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1 Introduction

Optimal Control Problems (OCPs) are prevalent across various scientific disciplines, including
engineering and economics; see e.g., [1, 7, 15]. Consequently, finding solutions to these prob-
lems holds significant importance. Two primary strategies exist for approximating solutions:
direct and indirect methods. In the indirect approach, the original problem is first transformed
into a system of differential equations, which are then solved using analytical or numerical
methods. Conversely, in direct methods, the problem is reformulated into a nonlinear opti-
mization problem through techniques such as discretization and parametrization, enabling the
derivation of approximate solutions for the initial OCP; refer to [2, 11, 16, 19]. It is evident that,
regardless of the method employed—direct or indirect—the application of effective approxi-
mate schemes for solving differential equations is crucial in achieving approximate solutions
to the problems at hand.

Recently, the Sub-Ordinary Differential Equation (Sub-ODE) method has been developed
as a means for obtaining solutions to nonlinear partial differential equations (NLPDEs). So-
lutions derived using this method take the form power series based on the solutions of well-
established ordinary differential equations (ODEs), such as the Bernoulli and Riccati differ-
ential equations. Various types of Sub-ODE methods have been introduced, including the G-
expansion, Bernoulli Sub-ODE [13, 23, 24], (é)—expansion [5,21], (%/)—expansion [9,20,22]
and (%, A-)-expansion [10]. A significant advantage of the Sub-ODE method is its ability to
produce near-analytical solutions to both ordinary and partial differential equations. This is a
primary motivation for this paper, as we propose an approach to derive near-exact solutions,
for certain classes of OCPs utilizing the Sub-ODE methods.

The structure of this paper is organized as follows: Section 2 presents the problem of optimal
control, while Section 3 offers an overview of Sub-ODE method. In Section 4, we describe how
the Sub-ODE method can be applied to solve optimal control problems, including an algorithm
that illustrates the application process, along with a discussion on the method’s convergence. In
Section 5, we demonstrate the effectiveness of the proposed scheme through several numerical
examples. The final section concludes the discussion.

2 Preliminaries

Consider the following OCP:

Minimize J = fttof Fo(x,u,t)dt,
st. F(x,x,u) =0, (D

x(to) = Xo,



Borzabadi et al.,/ COAM, 9 (2), Summer-Autumn (2024) 3

where F, : R%tmutl s R and F : R?et™mu 5 R are polynomial functions. Here,
x(-) : R™ — Rand u(-) : R™* — R represent the state and control functions, respectively,
both of which are assumed to be continuously differentiable. Also Additionally, xg € R™* isa

known vector.

3 An Overview of the Bernoulli Sub-ODE Method

Let w be a function of two variables, x and u. If Q) is polynomial in z, u and their derivatives,
then the partial differential equation given by

ow dw w 0w JPw

Qw, Ox’ Ou’ 0x2’ 0z0u’ Ou?’ "

) =0,

can be transformed by introducing the new variable £ = x + cu, where c is a nonzero constant

.This transformation leads to the ordinary differential equation expressed as
Pw,w' ,w" w",...)=0. (2)
Consider w to have a power series expansion in terms of ¢ as follows:
n .
w(§) = aid'(€), 3)
i=0
where ¢ is the solution of the Bernoulli differential equation as defined by
¢ + Ao = g, 4)
Subsequently, the derivatives of ¢ are computed as follows:

¢/ = —)\¢+M¢2,
o' = 26" + N,
¢/// _ 2M3¢4 o 2/\M2¢3 + u}\2¢2 o A3¢7

By substituting the expression (3) into (2) and simplifying the resulting expressions, one
obtains a polynomial in terms of the various powers of ¢. By equating the coefficients to zero,
a system of algebraic equations can be derived , enabling the determination of the parameters
a; (i=0,1,2,...).
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4 A Parametrization Approach via the Bernoulli Sub-ODE Method

In this section, we consider a control-state parameterization within the governing system of the

problem. Substituting the control and state functions in the form of a power series expansion

yields:
x(t) =Y a; @0 (1), u(t) =) beW (), (5)
i=0 j=0
where a; and b; are constants for ¢ = 0,1,2,...,nand j = 0,1,2,...,m. The resulting
polynomial is arranged in terms of @) = [¢%,... ¢L]T, i =1,2,.... To elucidate the pa-

rameterization approach through the Bernoulli Sub-ODE method, without losing the generality
of the method, we restrict our discussion to the one-dimensional case, i.e., m, = n, = 1.
While noting that this method can be readily generalized to higher dimensions.

For the purposes of this exposition , let us assume that ¢ is the fundamental function used uti-
lized in the parametric representations in Equation (5). Consider the OCP represented as (1),
wherein F, and F are two polynomials in x, u, and their derivatives.

If 2 and u can be expressed as finite series in ¢, according to Equation (5), where a; and b;
are constants fori = 0,1,2,...,nand j = 0,1,2,...,m, then m and n are positive integers
determined by balancing the highest-order derivative with the highest-order nonlinear term.
The function ¢(t) is the solution to the first-order ODE given in Equation (4), expressed in the
following form (see [13, 23, 24]):

A A
t:——O}ri—O A #0).
o(t) = — 5 (1anh(G1) ~1) (0
To determine n and m, we must identify the two terms with the highest order of ¢, in the
expression
F(x,x,u) =0, (6)
subject to the following conditions:
i. At least one of the two terms must be z* fori = 1,2,... or 4.
ii. One of terms must include v’ fori = 1,2,.... Ifu’, i = 1,2,... does not appear in

in Equation (6), the balance must be established between the expressions & and 7 for

1 =1,2,... using the highest-order ¢.

Given these conditions, we can express m in terms of n as m = g(n) where g : N — N.
The choice of g depends on the specifics of (1). By substituting the power series (5) into (6),
simplifying the resulting polynomial in ¢ according to different powers, and setting the coeftfi-
cients of the various powers of ¢ to zero, we obtain a system of algebraic equations involving

the parameters a;, b;, A, and p. Solving this system leads to the determination of the parameters
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aj, bj, A, and p fori = 0,1,2,...,nand j = 0,1,2,...,m, allowing us to find the state and
control variables outlined in (5) and to ascertain the optimal cost function.

Furthermore, this approach can be extended to control problems expressed in the vector
form, where both = and w are vectors. This framework can also accommodate cases involving
constraints represented by systems of vector equations. When the exact solution to the OCP is
known as an ordered pair of functions (z*(¢), u*(¢)) along with the optimal cost function value
J*, the following expressions can be employed to compute the error at each iteration & of the
algorithm:

ty

ng = | Folxg, ug, t)dt — J*|,
to

ty
Eg:/ | F (zk, uk, T)|| dt,
t

0
tr tr
Ej¢ = / |xp — x*|dt + / lup — u*|dt, (7)
to to
TE, = E + Ef + E}°,

where the pair (x4 (1), ux(t)) serves as the approximate solution to the OCP. Here, E,if JELELS,
and T'E,, represent the cost function error, the constraint error, the state-control error, and the
total error in the kth iteration, respectively. Based on the preceding discussion , we propose the

following algorithm to determine a near-exact solution to the OCP as outlined in Equation (1).

4.1 Convergence analysis

Consider the control and state functions, u, x expanded as detailed in (5). By substituting these
functions into the constraints, initial and boundary conditions, and the cost function of the OCP

outlined in (1), we obtain the following minimization problem:

Minimize J = 11 Fu(t, Y1g ai6 (1), 307 bie (8), Sy daid (6) (a0 (t) — V)
st F(Xiioaid'(t), 22510 b (t), 227y 1aid! (8) (e (t) — A)) = 0.
Leta = (ag, a1, ...,a,)" and 8 = (bg, by, ..., bn)", then the OCP in (1) can be reformulated

as the following optimization problem:

Minimize J = J(a, B),
s.t. Nla, 5] =0.

Define S to be the set of all admissible pairs (z(t), u(t)), which satisfies the OCP described

in (1) along with the specified initial and final conditions.
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Algorithm 1 Assume that the maximum number of iterations of the algorithm is k. Consider

error thresholds €; > 0 and ¢5 > 0. Initialize with n = 0.

Step 1 Compute the values of n and m using steps (i) and (i7) in Section 4, represented as
m = g(n).

Step 2 Increment n by one.

Step 3 Using Equation (5), evaluate the approximate values for z, and wg(,,)-.

Step 4 Substitute the approximate values x,, and v, into Equation (6) along with the bound-
ary conditions, thereby setting the resulting polynomial coefficients to zero.

Step 5 Solve the system of algebraic equations obtained from the previous step to determine
parameters a; and b;.

Step 6 To compute z,, and Ug(n)s substitute the solutions for a; and b; into statements derived
from Equation (5).

Step 7 Determine the cost function value j,, using the values x;, and ugy(,) obtained in the
previous step.

Step 8 Calculate the total error T'E,, using the expressions provided in Equation (7).

Step 9 If any of the following conditions are met, then the algorithm terminates, otherwise,

return to Step 2:
i) Ifn # 1, and |j, — jn—1] < €1,
i) n >k,

iti) fTE, < e.
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Let S, 4(n) represents the set of all functions (,(t), ug(,)(t)) on the interval [to, ] such
that

n g(n)
xn(t) = Zaigbi(t)a Ug(n) (t) = Z bjgbj(t)a
i=0 =0

which satisfy the dynamic of the problem defined in (1). If there exists a solution to the OCP
(1) as expressed in the form of (5), then the convergence of this approach can be characterized
by the following theorem.

Theorem 1. Let r = infg J, and r, 4,y = infg, |

Jforn=1,23,.... Then, we have

lim »r =
nestoo | ™9(1)

Proof. Assume

r = min J(a
nyg(n) (an7ﬂg(n))ER"+1 <R9(n)+1 ( w Bg(n))’

then there exists a pair («;(¢), B;‘(n)) such that
(@ (8), B} (ny) € argmin{J(an, Byny) : (n; Byny) € R™H x RITIHY
and consequently,
Tngn) = J (@0 By(n))-
Thus , (2 (£), (1) = (Tig af ' (1), 9% b3¢ (1)) belongs to S,

(@ (1), ug(ny (1)) € argmin{ J(x(t), u(t)) : (z(£), u(t)) € Spg(n)},

which indicates that

J(zy (t), ur (1) = min J((z(t), u(t)),
(@30 gy ) = ) min J((afe) )

,9(n) and satisfies

and therefore,
Tng(n) = J (@0 (1), ug (t))-

Noticing the definition of S, ;,,) and increasing function g, it follows that S, C

,g(n)
Sn+1,9(nt1)- Consequently, we have:

min J(x(t),u(t)) < min J(x(t),u(?)).
(@(),u(t) €Spt1,9(nt1) ((0), u(?)) (x(£),u(t))ESn g(n) (@(t), u())

This implies that the sequence {Tn,g(n)}:?i is decreasing. Since this sequence is bounded

below, it must converge.

r*—r

Assuming limy, 400 7 g(n) = 7 and r* > r, we can sete = . This leads to the
existence of at least one pair (z(-),u(-)) € S such that J((z(-),u(-)) < r+¢e < r*, which
creates a contradiction. Therefore, we conclude that

w8 o Mgt = fla J(@() ul) =
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5 Numerical Results and Discussion

In this section, we evaluate the performance of the algorithm presented in Section 4 through its
application to several OCPs.
Example 1. Consider the following OCP (refer to [3, 8, 11, 14]):
1
Minimize J = 3 fol (z2(t) + u?(t))dt,

s.t. 2/(t) = —x(t) + u(t),
z(0) = 1.

The analytical solution of this problem, derived using Pontryagin’s maximum principle, is as
follows [8]:

a(t) = AeV 4 (1 — A)e V2,

u(t) = A(V2+1)eV? — (1 — A)(V2 — 1)e V2,

e—2V2t
T2

6—2\/515

J (V2+1)(e?2 1)) A% + (V2 - 1)(e?Y2 — 1))(1 — A?),

where

2v2 -3
V2’ +2V2 -3

In a manner analogous to (5), we express the state and control variables as follows:

2 (t) = nand"t + -
W(t) = bmd™ + byp—1¢™ L + - + bo.

By equating 2’ with u, we obtain m = n + 1 For n = 13 and using the initial condition
x(0) = 1, the coefficients ¢’ fori = 0,1,2, ..., 14, are derived as follows:

d)o . 1 a13)\13 1 a12/\12 1 au)\ll 1 alo)\lo iag)\g iag)\S
©8192 pld 4096 12 2048 plt 1024 10 512 pf 256 8
1 a7\’ 1 ag)\® 1 as\® 1 ag)*  lash®  1ag\?2  1lag) b+ 1
128 p7 64 4S5 32 45 16 pf 8 w3 4 2 2 0T
gblz—al)\+a1—b1=0, ¢2:a1u—2a2)\+a2—b220,
¢3:2a2u—3a3/\+a3—6320, ¢4:3a3u—4a4)\+a4—b4:0,

@ : dagp — HasA +as — bs = 0, #° : Basp — 6ag\ + ag — bg = 0,
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qb7 : 6agu — TarA + a7 — by =0,
¢” : 8agp — YagA + ag — by = 0,
o' 10a1op — 1lap A + arg — by =0,
(;513 : 12a19p4 — 13a13A + a1z — b1z =0,

gbg s Tarpu — 8ag\ + ag — bg = 0,

¢10 : 9agp — 10a19A + a0 — bip =0,
&2 1lagp — 12a19)\ + a1 — bia = 0,
o' 13a130 — by = 0.

By formulating the given OCP transforming it into a non-linear programming problem, we

can then solve for the coefficients a;, b;, A, and p.

When n = 13, the optimal cost function and global error are given by

J1z = 0.192909800170240453,

and e;3 = 0.00109885557,respectively.

In Table 1, the cost function and the total error of the approximation for the n-th iteration

obtained using Sub-ODE method forn = 1,2, ...,7, are presented. Table 2 displays the error
values for B/, B¢, E5¢ and, EY.

Table 1: Approximate values of the cost function for various value of n

Cost function .J,,

Total error T E),,

9 0 LA W —3

0.194979898049381095  0.06566533217
0.193399605906644678  0.03222016221
0.192938322598352696  0.00763863267
0.192926126244441942  0.00594798197
0.192918005539758908  0.00426610087
0.192916627744976005  0.00400681067
0.192913196974128398  0.00290693807

Table 2: Error values in different iterations of the Algorithm 1

B

By

ScC
En

P e Y R N S N S e

0.19561333 x 1072
0.3758412 x 1073
0.854421 x 104
0.976385 x 1074
0.1057592 x 1073
0.1071370 x 1073
0.1105677 x 1073

5.154653423 x 10710
5.052783997 x 10710
2.232019800 x 1010
3.800125559 x 10~ 10
6.004922738 x 1010
1.722175130 x 10~19
5.473879389 x 10~ 10

0.6370919821 x 10~*
0.3184432061 x 10~*
0.755319037 x 102
0.585034307 x 102
0.416034107 x 102
0.389967347 x 1072
0.279636967 x 102

c oo oo ool
o

Figure 1 illustrates the total error T E,, for various values of n. It is evident that the total

error diminishes as n increases.
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.06

0.05

=
>
B

bl

=1

[
|

Total error

.02

.01

Figure 1: Graph of total error for Example 1.

The comparison of the Sub-ODE method with other methods for calculating the optimal

cost function J is presented in Table 3.

Table 3: Comparison of the Sub-ODE method with other methods for computing the optimal cost function J

Method Cost function J Absolute error
Sub-ODE method (n = 13)  0.192909800170240453 0.1139645 x 103
Salama [14] 0.192909298 0.1144667 x 1073
Kafash et al. [§] 0.192909776 0.1139887 x 1073
Mehne and Borzabadi [11] 0.193828723 0.8049583 x 1073
Elnagar [4] 0.192909281 0.1144837 x 1073

Based on the values obtained from the Sub-ODE method in conjunction with other literature
, we assert the accuracy and efficiency of the solution derived from the Sub-ODE method given
the initial conditions. Figure 2 illustrates the comparison between the exact solutions and those
provided by the Sub-ODE solutions for x(¢) and u(t).

In Figure 3, we present the error graphs for x(¢) and u(¢). Finally, the graph depicting the
constraint error, |2'(¢) + x(t) — u(t)| is shown in Figure 4.

Example 2. In this example, we analyze the following OCP:

Minimize J = fol u?dt,
st 2'(t) = 22(t) +u(t),
z(0) =0, =z(1)=0.5.

To derive the solution through the Sub-ODE method, we express the variables as follows:
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1.
-8 Sub-ODE Solution of x(t)
00! .\. — — Exat Solwtion of x(1)
AY
.\
0.8 0\
0.7
%
0.6
L]
™,
9,
0.5 e,
\.\
0.41 b
.\
0.5 .\\
g 0.2 04 0.6 08 1

—& Sub-ODE Solution of u(t)
— —  Exact Solation of u(t)
—o //
L
E -0.H
-0.3
0 04 05 08 1

Figure 2: Comparison between the exact solutions and the Sub-ODE solutions of z(t) and w(¢) for Example 1.

A —— Emor x(t)
0.00015 -

0.00010

0.00005

Error xit)

- 0.00005

-0.00010

= 0.000157

0.002

0.001

Error uit)

-0.001

- 0.002

- 0.003

0.2 0.4 0.6 0.8 I

Figure 3: Error graph for z(¢) and u(t) for Example 1.

1.85% 107

18x 10°%

175 % 107

Constraint error

17% 107

165 % 107

—— Constrant ermor|

Figure 4: Constraint error graph |z’ (¢) + z(t) — u(¢)| for near-optimal control and state in Example 1.

2?(t) = ai¢™ + -
w(t) = by ™ + by 1™ - -

0.6

+ bo.
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By balancing the terms 2 and u, we obtain m = 2n. Setting n = 3, and applying the ini-
tial conditions x(0) = 1 and z(1) = 0.5, we derive a system of algebraic equations. The

coefficients a;, bj, A, and p are determined as follows:

ap = —3.132597488, a1 = 0.924572439121708, a2 = 0.975652406611939,
a3 = —35223.40476, bp = —9.813167025,

b1 = 5.885492927, by = 6.489726924, by = —2.312948918 * 10°,
by = —53263.39757, bs = 68731.59928, bg = —1.240688244 * 10,

A = —0.100442453339098, p = 1.12042577493801.

Consequently , the solutions for the state and control variables derived from the Sub-ODE

method are presented below:

z(t) = —3.174039916 — 0.04144242840 tanh(0.05022122660 ¢)
+0.975652406611939(—0.04482334390 tanh(0.05022122660 t) — 0.04482334390)2
— 35223.40476(—0.04482334390 tanh(0.05022122660 t) — 0.04482334390)3,

u(t) = —10.07697450 — 0.2638074735 tanh(0.05022122660 t)
+ 6.489726924(—0.04482334390 tanh(0.05022122660 ) — 0.0448233439)2
— 2.312048918 * 10(—0.04482334390 tanh(0.05022122660 t) — 0.04482334390)>
— 53263.39757(—0.04482334390 tanh(0.05022122660 ) — 0.04482334390)*
+ 68731.59928(—0.04482334390 tanh(0.05022122660 ¢) — 0.04482334390)°
— 1.240688244 * 10(—0.04482334390 tanh(0.05022122660 ¢) — 0.04482334390)°.

In Figure 5, the outputs for the state variable x(¢) and control variable u(¢) obtained via
the Sub-ODE method, are depicted. Furthermore, the graph illustrating the constraint error
|z’ (t) — 22 (t) — u(t)| is presented in Figure 6.

For n = 3, the computed cost function is J = 0.178967094743031296. Furthermore,
both the initial and final conditions have been accurately verified. In Table 4, we present a
comparison of the cost function obtained via the Sub-ODE method with those derived from

several other methodologies.
The results presented in Table 4 clearly demonstrate the effectiveness of the Sub-ODE

method in achieving a lower cost function compared to the other methods.

Example 3. Consider the following OCP with a nonlinear constraint:

Minimize J - fogl ( ))dt,

=/ , t€[0.1,3],

(0.1) = 0.009967, u(0.1) = 0.009769.
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0.3 R Sub-ODE Solution of uft) |
—— Sub-ODE Solwtion of x(1)
0.457
0.401
g E
0.351
0.301
0 02 0.4 0.6 0.8 I 0 02 0.4 0.6 0.8 I

t t

Figure 5: The Sub-ODE solution for the state variable z:(¢) and the control variable u(¢) in Example 2.

— Constraint ervor

20x% 1075

28x% 1078

Constraint error

27x% 1075

26% 1078

0 0.2 0.4 0.6 0.8 1
t

Figure 6: The constraint error graph |z’ (t) — 2*(t) — w(t)| for near optimal control and state in Example 2.

Table 4: Comparison of the Sub-ODE method with other methods for computing the optimal cost function .J

Method Cost function J
Sub-ODE (n = 3) 0.178967094743031296
Solaymani Fard and Borzabadi [17] 0.4447
Rafiei et al. (n = 3) [12] 0.1791666668

An approximate solution to this problem is presented in [18]. Given the assumption that
the control and state functions possess the same sign, the differential equation governing this
problem can be transformed as:

(@' (t)? = z(t)u(t), te [0.1, g] .

Using the method outlined in the aforementioned algorithm, we assume that x(t) and u(t)

can be expressed in the form detailed in (5), where ¢ is the solution of equation (4). In this con-
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text, the expressions 2’(t))? and (t)u(t) are selected for balancing. We consider the following
extensions:

(@'(1))? = (napg™1)? + -,
r(t)u(t) = anbm¢™ ™ + -+ + bo.

After balancing, we establish the relationship m = n + 2. Following a single iteration of

Algorithm 1, the state function and the control function can be expressed as:

x(t) = —0.01197853323 tanh(1.695339518 t) + 0.01197853323,
u(t) = 0.03442841373 — 0.03442841373 tanh(1.695339518 )
— 0.03442841370(tanh(1.695339518 ¢) — 1) — 0.008607103426(tanh(1.695339518 ¢) — 1)

In this instance , the value of the cost function is given by j; = 0.01035959611. In Table 5,
the cost function obtained through the proposed method is compared with those derived from
other methods, thus demonstrating the efficiency of this approach. Moreover, Figures 7 and 8
illustrate the state function, control function and the constraint error, respectively.

0.5 I I sol @
—— Proposed solution of x () _0.01 ropased solution of u(t)
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- 0.04
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0 01 02 03 04 05 0 01 0.2 03 04 05
T T

Figure 7: Sub-ODE solutions for the state variable z(¢) and the control variable u(t) for Example 3.

Table 5: Comparison of the Sub-ODE method with other methods for computing the optimal cost function J.

Method Cost function J
Sub-ODE (n = 1) 0.01035959611

Tohidi and Saberi Nik [18] (n = 10) 0.0290273
Rafieietal. (n = 3) [12] 0.01116960233
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Figure 8: Graph of the constraint error |(x(¢))? — 4x(t)u(t)| for near-optimal control and state in Example 3.

Example 4. Consider the following nonlinear OCP:

Minimize J = f00'5(:c2 + u?)dt,
st 2/(t) = —x(t) — 222(t) — 0.523(t) + u(t),
z(0) = 0.5.

Using the proposed algorithm and expansions as outlined in (5) for both the objective and the
control functions, we select the expressions (5) for the objective and control functions, x3(t)

and u(t) for balancing. The expansions will be given as follows:

2?(t) = (an)’¢™" (8) + -+,
u(t) = bpd™ + -+ + by.

During the balancing step of Algorithm 1, the relationship 3n = m will be established.
By setting n = 3 and applying the algorithm 1, the resulting state and the control functions,
along with the constraint error, are depicted in Figures 9, and 10, respectively. In this case, the
calculated value of the cost function is 0.0552406197610726332.

Additionally, Table 6 presents the cost function values obtained from the proposed method
for n = 1,2,3 is given. Furthermore, Table 7 compares the objective function derived from

the proposed method against other approaches, indicating the efficiency of our method.

Table 6: Approximate values of the cost function for different values of n

n Cost function J, |7n — Jn—1]

1 0.0575187620885544079

2 0.0562647268666681410  0.00125403522
3 0.0552406197610726332  0.00102410711
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— Sub-ODE Solution af x(t) — Sub-ODE Solution of u(t)

Figure 9: Sub-ODE solutions for the state variable z(t) and the control variable u(t) for Example 4.
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Figure 10: Graph of the constraint error |2/ (t) + x(t) 4+ 22%(¢) + 0.52°(¢) — u(t)| for near-optimal control and
state in Example 4.

Table 7: Comparison of the Sub-ODE method with other methods for computing the optimal cost function .J

Method Cost function J
Sub-ODE (n = 3) 0.0552406197610726332
Gholami Baladezaei et al. (n = 3) [6] 0.0552880257005159623
Rafiei etal. (n = 3) [12] 0.0899784856743520989

6 Conclusion

In this paper, we have presented an effective direct scheme for detecting approximate solu-
tions for a specific class of optimal control problems (OCPs). The accuracy of this method was
assessed through comparisons with other existing techniques using four numerical examples.

Many direct methods based on parameterization require two stages of approximation: one stem-
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ming from the solution of the differential equation governing the problem and the other resulting
from the optimization problem of the parameterized forms of the state and control variables.
In contrast, the approach introduced in this paper, utilizing the sub-ODE method, successfully
reduces this process to a single approximation step, arising solely from the resolution of a non-
linear optimization problem. While it is crucial to solve the nonlinear optimization problem,
associated with the parameterized forms, this study highlights the efficiency of the proposed
method by employing the optimization methods available within the Maple software library for
all comparative examples. It is important to acknowledge that implementation and algorithmic
nature of this method may not be entirely compatible with the methods used for comparison.
Therefore, the results presented should not be regarded as definitive evidence of the inadequa-
cies of alternative techniques. Rather, they illustrate the capabilities of the proposed method.
The numerical examples demonstrate that the solutions derived using the presented approach
are satisfactory. However, it is essential to note that the application of this method may be
limited due to the potential need for balancing after the parameterized forms have been incor-
porated into the governing equations of the system. Addressing this limitation could serve as a

compelling area for future research.
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