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1 Introduction

This paper explores the intersection of three key research areas: semi-infinite optimization,
multi-objective programming, and nonsmooth analysis. Our focus is on nonsmooth multi-
objective semi-infinite optimization problems characterized by locally Lipschitz functions. For
an in-depth understanding of the properties and significance of locally Lipschitz functions in
nonsmooth analysis, we refer the reader to [1, 3, 4, 19].

Multi-objective semi-infinite programming problems, which entail the simultaneous min-
imization or maximization of multiple conflicting objective functions, constitute a vital class
of optimization problems. Due to their extensive range of applications, these problems have
garnered considerable researchers attention from various perspectives. Notable contributions
include studies on differentiable cases (see [2, 7], linear cases [14], convex cases [5, 15, 21], as
well as nonsmooth cases [6, 10, 11, 12, 13, 20]. It isimportant tonote that the results reported
in [6, 10, 11, 12] rely on the Clarke subdifferential.

In this paper, we specifically investigate nondifferentiable non convex multi-objective semi-
infinite optimization problems with both locally Lipschitz objective and constraint functions.
It has been established that the Michel-Penot (M-P) subdifferential can be strictly contained
within the Clarke subdifferential for locally Lipschitz functions (as noted in [1]). Consequently,
for optimization problems incorporating locally Lipschitz functions, the necessary optimality,
conditions articulated through'the M-P.subdifferential are sharper than those derived from the
Clarke subdifferential. Thus, our objective is to/present a multiplier rule based on the M-P|
subdifferential, with subsequent implications for larger subdifferentials.

The structure of paper is as follows. Section 2 introduces the necessary notations, foun-
dational definitions, and preliminary concepts that will be utilized throughout the paper. In
Section 3, we establish several constraint qualifications and derive Karush-Kuhn-Tucker type
necessary optimality conditions for nonsmooth multi-objective semi-infinite optimization prob-

lems. Finally, Section 4 concludes the paper with a summary of our findings.

2 Notations and Preliminaries

In this paper, we denote the standard inner product of two vectors x and y in R™ will be denoted
by (x,y), and the zero vector in R™ is represented by 0.

Forasubset A C R"™, we use A to denote the closure of A and ri(A) to represent the relative
interior of A. Additionally, we define the convex hull, convex cone, closed convex hull, and

closed convex cone generated by A using the following notations: conv(A), cone(A), conv(A)

and cone( A), respectively. These are formally defined as follows:
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conv(A4) := ﬂ {B| Bisconvexand A C B}, if A% 0, and conv(0) :=0,

cone(A) := U{r conv(A) [ r >0}, if A#0, and  cone(0) := {0},

conv(A) := conv(A), and cone(A) := cone(A).

The following theorem, as established by [8, 18], provides important properties regarding

the convex hull and cone associated with a nonempty compact set/in R":
Theorem 1. Let A be a nonempty compact subset of R”. Then, we have:
i. conv(A) is a closed set.
ii. If0 ¢ conv(A), then cone(A) is a closed cone.

The negative polar and the strictly negative polar of a set A C R™ are defined respectively,|

as follows:

A= {ueR"| (u,z) <0, Vo€ A}, if A0 and 0" := {0},

A" ={ueR"|(u,z) <0,Vz e A}, ifA#0 and (0 :=0.

It is established in [8] that the negative polar A is always a closed convex cone in R”, with

the following relationships holding true:
A% = (Z)O = (conV(A))O = (cone(A))O, (1)
and
A~ = (conv(A))” = (cone(4)) . ()

Furthermore, if A~ # (3, then it follows that AY = A—.

For an arbitrary index set 2, let B, C R" be a nonempty convex set for each v € (2, and

B can be expressed as:

B,,. According to findings presented in [8, 18], the convex hull and the cone of]

conv(B) = Z ayBy | ay >0, Z ay =1, Q. CQ, Q] <00y, (3)
’YEQ* 'YEQ*

cone(B) = Z ayBy | ay >0, 2, CQ, [Q] <oo . (4)
’YEQ*

We also define the tangent cone of a set A C R™, at a point & € A as follows:
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Tu(i) = {d R | 3{(tr,dp)} — (07, d); & +tpdy€ A, VEeN }

It is noteworthy that I" 4 () is closed cone, which may not necessarily be convex, in R™.
Consider a locally Lipschitz function f : R™ — R. The Micheal-Penot (M-P) directional
derivative of f at the point £ € R" in the direction of v € R", as introduced in [16], is defined
by

£o(#:0) = sup limsup f(@+av+aow) — f(Z+ ozw).
’ weR™ a0 @

The M-P subdifferential of f at the point Z is then defined as
O°f (&) = {€ € R" | ((£,0)) < fo(#50), Yo e R}

The M-P subdifferential serves as a natural generalization of the standard derivative. No-
tably, it is known (see [16, Proposition 1.3]) that if the function f is differentiable at Z, then
0° f(z) = V f(&). Moreover, when g : R™ — R is convex function, the M-P subdifferential
coincides with the subdifferential as defined in convex analysis:

°g(2) = 0g(z) == {€ e R" | g(z) — g(&) = (€, — &), VzeR"}.

The following theorem summarizes essential properties of the M-P directional derivative
and the M-P subdifferential, as delineated in [16, 17]. These properties will serve as a critical
foundation for the analyses that follow.

Theorem 2. Let f and h be locally Lipschitz functions mapping from R” to R, with a given|

point Z € R™. Then, the following assertions are established:

i. The following relationships hold:

fe(@5v) = max {(€,v) | € € 0°f(2)},
9%( max{f, g}) &) C conv(8°f(2) U°h(Z)),
8°(\f + uh)(#) C A f (&) + ud°h(E), VA, pu€R.

ii. The mapping v — f°(&;v) is finite, positively homogeneous, and subadditive on R".
Moreover, it holds that

O(f°(@;-))(0) = 0°f(2).
iii. The set 9° f(Z) is nonempty, convex , and compact within R”.

Theorem 3. (Mean Value Theorem) [3]. Let x,y € R", and assume that f is a locally,
Lipschitz function from R™ to R. Then, there exist a point v located within the open line
segment (z,y), such that

fly) = f(x) € (O°f(u),y —x)
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3 Main Results

In the subsequent sections of this paper, we will analyze the following multi-objective semi-

infinite optimization problem:

(P) :inf  (¢1(2),...,om())
S.t. Q9J(:L‘) <0, 1€,
r € R™

where the functions ¢; : R” — Rand ¢, : R" — R, fori € I :={l;...,m}and j € J, are
assumed to be locally Lipschitz. The index set J # () is arbitrary and may not necessarily be

finite. We define the feasible region of problem (P) as follows:
F={zeR"|V;(x) <0, VjeJ}.
Let © € F be a specified point. The index set of all active constraints at % is defined as
J(@) = {j € J|9;(&) =0}

A feasible point & € F is classified-as a weakly efficient solution to problem (P) if there
isno x € F such that
pilw) < pi(@), Viel

Furthermore, a point & € F is termed an efficient solution to (P) if there is no = € F that
satisfies p;(z) < p;(z) forall i € I with

(1(2), ..., om(x)) # (01(2),- ., om(2)).

We denote the set of all weakly efficient solutions as £ and the set of all efficient solutions
as W. It is evident that £ C W.
Following the framework established in [5], for each & € F and i¢ € I, we define:

0 (@) =@ F | pilx) < @il@), Vi€ I\ {io}}.
Q" (z):=F, ifm=1.

For simplicity, we will denote Q°(%) by Q' throughout this paper. We also introduce the

following notations:
OF = J0%pi(2), and Y= [ 0°0;(2).
il jeJ (&)

INow, we will consider following types of Abadie constraint qualifications, which include weak,

generalized, and refined Abadie constraint qualifications:
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(WACQ):  (2%)~ N (Y%)° C Ix(2),
(GACQ): (T%)° C T (@),
(RACQ): (2%)°N (I*)% C M Toi(2).

The following theorem elucidates the interrelation among the aforementioned constraint

qualifications.
Theorem 4. The subsequent implications hold true at the feasible point & € F.

*

GACQ — RACQ

e v ; (5)
WACQ

where the implication ¢ ——  is valid when m = 1.
iProof. GACQ—WACQ: This implication follows from the inclusion

Q%)™ N Sy ()’
RACQ—WACQ: This relationshiprisia direct corollary of the following inclusions:

@) ()Y (@) (X" and (Tgi(d) CTx(2).
el

GACQ—RACQ: In the case where m = 1,

Tr(@) = [((Toi(@) and (8°¢1(2))" N (12)° C (1),
i€l

leading to an immediate result. 0

The following lemma is significant for the subsequent discussion.

Lemma 1. If £ € WV, then
(") NLx(E) = 0.

\Proof. Assume, for the sake of contradiction, that there exists a vector
de (9%~ NIx(d).

By the definition of the tangent cone, there exist sequences {t;} — 0" and {dx} — d such
that & 4 t5dj, € F for all k € N. Moreover, since d € (Q%)~, it follows that

(6,d) <0, YE&edpi(d), Viel (6)
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The Mean Value Theorem 3 implies that for each k& € N, there exist some uy, € (& , T+trdy)
and & € 0°p1(ug) such that

©1(2 + trdi) — 1(2) = &k, di)- (7)
The upper semicontinuity of the set-valued mapping x — 9°¢1(x) and the convergence
up — T,

indicate that we can extract a subsequence &, of & such that §, — f € 9°p1(z). From
equations (6) and (7), we derive that

01(& + thydi,) — ©1(2) = ti, (&, di, ) (€ d) < 0.
Thus, there exists a positive number M; > 0 such that
O1(T + ty,dy,) < ©1(2), " V.p> M.
This demonstrates that there exists a subsequence {i“ + tfcl)d,(:)} of {:E + tkdk} satisfying
ou@ + tMdY) < o1 (%).

Applying the same reasoning to {ic - t,(:)dg) } and 9, we deduce from (7) that there exist
a subsequence {Z + tf)dg) }of {2+ tg)d,(:)} such that for sufficiently large indices, we have

p1(@ +t0dY) < p1(3) and  pa(@ + DY) < pa(2).
By repeating this argument, we can construct a subsequence { & + tém) d,(cm) }of {@+tpdi}
such that

Pt 1 d™) < o1 (2),

@3(E + 1" d™) < pa(2),

om (@ + ™) < on(2).

The derived inequalities along with the fact that {:% + t,im)d,gm)} C F, contradict the as-
sumption that £ € V. This contradiction supports the validity of the lemma. O

Theorem 5. If the WACQ holds at & € W, then the following relationship holds:

0c COl’lV(Qj) + cone(Ti) (R)
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\Proof. By virtue of the WACQ and Lemma 1, we can conclude that
(@) ()" =0. ©)

Utilizing Equations (1) and (2), we determine the equalities

(oms(2)) = )", (some(r))’ = (1)

which, in conjunction with equation (9), leads us to derive:

<COHV(Qi)> N <W(Ti))0 = 0. (10)

We further assert that:

(conv(®)) 1 (- come() ) 24, (11)

Assuming the contrary, if relation (11) does not hold, we would have:

(conV(Qj)) N (—W(Ti)) = 0.

Given that conV(Qj) is a nonsempty compact convex set, while cone(T"’:") represents aj
closed convex cone, the Strong/Separation Theorem (refer to e.g., [8]) and the last equality]
imply that there exists a vector ¢ € R” satisfying:

<q, y> <0, Vye Conv(Qi’)

(q,y) <0, Vyecone

Consequently, we haye:

q€ (conv(Qf)> N (m(rﬂ)o,

which contradicts (10). This contradiction confirms the validity of (11). Since (11) implies (8),
the proof is complete. O

As demonstrated, the Abadie type constraint qualifications introduced herein are effective
for deriving optimality conditions for the problem (P). The primary challenge lies in verifying
the establishment of these qualification conditions, which often proves difficult due to their
dependence on the computation of tangent cones. Therefore, developing an algebraic condition
to verify these qualifications, independent of the tangent cone calculations, holds considerable

practical significance. This discussion will be elaborated upon in the remainder of the paper,

beginning with the introduction of an appropriate definition
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Definition 1. The problem (P) is considered to be perfect at & € F if the following conditions
are satisfied:

Al. The set J is a compact set within a certain metric space, and the set-valued function 7 —

¥;(Z) is upper-semicontinuous on J.
A2. The condition (Y%)~ # () holds.

It is important to note that the condition (A1) is frequently assumed in many references|
(see e.g., [5, 7, 12]). Additionally, condition (A2) is referred to as the Cottle constraint qualifi-
cation in some literature, while in others, it is known as the Mangasarian-Fromovitz constraint

qualification (see, e.g., [7] and [5], respectively).

Lemma 2. If the problem (P) is perfect at & € F, then both conv(Y?) and cone(Y?) are
closed convex sets.

Proof. By condition A1 and compactness of 0°0;(%) as.j €-J(%), it is evident that Y¥ is
a compact set (refer to, e.g., [9, 20]). Consequently, conV(Ti’) is closed by Theorem 1(i).

Moreover, given condition A2 and (2), we can assert that:
(conv(Ti)>_ = (Y #0,

which leads us to conclude that 0 ¢ conv(’fi). Therefore, cone(Ti’) is also a closed set by
Theorem 1(ii). O

Assuming that condition (A1) is hold, we define:

U(x) :=maxd;(xz), VreF.
igJ

It follows straightforwardly that W(-) is locally Lipschitz, since each }; possesses this prop-
erty. The proof of the estimate:

Ve (z3d) < jmax. ¥5(2:d), VdeR", (12)

is completely analogous to the proof of step 1 in [3, Theorem 2.8.2]. It is noteworthy that
the function j — ¥5(2; d) is upper-semicontinuous and .J(£) is compact, thus, the use of the
notation “max” is justified in (12).

Lemma 3. If the problem (P) is perfect at & € F, then the following inclusion holds:

A°W(z) C conV(Tj)
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Proof. Let & € 0°VU(Z) be an arbitrary element. From inequality (12), we can derive that:

max J;(d) > (£,d), VdeR",
i 00) > (6.d)

where 9;(d) := U%(2; d). Given that the functions ¥;(-) are convex and satisfy 7,;(0) = 0 for
each j € J, the above inequality implies that:

(d) — ¥(0) > (¢,d—0), VdeR",
where W is defined as ¥ (d) := max;c j(z) 1§j (d). Consequently, we find that:
£ € 9°0(0).

Furthermore, the function 1§j is continuous at d := 0for all j € J, and the mapping
j — 1§j (d) is upper-semicontinuous for every d € R™u Thus;the well-known Pshenichnyi-
Levin-Valadire Theorem ([8], pp. 267) can be utilized, yielding:

0W(0) = conv (| J 81%(0)),
J€J(0)

where J(0) := {j € J(&) | 9;(0) = ®(0) = 0}. This confirms the desired result, since
conV(Tj ) is closed by Lemma 2. Furthermore, the following equalities hold trivially:

J(0) = J(&), ~and 89;(0) = 8°V;(2).
O

We can now present a significant result that provides a sufficient condition for establishing
of WACQ.

Theorem 6. If the problem (P) is perfect at & € F, then the WACQ holds at .

\Proof. Let d€ (T’”) ~be an arbitrarily vector. From the equality

(1) = (conv(r?))
holds by (2), it follows that

de (conv(T)) C (0°0(2)) ",
by Lemma 3. Therefore, we have (£, d) < 0 for all £ € §°¥(i), which implies

T°(3;d) = max{{€,d) | £ € °T(2)} < 0.

Consequently, there exists a scalar § > 0 such that




Rezaee 11

U(z+ pd) <¥(z) <0, VpBe(0,9]
Thus, for all 5 € J, we conclude that
V(2 + Bd) < V(T 4+ pd) <0, VBe(0,4].
As aresult, for all 5 € (0, 6] we have & + 5d € F, leading to the conclusion
d e Tr(z).
Since d was chosen arbitrary from (Tx) ~, we have thus proved
(T%)” C T'x(2).

Given that (T%)~ # () by condition A2, the closedness of I' () entails that

. 210 A\ — ~ A
big(T*)" = (T%)" CTx(#) = Tx(2),
Thus, the proof is complete. O

We can now present the Karush-Kuhn=Tucker optimality.condition for the problem (P) at
TeW.

Theorem 7. Suppose that & € V¥V and that at least one of the following assertions holds:
i. WACAQ is satisfied at & and cone(Tfﬁ) 1s closed.
ii. GACQ is satisfied at & and cone(Ti) is closed.
iii. RACQ is satisfied at & and cone(X?) is closed.
iv. The problem(P) is perfectat .
Then, there exist non-negative scalars a; > 0, ¢ € I such that 2211 a; = 1, and non-negative
scalars 3; > 0, j € J(&) with 8. 0 for only finitely many indices, satisfying the relation
m
06> adpi(d)+ Y B;0°0;(2). (13)
i=1 JEJ(2)

\Proof. The result follows immediately from the application of (5), along with Lemma 2, and
Theorems 5 and 6. O

It is important to note that assumption of closedness for cone (T”C) is specified in first three

conditions of the theorem above. The subsequent example illustrates that this assumption can-

not be omitted, even in the convex case
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Example 1. Consider the following optimization problem:

inf  (@1(21,22), 2(x1,22)) := (21,21)
s.t. 79j(x1,x2) <0 jed:= N\{l},
(131,:E2) S RQ,

where 1J; denotes the support function of the set
Dj = conv{(—vV/a, —) | 0 < o < 1},

given by

19j(xla$2) = sup {<(a17a2)7 ($1,$2)>}, Vj ed
(a1,a2)€Dj

A brief analysis yields the following results:

« The feasible set is given by F = {(z1,22) € R*| &1 > 0, @1 + z2 > 0},

* The candidate optimal solution is Z := (0,0) € W,

* The directional derivatives are 9°¢1(2) = 0°p2(2) = {(1,0)},

¢ The index setis J(z) = J,

* The directional derivatives of the support function are 0°¥;(2) = D;, Vj € J.

It is straightforward to verify that the WACQ holds at . Moreover, we can characterize the
set of sums of weighted directional derivatives.as/‘follows:

{ 3" 8;0°0;(%) | B; = 0,and §; # 0 for finitely many j € J(fc)}
i€l

- {(:L’l,xg) ER:) 20> 21, 71 < 0, T3 < 0} U{(0,0)}.

Therefore, there exists no sequence of scalars as in Theorem 7 satisfying (13). Importantly,
the conclusions of Theorem 5 apply at the point &; however, it can be noted that the optimization|

problem is not perfect at £;and the cone generated by cone (Ti ) is not closed in this problem.

In nearly all examples considered, we have been unable to obtain positive multipliers ;s
associated with the vector-valued objective function, specifically, some of the «;s values may|
equal to zero. This indicates that certain components of the vector-valued objective function do
not influence the necessary conditions for weakly efficiency. To address the situation wherein
some multipliers «;s associated with the objective function become zero in finite vector opti-
mization problems, various approaches have developed in recent years, leading to the estab-
lishment of strong Karush-Kuhn-Tucker necessary optimality conditions. We define the strong

Karush-Kuhn-Tucker condition for problem (P), as the requirement that all multipliers «; re-

main positive for each component of the objective function
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Lemma 4. If & € £, then the following holds:
(0%pe(2))” NTge(d) =0, el
Proof. Assume for the sake of contradiction that there exists a vector d such that for some £ € 1,
d € (0%°pe(2))” NT ge(&). (14)

By the definition of the tangent cone, there exists a sequence (¢, dx) — (0, d) such that
& + tpdy, € QF for each k € N. Consequently, the definition of Qf implies-that

(15)
T+ tedy, € F, keN.

Moreover, the condition represented by (14) leads to <§ d> < 0 forall £ € 9°py(). Fol4
lowing the argument in the proof of Lemma 1, we can conclude that for some positive constant
M,

i+ tedy) — @1(2) <0, k> M. (16)

However, the statements in (15) combined with (16) contradicts the condition that & € &,

Therefore, the initial assumption is/false, and the proof is complete. O

We now present the strong Karush-Kuhn-Tucker optimality condition for the problem (P)
atz € £.

Theorem 8. Let & € £ and assume that the RACQ holds at 2. If

(29)"\q0} € | (0°0i(2))

then there exist scalars.o; > 0 (foré €7) and 5; > 0 (for j € J()), with 8; # 0 for only

finitely many indices, such that

0c Zal iz Z B;0°0;(&

jeJ(&

\Proof. From [18, Theorem 6.9], we have that

m’(conv(Qx ) {Zalfz | & € 0%°pi(%), a; > 0, ZO‘Z = 1}

Thus, it suffices to demonstrate that

0€ri<conv(Qi)> +cone(Tf). (17)
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Assuming for the sake of contradiction that the relation (17) does not hold, we then have

ri (conv(Qﬂ) N < - cone(va)) = 0.

Applying the strong convex separation theorem ([18, Theorem 11.3]), there exists a hyper-
plane H := {:L' | (z,d) =0 forsomed € R™\ {0}} that properly separates conv(Q%) and

( — cone(Ti))

Consequently, there exists a vector d € R" such that

0#de (conv(@)) N (cone(T7))" = (@) (x?)"

Given the RACQ condition and the theorem assumption;.we conclude that

Thus, for all ¢ € I, we find
(aowg(f))_ N FQe(i’) = @,

which contradicts the result established in Lemma 4. This contradiction verifies the theorem.
O

4 Conclusion

This paper presents several extensions of Abadie constraint qualification tailored for nonsmooth
multi-objective semi-infinite optimization problems. Utilizing these constraint qualifications,
we establish various necessary optimality conditions in Karush-Kuhn-Tucker type for both
weakly efficient and efficient solutions. The results are expressed in term of the Micheal-Penot
subdifferential, which offers greater accuracy and nuanced framework compared to the Clarke

subdifferential, albeit with increased complexity in application.
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