction

In 2020, Mehlitz [13] introduced a class of complex optimization problems called “mathematical pro-
gramming with switching constraints” (MPSC). After defining the MPSC problem and establishing
the optimality conditions, known as stationary conditions, this topic has been of interest to several re-
searchers in both the smooth [7, 10, 11, 12, 13, 15, 17] and nonsmooth [3, 4] cases.

In this paper, we consider the following MPSC:

Minimize  f(x)
(A): s.t.

where functions f, H;,G; : R® — R are continuously differentiable for all ¢ € I. It is important to
note that MPSC generalizes two well-known classes of optimization problems: called “Mathematical
programming with equilibrium constraints” (MPEC [2, 14]) and “Mathematical programming with van-
ishing constraints” (MPVC [1, 8, 9]). The product function G;(z)H;(x) is typically nonconvex, even
when G;(z) and H;(z) are convex. Consequently, the feasible set of MPSC is nonconvex and, unlike
convex sets, has multiple normal cones. The Fréchet and Mordukhovich normal cones are two of the
most important normal cones for nonconvex sets, and they are used to define the “strong stationarity con-
dition” and the “M-stationarity condition”, respectively, as optimality conditions for MPSC. Estimating
these normal cones of the feasible set of problem A is an important research topic in MPSC theory. The
Fréchet normal cone of the feasible set of MPSCs has been estimated in [6], and this paper focuses on
estimating the Mordukhovich normal cone of the feasible set of problem A. It should be noted that the
strong stationarity condition and M-stationarity conditions have been presented in [3, 4, 13, 15] using
some geometric constraint qualifications (in Abadie and Goignard types) for specific MPSC problems.
Since the geometric constraint qualifications are based on tangent cones, which are often difficult to cal-
culate, introduction of some algebraic constraint qualifications and the calculation of mentioned normal
cones are of great practical importance, and this paper focuses on this important issue.

We organize the paper as follows. In Section 2, we provide the preliminary results to be used in the
rest of the paper. Section 3 contains the main results, including MPSC-No Nonzero Abnormal Multiplier
Constraint Qualification, upper approximations for the Mordukhovich normal cone of the feasible set of
A, and necessary M-stationarity conditions for problem A. Section 4 includes a conclusion an overview
of the content of the presented paper.

2 Notations and Preliminaries

In this section, we introduce some notations and preliminary results from [16] that will be used through-
out the paper. Let Y # () be a subset of R” and § € Y. The Bouligand tangent (or contingent) cone of
Y at g is defined as:

I(Y,j) = {u €RP | 3t, |0, Jug — usuch that § + teug € Y, V0 € N}.
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The Fréchet (or regular) normal cone and the Mordukhovich (or limiting) normal cone of Y at g are
respectively defined as:

Ne(Y,9) = {y € R” | (y,u) <0, forallu e T(¥,9) },

N (Y, ) := limsup Np(Y, y),

y—=9
where (-, -) denotes the standard inner product in R?, and the limsup in the latter definition represents
the outer set-limit, i.e.,

limsup Ny (Y, y) := {v € R | 3y, — §, Jve — v, with v € Np(Y, ) as £ — oo}.

y—9

Theorem 1. [16, Theorem 6.12] If the continuously differentiable function ¢ : RP — R attains its
minimumon Y C RP at g € Y, then

—Ve(9) € Ne(Y,9) € Nu(Y,9).

Here, V(7)) denotes the gradient of function ¢(-) at ¢. This inclusion can be written as:
0, € {Ve(@)} + Ne(Y,5) € {V(@)} + Nas (Y, 9),
where 0, denotes the zero vector in RP.
We recall from [16, Theorem 6.41] that if Y C RP, Z C R?, and (g, 2) € Y X Z, then
Nar (Y x 7, (g,z)) = N (Y, 9) x Nag(2, 2). 1)

Theorem 2. [5, Corollary 3.4] Assume that the set-valued mapping M : RP = R is given by

M(y) = {z € RY | U(a,y) € B},

where the function ¥ : R? x RP — R?® is continuously differentiable and £ C R? is closed. If
xo € M(yo) and

{Vm<l/, \Il(v ')>(I07y0) | Os 7é Ve NM (E,\I/(I()ay())) } n {Oq} = ma

then M is calm at (yg, ), i.€., there exist some L > 0 and neighborhoods U and V' around x and yy,
respectively, such that

d(M(yo), =) < Llly — woll, forally €V, z € UNM(y),
where d(M (yo), ) denotes the distance between x and M (yo).
Theorem 3. [5, Theorem 4.1] Assume that the set-valued mapping M : RP? = R is defined by
M(y) :=={z e R" | ®(x) +y € E},

where the function ® : R? — R? is continuously differentiable and E C R is closed. If zo € M (0,)
and M is calm at (04, zo), then

Nar (M(0,),20) € {V<1/,<I>(~)>(x0) lve NM(E,{)(QJO))}.
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3 Main Results

Throughout this paper, we will suppose that the feasible set of (A), denoted by .S, is nonempty, i.e.,
S={zeR"|Giz)H;(x)=0,iel}+#0.

Considering a feasible point £ € S (this point will be fixed throughout this paper), we define fol-
lowing index sets:

)207 Hz(A)
Iy = {Z el | Gl(.’i‘) 7é 0, HZ(S?}) =

Let us define the set:
D:={(a,b) eR* |ab=0} = {(0,b) e R* | b# 0} U{(a,0) € R* |a# 0} U{02}. (2)
Employing [13, Lemma 3.2], we deduce that:

I'(D,(0,b)) = {0} xR, forall b0,

I'(D,(a,0)) =R x {0}, forall a+# 0,

r(D,0s) = D,

and hence,

Np(D,(0,b)) =R x {0}, forall b0,

Np(D,(a,0)) ={0} xR, forall a+#0, (€)

Np(D,0s) = {02}

Consequently, we have:
Np(D, (a,b)) € D, forall (a,b) € D. 4)

For calculating the Mordukhovich normal cone of D at (a,b) € D the following two lemmas are
required. Note that the counterpart of the following lemma for MPVC is presented in [1].

Lemma 1. Assume that D is defined as in (2). Then,
Ny (D7 02) =D.

Proof. 1t is enough to prove the inclusions C and DO.
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“C”: Suppose that w € Ny (D7 02) is arbitrarily given. In view of the definition of the Mordukhovich
normal cone, we can find some sequences {(ax,br)} C D converging to 0z and {wy} C R2
converging to w such that wy, € Np (D, (ak, bk)) forall K € N, and hence wy € D forall k € N
by (4). Since D is a closed set, the limiting element w also belongs to D. This gives the desired

inclusion.

“2” Letw € D. Thus, (2) implies that w = (0,b) for some b # 0 or w = (a,0) for some a # 0 or

'LU:02.

« Ifw = (0,b) for some b # 0, then there exists a sequence {(0, by)} converging to w such
that b, # 0 for all k € N. Since (0,bx) € Np(D, (3,0)) forall k € N by (3), and since
{(%,0)} converges to 0 as k — oo, we have w € Nz (D, 02), as required.

e If w = (a,0) for some a # 0, then there exists a sequence {(ay,0)} converging to w such
that aj, # 0 for all k € N. Since (ag,0) € Np(D, (0, 1)) forall k € N by (3), and since
{(0, £)} converges to 0 as k — oo, we have w € Ny (D, 02), as required.

» Because of Ny (D, 02) is a cone, we have w € Ny (D, 02) if w = 0,.
The proof is complete. O

Lemma 2. Assume that D is defined as in (2). Then,

Nar (D, (0,b)) =R x {0}, forall b0,

Ny (D, (a,0)) = {0} xR, forall a0,
Proof. Since the proofs of the both equalities are similar, we just prove the second one.

“C”: Suppose that w € Ny (D, (a70)) is arbitrarily given. Thus, there exist some sequences
{(ag,bx)} € D converging to (a,0) and {wy} C R? converging to w such that w; €
Np (D7 (ak, bk)) for all £ € N. We can suppose that a;, # 0 for all £ € N, and hence b, = 0 by
(ag,br) € D. Consequently, owing to (3), we obtain that

kaNF(D,(CLk,O)) :{O}XR, vk € N,
and hence, w € {0} x R by closedness of {0} x R.
“2” Letw € {0} x R. So, w = (0, a) for some a # 0 or w = 0s.

« Ifw = (0,a) for some a # 0, then there exists a sequence {(0, aj)} converging to w such
that aj, # 0 for all £ € N. Since

(0,ax) € {0} x R = Np(D, (a,0)), Vk€N,

by (3), and since {(ax, 0)} converges to (a, 0) as k — oo, thenw = (a,0) € N (D, (0,a)),
as required.

* If w = 02, then w € Ny (D, (0,a)) by conicity of Nas(D, (0,a)).
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The following theorem is a direct consequence of Lemmas 1 and 2.

Theorem 4. Assume that D is defined as in (2). Then, the following statements hold:

Nu (D, (0,0)) =R x {0}, forall b+#0,

Ny (D, (a,0)) = {0} x R, forall a#0,

Nu(D,02) =D
Now, we recall the following definition from [13, Definition 4.2].

Definition 1. We say that the “MPSC-No Nonzero Abnormal Multiplier Constraint Qualification”
(MPSC-NNAMCAQ) is satisfied at a given point Z if the following implication holds:

> aVGi@)+ Y BiVH(#) =0y,

a; =0, VielgUlgy,
i€lgUlgH IgUlgH

a;fi =0, Vi€ Ign, Bi=0, VielgUlgh.

Equivalently, the MPSC-NNAMCQ holds at z if

Ep: (aZVG ) + B,V Hi(i )) —0,,

i=1

=0, ) 17
a 0 Vi € Iy :>(ah,..7ap):(ﬁly'~-7ﬁp):

ﬂi:07 VZGIG?

a8 =0, Vi€ Igm,

It should be noted that the MPSC-NNAMCAQ is a generalization of the MPVC-NNAMCQ, which
was introduced in [1], and is weaker than the MPSC-LICQ, which was defined in [3].

Example 1. Consider the following MPSC:
Minimize z] +x3 st xixy = 0.
This problem can be formalized as A by the following data:
flxy,20) = 1"11 + x%, Gi(z1,29) = x%, Hy(x1,x2) = .
Let £ = 05. Since

Ion = {1}, VGi(&)=0,, VH(&)=0,1),

we have:
a1 VG1(2) + f1VH(Z) = Oz,
# ay=p1=0.
a1 =0,
Consequently, the MPSC-NNAMCAQ is not satisfied at the point Z.
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Example 2. Taking the following data in A:
flxr,20) = a1 + 22, Gi(x1,22) =21 — 23, Hy(x1,20) = 29 — 27,
and considering & = 02, we have
Icuy ={1}, VGi(2)=(1,0), VHi(z)=/(0,1).

Since
041VG1(£) + 61VH1 (i‘) = 02,
= o1 = 61 = Oa
Oélﬂl = 07

the MPSC-NNAMCAQ is satisfied at the point z.

Let the function ¢ : R™ — R?? be defined by
o(x) = (Gi(x), Hi(@),. .., Gp(x), Hp()).

Clearly, we can write ¢ = (¢1,.. ., ¢,), where the functions ¢; : R" — R?, for i € I, are defined
as:
pi(z) == (Gi(fﬂ),Hi(x)), foralli € I.

Therefore, we have:
r€S > ¢(x) e D? < ¢;(x) € D, foralliel.

Now, we consider the following parameterized problem, which has been parameterized regarding
w € R?P:

Qw): Minimize f(x)
st p(x)+we DP,
x eR?,

where D is defined as (2). If the feasible set of Q(w) is denoted by M (w), we can consider M (-) as a

set-valued mapping from R?” to R", i.e.,
M:R?*® 2 R", M(w):={z €R"|¢(z) +w e DP}.

Obviously, M (02,) = S and Q(02,) coincides with the problem A.
The following theorem presents an interrelation between the concepts of MPSC-NNAMCQ and

calmness.

Theorem 5 (Necessary Conditions for Calmness). If the MPSC-NNAMCAQ is satisfies at & € S, then
M{(-) is calm at (Ogp, ).

Proof. Suppose that i € I is considered. We can write ;(Z) = (0,b;) where b; := H;(Z) # 0, and
so, Ny (D, gol(:%)) = R x {0} by Theorem 4. Repeating this process for i € Iy and i € Igy, we
conclude that:
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R x {0}, forie Ig,

Nu (D, pi(#)) = § {0} xR, forie Iy,

D, fori € Igy.

Regarding (1) and the above equality, we deduce that:

NM(Dp7(p(;i‘)):NM(HD,(QD]_(QAL‘)77(pp.f7 ) HN]V[ ,Lpl.i' :HAi’

i=1
where,
R x {0}, fori € Ig,
A=< {0} x R, fori € Iy,

{(a,b) e R* | ab=0}, fori€ Ign.

Now, due to the above equality and the MPSC-NNAMCQ assumption at &, we have

ij (a:VGi(@) + BiVHi(#)) =0,

= (a;,f;) =09, forallie .
(@i, 8i) € Nu (D, pi(2)), i€,
This implication can be rewritten as
p
> (aiVGi(@) + BV Hi(#)) = 0n,

i=1 — (a17ﬁ1~-~7ap7ﬁp)202p' (5)

(alvﬁla"wapaﬂp) € NM(DP,QO(S%)),

On the other hand, for all w; := (1, ;) € R? and i € I we have
VGi(2) = V4 (Gi + ) (£,0), and VH;(2) = V,(H; + ;) (%,0).

Therefore, putting \; = (o, 5;) for i € I, we obtain that

ZP:(ONG )+ BV Hi(i ))

=1
=1V, (Gy + 1) (£,0) + SV, (Hy + 1) (2,0) + ...
+ ap Ve (Gp + yp) (£,0) + B,V (Hp + 1) (2, 0)
=V, (041 (G1+in) + Bi(Hy + 1) + ...+ ap(Gp + i) + By (Hp + ﬂ)p))(i,ng)

= vz<<a15617"'7a1)7ﬁp)7(G1 +w1aHl +1I}17"'5Gp +wp7Hp +wp>(j:702p)
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= V$<(/\1, ) (1) (@) + ) V(3 02y)
= V(X o(z) +w)(Z,0qp),
where A := (A1,..., ;) € R? and w := (wy,...,w,) € R?. This equality and (5) yield

VI<)\7 o(z) + w>(i‘, 02,) = Oy,
== A= Ozp.
A S NM (DpaQD(i‘))a

This means that

On & { Vo (A (@) +w)(@,03p) | 02p # A € Nag (D7, 0(2)) |,

and hence,

{Ve(\ (@) + w) (3, 02y) | 02 # A € Nag (D7, 0(2) } 1 {00} = 0.

Now, employing Theorem 2 with data E = DP and ¥(z,w) = ¢(x) + w, and observing that
& €S = M(0z), we deduce M (-) is calm at (03, £). O

The following theorem, which is the main result, presents an upper estimate for the Mordukhovich
normal cone of the set S' at the point z, under the MPSC-NNAMCQ assumption.

Theorem 6. (Mordukhovich Normal Cone Inclusion) If the MPSC-NNAMCQ is satisfied at & € S,
then

AG =0, foralli € Iy

K2

P
SN (AIVGi(&) + MIVH(2)) | A =0,  foralli€ I

%
=1

MNANE =0, foralli€ Igy

Proof. According to Theorem 5, we deduce that M (-) is calm at (Oz,, &). Therefore, by Theorem 3, we

have:
N (5,8) € { (L e())(@) | A € Nur(DF, (@) }. (©)
where A\ := ()\?, AT /\g, )\f) Regarding

p
=Y (AVGi(@) + \'VH(#)),
=1

and Theorem 4, we get
{(e()@) | X € Nas (D", (@) |
A& =0, foralli € Iy

p
= Y (AVGi(@) + AIVH;(2)) | AF =0, foralli € I

i=1

MNANE =0, foralli€ Igy
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The above equality and (6) conclude that

p
S (AVGi(a

i=1

+ M VH;(#))

as required.

A =0,
M =0,
AN =0,

foralli € Iy

foralli € I

foralli € Igy

O

Theorem 7 presents a necessary optimality condition for the problem A derived from the application

of Theorem 6.

Theorem 7. Suppose that Z € S is an optimal solution for A and the MPSC-NNAMCAQ is satisfied at
& € S. Then, there exist some scalars A and A7 as i € I such that:

AN =0,

P
Vi@ +Y (AZGVGi(aE) + AV,
i=1

(&) = 0n.

i€y,

i € Ig,

i € lap.

Proof. Since & is a minimizer of f on S, by applying Theorem 1, we deduce that

-V f(@) € Nu(S, 2).
From this inclusion and Theorem 6, we have
N =0, i€ly
P
—Vf(&) €Y (AIVGi(&) + A\IVH(2)) | AF =0, ielg
i=1
/\lG/\f{ =0, i€lgy
Therefore, there exist some )\G and )\H as i € I such that:
p
Vi@ =Y ()\GVG AV H, (2 )),
=1
AZG =0, 1 € Iy,
M=, i€lg,
AZG)\{{ 0 i€ lgy.

(7
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The proof is now complete. O

It is worth mentioning that conditions (7) are referred to as the “M-stationarity conditions” for A
at Z in the literature [3, 13]. Additionally, Theorem 7 is proved in [13, Corollary 4.3] using a different
method.

4 Conclusion

This paper has explored mathematical programming problems with switching constraints (abbreviated
as MPSC), assuming that all involved functions are continuously differentiable. We have analyzed the
properties of the Mordokhovich normal cone associated with MPSC. Specifically, we have introduced
Mangasarian-Fromovitz type constraint qualifications for the MPSC, referred to as MPSC-NNAMCQ.
Additionally, we have derived an upper estimate for the Mordukhovich normal cone of MPSC and es-
tablished the M-stationarity conditions for optimal solutions in MPSC.
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