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1 Introduction

Fractional partial differential equations (PDEs) have emerged as indispensable mathematical
tools for modeling complex dynamical systems that exhibit memory effects, non-locality, and
anomalous transport phenomena. These equations naturally arise in various branches of science
and engineering, including viscoelasticity, porous media flow, heat and mass transfer in hetero-
geneous materials, and financial mathematics. Among them, fractional parabolic PDEs occupy|
a central role due to their capacity to describe diffusion processes that deviate from the classical
Gaussian behavior. However, the intrinsic non-local nature of fractional derivatives introduces
formidable analytical and numerical challenges, particularly when coupled with optimal control

formulations aimed at regulating such systems efficiently.

Optimal control of fractional PDEs constitutes a rapidly evolving research area, driven by,
the demand for precise manipulation of diffusion processes and dynamic systems governed by
memory-dependent laws. Traditional numerical schemes—such as finite difference, finite vol-
ume, or finite element methods—often encounter limitations when applied to fractional models.
These challenges include high computational cost, low convergence rate, and reduced stability,
in handling long-range dependencies. Consequently, there is a growing interest in developing
spectral and meshless approaches that provide high accuracy, flexibility, and robustness for
fractional optimal control problems [8, 14, 19, 22].

Orthogonal polynomials have long been recognized as powerful basis functions in numeri-
cal approximation due to their spectral accuracy and well-conditioned orthogonality properties.
Among them, Legendre, Chebyshev, and Jacobi polynomials occupy distinguished positions in
spectral methods. Legendre polynomials provide uniform convergence and excellent approx-
imation over finite intervals; Chebyshev polynomials minimize the maximum error, making
them ideal for achieving optimal uniform accuracy; and Jacobi polynomials offer adjustable pa-
rameters that allow tailoring of the approximation space to the specific behavior of the solution,
particularly near boundaries. Nevertheless, methods relying on a single class of polynomials
may lack the flexibility to capture diverse solution characteristics across different regions of the

computational domain.

This paper introduces a hybrid orthogonal polynomial method that synergistically combines
the advantageous properties of Legendre, Chebyshev, and Jacobi polynomials to construct a
versatile and highly accurate numerical framework for solving optimal control problems gov-
erned by fractional parabolic PDEs. The proposed method integrates the spectral precision|
of Legendre polynomials, the minimax efficiency of Chebyshev polynomials, and the tunable
adaptability of Jacobi polynomials, thereby overcoming the inherent limitations of individual

bases. The hybrid formulation ensures improved stability, rapid convergence, and enhanced

capability in approximating both smooth and steep-gradient solutions
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ILiterature Review

Fractional PDEs have emerged as powerful modeling tools for systems exhibiting memory, non-
locality, and anomalous diffusion. Foundational formulations of fractional derivatives (e.g.,
by Igor Podlubny) enabled the extension of classical diffusion- and wave-equations into non-
local regimes. Early numerical approaches largely relied on finite difference or finite element
schemes discretizing the Caputo fractional derivative or Riemann—Liouville fractional deriva-
tive definitions, yet these schemes often suffered from dense system matrices, slow conver-
gence, and high computational cost—especially when embedded within optimal control for-

mulations.

To address these limitations, spectral and pseudospectral methods rose in prominence. The
classical monographs by David Boyd and colleagues on Chebyshev and Legendre spectral tech-
niques highlighted the advantage of high-order accuracy for smooth problems. Within the frac-
tional domain, recent studies have exploited orthogonal polynomial bases to discretize non-local
operators. For example, the work by Tianyi et al. [18] presented Jacobi-fractional polynomials

to solve fractional integral equations with exponential convergence.

In the realm of FOCPs, the coupling of state, adjoint.and control variables under fractional
dynamics further complicates numerical treatment. Earlier works (e.g., Legendre spectral-
collocation for fractional optimal control) have addressed simpler temporal fractional control
settings [23]. More recently, the spectrally accurate step-by-step approach by Papadopoulos
et al. [6] for fractional differential equations demonstrated the increasing maturity of spectral

frameworks for nonlocal operators.

Recent advances in fractional calculus have extended the application of optimal control
to complex biological, epidemiological;.and chaotic systems, often employing non-singular
derivative operators,or generalized fractional definitions. Notably, recent literature has ex-
plored fractional optimal control of tumor-immune surveillance using non-singular derivative
operators [3], as well as the analysis and backstepping control of novel 4D fractional chaotic os-
cillators [10]. In the domain of epidemiology, fractional optimal control frameworks have been|
developed for anthroponotic cutaneous leishmaniasis, incorporating behavioral and epidemio-
logical extensions to enhance model realism [9]. Furthermore, theoretical generalizations such
as the 1)-Caputo fractional derivative have been applied to optimal control problems, broaden-
ing the scope of classical formulations [4]. While these studies provide significant advance-
ments in modeling specific complex systems and defining new operators, they also highlight
the increasing necessity for robust, high-accuracy numerical schemes capable of handling the
intricate dynamics resulting from such advanced fractional formulations. The hybrid spectral

method proposed in this work aims to address these computational challenges by offering a

versatile framework adaptable to various fractional settings
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Hybrid orthogonal polynomial methods—where two or more polynomial families are com-
bined to leverage complementary strengths—are gaining traction. They aim to balance uni-
form accuracy (Legendre), minimax error control (Chebyshev), and boundary/tail adaptability|
(Jacobi). Though hybrid schemes in classical PDEs are established, their application to frac-
tional optimal control remains under-explored. Zhang et al. [27] developed a spectral Galerkin|
scheme for a fractional Laplacian-optimal control problem using weighted Laguerre polynomi-
als; they derived a priori error estimates and demonstrated numerical viability. Additionally,
Sayed et al. [20] introduced a shifted-Gegenbauer collocation'method for fractional ODEs,
further illustrating the richness of polynomial-basis innovation.

A pseudo-spectral collocation method for variable-order fractional integro-differential equas
tions in optimal control contexts employing Chebyshev/operational matrices [16]. A sparse
spectral method using weighted Chebyshev second-kind pelynomials for fractional differential
equations in one spatial dimension [15]. A recent framework for multi-dimensional fractional-
order telegraph equations deploying Jacobi—Romanovski polynomials to handle non-standard
domains and boundary behaviours [1].

In sum, the literature reveals three major trends relevant to our study: The growing adoption
of spectral and orthogonal-polynomial methods for fractional PDEs and FOCPs, yielding high-
order accuracy and efficient discretizations. The emergence of hybrid or composite polynomial
bases to address solution features like steep gradients, boundary layers, and variable singular
behaviour. A relative gap in hybrid orthogonal polynomial frameworks specifically tailored for
fractional parabolic PDE optimal control problems, combining multiple polynomial families
within a single formulation. In [13], Mahmoudi et al. had developed a powerful and efficient
computational tool for controlling complex physical systems that have inherent memory and
involve transport, spreading, and reaction processes.

Our proposed hybrid orthogonal polynomial method—merging Legendre, Chebyshev and
Jacobi polynomials—fills this gap by uniting the above trends: spectral high-order accuracy,
hybrid basis flexibility, and fractional optimal control formulation. This positions our work
at the intersection of method innovation and challenging application (fractional parabolic con-
trol), offering both theoretical novelty and computational potential. Fractional partial differ-
ential equations (PDEs) are indispensable for modeling complex systems exhibiting memory|
effects and anomalous transport, such as viscoelasticity and porous media flow. Among these,
fractional parabolic PDEs are crucial for describing non-Gaussian diffusion. However, their
non-local nature poses significant analytical and numerical challenges, especially in optimal
control frameworks aimed at regulating these systems efficiently.

Traditional numerical schemes for fractional optimal control problems (FOCPs)—Iike finite
difference or finite element methods—often suffer from high computational costs, slow con-

vergence, and stability issues due to long-range dependencies. Consequently, there is growing

interest in spectral and meshless approaches that offer high accuracy and robustness
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Orthogonal polynomials are powerful tools in numerical approximation due to their spectral
accuracy. Legendre polynomials offer uniform convergence, Chebyshev polynomials provide
minimax optimality, and Jacobi polynomials offer flexibility for boundary behaviors. However,
methods relying on a single class may lack the flexibility to capture diverse solution character-
istics. This paper introduces a hybrid orthogonal polynomial method synergistically combining
these families to solve FOCPs governed by fractional parabolic PDEs, overcoming the limita-
tions of individual bases.

The primary contributions are:
i. Formulation of a hybrid basis merging Legendre, Chebyshev, and Jacobi polynomials.

ii. Development of an efficient numerical scheme using Griinwald=Letnikov discretization|

for fractional derivatives.
iii. Rigorous theoretical analysis of convergence and stability.

iv. Comprehensive numerical experiments demonstrating superior accuracy over traditional

radial basis function methods.

By uniting the strengths of multiple orthogonal families within a single unified framework,
the proposed hybrid polynomial method offers a powerful and generalizable approach for tack-
ling high-precision optimal control problems involving fractional parabolic PDEs, thereby con-
tributing to both the theoretical and computational advancement of fractional-order modeling
and control.

The remainder of this paper is structured as follows. Section 2 formulates the fractional
parabolic optimal control problem.Section 3 reviews the theoretical background of orthogo-
nal polynomials and their approximation properties. Section 4 presents the proposed hybrid
orthogonal polynomial method and outlines the computational algorithm. Section 5 provides
the theoretical convergence and stability,analysis. Section 6 illustrates numerical results and
performance comparisons, and Section 7 concludes the paper with discussions on the method’s
advantages and potential future extensions.

2 Problem Formulation

This section provides a rigorous mathematical description of the fractional parabolic optimal
control problem (FOCP) under consideration. We define the cost functional, the governing state
equation, the associated constraints, and the optimality conditions that form the foundation for
our numerical method. Let @ C R? (d = 1,2) be a bounded spatial domain with a Lipschitz

continuous boundary 92, and let I = [0, T'| be the temporal domain with a final time 7" > (
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The problem is to find a state w(x, ¢) and a control v(x, t) that minimize a given quadratic cost
functional subject to a fractional parabolic partial differential equation.
The objective of the control is to drive the state w towards a desired target trajectory wq(z, t),

while penalizing the control effort. This is quantified by the following cost functional:

1 (T T
minJ(w,v)zZ/O /Q|w(:v,t)wd(x,t)|2d:ndt+;\/o /Qv(x,t)|2d:ndt,

where w(x,t) is the state variable, wy(z,t) € L?(Q x I) is the.desired state or target profile,
v(x,t) is the control variable and A\ > 0 is a fixed regularization parameter that balances the
importance of the state tracking objective against the cost of the control. A small A places more
emphasis on accurate tracking, while a large A conserves control energy.

The dynamics of the state variable w are governed by a time-fractional parabolic PDE, forced

by the control v and a possible nonlinear source term:

OPw(z,t)
ots
This equation is subject to the following initial and boundary conditions:

+ Lw(z,t) = f(x,t,w(z, t),v(z,t),  (z,t) € Qx(0,T].

w(z,0) = wo(z), 2 € ) (Initial Condition),
w(zx,t) = g(x,t), (x,t) € 00 x [0,T] (Boundary Condition).

The components of the state equation‘are defined as follows:

* Fractional Time Derivative: the Caputo fractional derivative of order 5 € (0, 1) is de-

noted as % and is defined by:

DPwlayt) 1 t . _gow(z, s) .
B)/O(t )P ——Fds.

otv (1 — ds

This operator captures memory,effects and non-local dependence on the past history of
the system, which is a hallmark of anomalous diffusion processes.

* Spatial Differential Operator: £ is a symmetric, uniformly elliptic spatial operator. In its

most common form, it is given by the negative Laplacian:

d
Lw=—-Aw=—

The ellipticity of £ ensures the well-posedness of the associated boundary value problem.

* Source Term: The function f represents a source or forcing term. It can be a linear

function of the control, e.g., f = v, or a more general nonlinear function f(x,t, w,v),

coupling the state and control variables
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The complete FOCP can be formally stated as: Find the pair (w*,v*) in an appropriate
function space such that:

J(w*,v*) = min J(w, v),

subject to the constraints that (w, v) satisfy the fractional parabolic PDE, the initial condition,
and the boundary conditions as defined above.

The solution (w*, v*) is called the optimal state and optimal control, respectively. To solve
the constrained optimization problem, we employ the Lagrangian method and derive the first-
order necessary optimality conditions, also known as the KKT conditions. This introduces an
auxiliary variable, the adjoint state (or costate) p(z,t). The resulting optimality system is a
coupled set of PDEs:

1. State Equation (Forward Problem):

0Pw /
508 + Lw = f(z,t,w,v), AnQ x (0,77,

w(z,0) = wo(z),  in €,

w(z,t) = g(z,t), . on N x [0,T].

2. Adjoint Equation (Backward Problem): The adjoint equation is governed by a fractional
derivative in time, which, for the Caputo derivative in the state equation, is typically a
right-sided Riemann-Liouville or Capute derivative. It takes the form:

_9%
oth
p(z, T) =0, in{,

p(z,t) =0, ondQ x [0,T],

+Lp=w-+wy, inQx][0,T),

where £* isthe formal adjointof £. For the self-adjoint operator £ = —A, we have L* =
L. The terminal condition p(z,7") = 0 is a consequence of the fractional derivative’s

non-locality.

3. Optimality Condition: This condition links the control to the adjoint state and is derived

from the stationarity of the Lagrangian with respect to the control v:

Av + <8f> p=0 inQx][0,T].
ov

For the common case where f = v, this simplifies to the explicit relation:

v(z,t) = —%p(x, t).
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The numerical solution of this FOCP involves discretizing and solving the coupled system|
of the state, adjoint, and optimality equations. The primary challenge lies in the accurate and
efficient discretization of the non-local fractional derivatives in both the forward and backward
problems, which is the central focus of the hybrid orthogonal polynomial method proposed in

this paper.

3 Orthogonal Polynomials: Theoretical Foundation

Orthogonal polynomials form the mathematical backbone of our proposed method, offering
spectral accuracy and excellent approximation properties for solving differential equations.
Legendre polynomials P,(z) are orthogonal on [—1, 1] with respect to the weight function
w(z) = 1. They satisfy the recurrence relation:

(n+1)Pyy1(x) = 2n+ DaPy(z) — nPy—1(z),

with Py(z) = 1, P1(z) = . For computational domains [0, 1], we employ the shifted Legendre
polynomials.

Chebyshev polynomials of the first kind 7;, (x) are orthogonal on [—1, 1] with weight func-
tion w(z) = 1/v/1 — x2. They satisfy:

Toi1(x) =22T, (x) — Th—1(2),

with Tp(z) = 1, 71 (z) = x. Chebyshev polynomials exhibit the minimax property, minimizing
the maximum error in approximation.

Jacobi polynomials PP () are orthogonal on [—1, 1] with respect to the weight function|
w(z) = (1 —2)*(1 + 2)?. They provide flexibility through parameters o and 3, allowing

adaptation to specific problem characteristics.

4 Hybrid Orthogonal Polynomial Method

The hybrid orthogonal polynomial basis is constructed as:

ou(r) = yLoL(x) + yobc(z) + V¢ (),

where ¢r,(x) represents Legendre polynomial basis, ¢¢(x) represents Chebyshev polynomial
basis, ¢ j(x) represents Jacobi polynomial basis and v, v¢, 7. are weighting parameters sat
isfying v, +vc +7s = 1.

The state and adjoint variables are approximated using the hybrid basis:
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N ' N ,
i=1 i=1

where ¢}’ and d}' are time-dependent coefficients to be determined.
The time domain [0, 7] is discretized into V; intervals with step size At = T'/N;. The

fractional derivative is discretized using the Griinwald-Letnikov formula:
Buw 1 &
~ k—j
= a0 ()
Substituting the polynomial approximations into the discretized: PDEs leads to a linear system:

Ac=Db,

where the system matrix A incorporates both the polynomial basis evaluation and the differen-
tial operators.

The solution procedure of the proposed method is presented in Algorithm 1.

Algorithm 1 Hybrid Orthogonal Polynomial Method (HOPM)
Input: Final time 7', number of time steps V¢, polynomial order N, model parameters.

Output: State w, adjoint p, and control v.

1. Define computational domain and time diseretization At = 7'/ N;.
2. Construct Legendre, Chebyshev, and Jacobi polynomial bases.

3. Form hybrid basis
on () = YLoL(@)+ 1cdo () + 150 (2).

4. Initialize coefficient vectors ¢ and d’:

5. Forn =1to N; do
5.1 Assemble system matrices using hybrid basis.
5.2 Apply Griinwald—Letnikov discretization.
5.3 Solve linear system Ac = b
5.4 Compute adjoint coefficients d”.
5.5 Update control variable.

6. Reconstruct w, p, and v from coefficients.
7. Compute error norms and accuracy measures.

8. Return w, p, and v.
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4.1 Discrete Optimality System and Algorithmic Details

To clarify the numerical implementation, we provide the explicit matrix forms derived from the
hybrid spectral discretization combined with the Griinwald—Letnikov time-stepping scheme.

Let ¢ = [ck0,---,Ck, ~]T denote the vector of expansion coefficients for the state w at
time g, and let p; denote the coefficients for the adjoint p. The control coefficients are vy.

First, we define the spatial matrices associated with the hybrid basis {qb%}f\ioz
» Mass Matrix M € RVFDX(NHD) with entries M;; = [0 ()@ (z)dz.
« Stiffness Matrix K € RN+DX(N4D) ith entries K;; = [y Vol (2) - V), (x)da.

The time-fractional derivative is approximated using the Griinwald—Letnikov formula. For
the state equation, we define the lower-triangular Toeplitz-matrix Tg € RV*Mt where the
first row contains the binomial weights wo, w1, . .. andw; = (=1)J (';3 ) The discrete forward
dynamics can be written as:

ALtB(Tg ®@M)C + (In,® K)C = (I, ® M)V, (1)
where C = [c1;...;¢n,] and V = [vy;...;vpy,] are the stacked vectors of coefficients over
time.

The adjoint equation, which involves a backward fractional derivative, is discretized sim-
ilarly. In the discrete setting, the backward operator corresponds to the transpose Tg. The

discrete adjoint equation is:

1
A—tﬁ(Tg@M)P+ (In, @ K)P = (Iy, ® M)(C — W,), 2)
where P = [p1;...;pn,] and W, represents the coefficients of the desired trajectory.

Finally, the optimality condition is discretized as:

1
)\V+P:0:>V:—XP. (3)
The coupled forward-backward system is solved using an iterative fixed-point scheme:
1. Initialize V(®).

2. Forward Solve: Solve for C(™ using the state equation with current control V(™). Due

to the lower-triangular structure of Tg, this is a sequential time-marching process.
3. Backward Solve: Solve for P(") using the adjoint equation with state C(").
4. Control Update: Update control via V(1) = —1p(n),

5. Check convergence; if not met, return to step 2.

This formulation explicitly couples the non-local time history via Tg and the spatial spectral

precision via M and K
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5 Theoretical Analysis and Convergence

Let Q = [0, 1] be the spatial domain and I = [0, 7] be the temporal domain. We define the

following function spaces:
« L2(9): Space of square-integrable functions.
« H™(): Sobolev space with derivatives up to order m in L?(£2).
« CF(Q): Space of k-times continuously differentiable functions.
The hybrid polynomial space is defined as:
P = span{o}, ¢, ¢ Hos
where ¢, -, ¢'; are the Legendre, Chebyshev, and Jacobi polynomial bases, respectively.

Theorem 1. (Legendre Polynomial Approximation). For any function u € H™(2), the Leg-

endre polynomial approximation u% satisfies:
L -
u — unllz2@) £ CLN " |ullgm ),
where C, > 0 is a constant independent of N.

\Proof. This follows from the standard approximationtheory for Legendre polynomials [7, 21].
The Legendre projection operator Pjﬁ : L2(Q) = 73]% satisfies the optimal approximation
property. O

Theorem 2. (Chebyshev Polynomial Approximation). For v € H™(f2), the Chebyshev poly-

nomial approximation u% satisfies:
lu — u§ ez @) < CoN~™||ullgm @),
where w(x) = (1 — 2%)~'/? is the Chebyshev weight function.

\Proof. This result is established in the spectral methods literature [5, 25], leveraging the mini-
max property of Chebyshev polynomials. O

Theorem 3. (Jacobi Polynomial Approximation). For u € H"(2) and Jacobi polynomials
with parameters «, 8 > —1, the approximation error satisfies:

J —
l|lu — UNHLgM(Q) <CyN mHu”HL?a’B(Q%

where we, g(2) = (1 —2)*(1 + z)P
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\Proof. See [2, 24] for the approximation properties of Jacobi polynomials. O

Theorem 4. (Hybrid Basis Approximation). Let u € H™ () and let u& be the hybrid poly-

nomial approximation. Then there exists a constant C'iy > 0 such that:
lu — uRll 2y < CaN""|lull gm(q)-

\Proof. Consider the hybrid approximation:

uff (z) = yruf(x) + youl (2) + v ()

with vy, +v¢ +v5 = 1.
The approximation error can be bounded as:

lu = ullze = [lve(u = uf) + 7o (u —ug) + volu=ud)| 2
< yellu —ug e + el Kl vl —u ] e

Using Theorems 1-3 and noting that the L? nofms are equivalent to the weighted norms up to

constants, we obtain:
[ — uill 2 SOLOL +vc¢Co + 3 Cr)N ™™ ||ul .
Taking Cy = v, Cr + 70Ce + 7.5C7 completes the proof. O

Corollary 1. (Spectral Convergence). If u € C°°(Q2), then for any k& > 0, there exists Cj, > 0
such that:
lu — uRl|r2) < CeN7F,

i.e., the convergence is faster than any polynomial order.

Theorem 5. (Grunwald-Letnikov Discretization Error). The Grunwald-Letnikov approxima-
tion of the Caputo fractional derivative satisfies:

B
27— Dau

9%u
oth

< CAP|ull o207
L2

where Dgt denotes the discrete approximation.

\Proof. This follows from the error analysis of the Grunwald-Letnikov scheme for fractional
derivatives [11, 17]. The truncation error is of order O(A>~#). O

Theorem 6. (Overall Method Convergence). Consider the optimal control problem with exact

solution (w*, v*, p*) and numerical solution (wy, vy, py) obtained by the hybrid polynomial

method. Under the assumptions:
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1. The exact solution satisfies w*, p* € C*°(Q x I).
2. The fractional parabolic operator is uniformly elliptic.
3. The optimality conditions are well-posed.
Then there exist constants C, k > 0 such that:
lw* —wnl2@xn) + 1P* = Prllz@xny < C(NTF 4 A7F).

\Proof. The proof proceeds in several steps:
Step 1. Spatial Discretization Error: from Theorem 4, for each fixed time ¢, we have:

[w*(-,8) —wn (D)l L2) < CLNT"[w” (- D)l Emg)-
Integrating over time,
[w* —wn|lr2xry < CLN "W || L2(1,5m ()

Similarly, for the adjoint variable p.

Step 2. Temporal Discretization Error: From Theorem 5, the temporal discretization con-
tributes an error of order O(At2~9).

Step 3. Coupled System Error: The optimality conditions form a coupled system:

9Pw 1

T Aw=f—
85]9

2 A= —
ot p =0t

Using the stability of the coupled system [12, 26] and the approximation errors from Steps

1-2, we obtain the overall error bound.

Step 4. Final Error Estimate: Combining the spatial and temporal errors using triangle

inequality and the stability of the numerical scheme:
lw* = wn || + [Ip* = px || < C(NT™ + AF).
Taking k = m completes the proof. O
In the following, we investigate the stability analysis of the proposed method.

Theorem 7. (Numerical Stability). The hybrid polynomial method is numerically stable, with

the condition number of the system matrix growing at most polynomially in N
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\Proof. . The use of orthogonal polynomials ensures that the mass matrix is well-conditioned.
The SVD-based rank detection prevents ill-conditioning from near-linear dependencies in the
hybrid basis. The resulting system satisfies:

cond(A) < CN7,
for some constants C',y > 0, which is acceptable for spectral methods. O

This convergence analysis provides the mathematical foundation for the proposed method,
establishing its theoretical robustness and numerical reliability for solving fractional parabolic

optimal control problems.

5.1 Discussion on Hybrid Basis Superiority and Robustness

While Theorem 4 establishes convergence via a linear ¢combination, the theoretical superiority
of the hybrid basis is pronounced in the context.of fractional PDEs.

1. Advantages over Single-Basis Methods: Fractional PDE solutions often possess weak
singularities near spatial boundaries or exhibit steep gradients. Pure Legendre or Chebyshev|
bases, which assume global smoothness, typically lose spectral accuracy (yielding only alge-
braic convergence) for such solutions. The inclusion of Jacobi polynomials in the hybrid ba-
sis allows the method to effectively resolve these boundary singularities due to their inherent
weighting functions. Consequently, for solutions with limited regularity, the effective conver-
gence rate of the hybrid method significantly exceeds that of single-basis spectral approaches.

2. Uniformity of Spectral Convergence: The fractional order (5 affects the temporal regu-
larity of the solution (e.g., the strength of the singularity at ¢ = 0). The proposed hybrid spatial
discretization ensures that the spatial error component O(N ~*) remains decoupled and stable
regardless of the'value of 8. Unlike single-basis methods, which might exhibit sensitivity to
specific solution profiles induced by different 3, the hybrid basis provides a versatile approxi-
mation space. This ensures that the spectral convergence in the spatial domain is uniform across

a range of fractional orders, preventing the unexpected degradation of accuracy as 3 varies.

5.2 Discussion on Local Adaptivity and Future Extensions

The current study implements a global hybridization strategy, where the weights v, vo, Vg
are static constants across the entire spatial domain. This global approach effectively balances
the strengths of the polynomial families for general solution behaviors, such as boundary lay-
ers (captured globally by the Jacobi component) and smooth interior variations (captured by,
Legendre/Chebyshev)
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However, for problems exhibiting highly localized features—such as moving fronts or iso-
lated singularities—an adaptive strategy could offer superior efficiency. Future work will ex-
plore the feasibility of:

* Locally Adaptive Weights: Developing algorithms to dynamically adjust «(x) based on

local error indicators or regularity estimates.

* Domain Decomposition: Partitioning the domain 2 into subdomains where specific poly-
nomial bases (e.g., Jacobi near boundaries, Legendre in the interior) dominate, utilizing

a Spectral Element framework to maintain sparsity and stability:

Such extensions would bridge the gap between the high accuracy of global spectral methods
and the flexibility of local hp-adaptive finite element schemes, potentially making the hybrid
framework applicable to a wider class of challenging fractional dynamics.

6 Numerical Implementation

This section presents numerical experiments for Examples 1-3, which are designed to evaluate
the accuracy, convergence, and stability of the proposed hybrid Legendre—Chebyshev—Jacobi
polynomial framework for fractional parabolic optimal control problems.

All computations are performed for one-dimensional test problems on the spatial domain|

) = [0, 1]. The regularization parameter and time step size are chosen as
A=1075, At =0.1.

The polynomial degrees of the Legendre, Chebyshev, and Jacobi bases are all set to 6, with
Jacobi parameters ay= 0.5 and 5 = 0.5. Throughout the numerical simulations, the weighting

coefficients are taken as .

’YL:’YC:’szg-

Example 1. The exact state function is given by
w(z,t) = t3(1 — t)%(2 — t)? sin(nz).

The numerical solutions obtained using the hybrid polynomial method exhibit excellent agree-
ment with the analytical solution over the entire time interval. In particular, Table 1 reports
consistently small Lo and L, error norms for both the state and adjoint variables.

Figure 1 displays the spatial-temporal distributions of the approximation errors associated

with the state and adjoint functions. The corresponding error maps demonstrate that the er-

rors remain uniformly small, typically within the range 10=-10=%, across the computational
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[Figure 1: Approximation error distributions of the state and adjoint functions for Example 1. The hybrid orthog-
onal polynomial method achieves uniformly small errors across the spatial-temporal domain, confirming stability|
and accuracy.

domain. This confirms the numerical stability and high accuracy of the proposed hybrid or-
thogonal polynomial scheme. The nearly uniform error patterns further indicate that the hybrid
basis effectively captures both the smooth interior behavior and the boundary characteristics of

the solution.
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[Figure 2: (Left) Comparison between analytical and approximate state solutions w(z,t) at (¢ = 0.2,0.5,0.7)
and 0.9 s for Example 1. (Right) Convergence of the state error with increasing polynomial degree NN, illustrating
spectral accuracy.

In Figure 2, the left panel compares the analytical and numerical solutions of the state vari-
able w(x, t) at selected time levels ¢ = 0.2,0.5,0.7, and 0.9. The near-perfect overlap between

the exact and approximate solutions clearly demonstrates the spectral accuracy of the propose
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method. The right panel illustrates the convergence of the state error with respect to the poly-
nomial degree N. The rapid decay of the error confirms the exponential convergence behavior

typical of orthogonal polynomial approximations.

Table 1: L, and L error norms for the state and adjoint functions at selected time levels in Example 1.

Error norm t=0.2 t=20.5 t=20.7 t=20.9

|lw—wl|r, 7.30x107° 5.23x107% 4.23x 1074 1.48 x 1074
|lw—w|r, 1.45x107% 3.01 x107* 247 x107% 1.45x 1074
lv -2, 7.59x1077 214 x107% 211 x 1076 1.29 x 106
lv—v|r. 246x107% 7.61x107% 7.62x10°6 472%10°°

Table 1 summarizes the Ly and L, norms of the errors for the state'and adjoint functions at
representative time instants. The results indicate that the state errors remain below 10~3, while
the adjoint errors are of the order 10~°, highlighting the robustness and precision of the hybrid

polynomial framework throughout the temporal evolution.

Finally, Figure 3 presents the state and adjoint solutions corresponding to different values
of the fractional parameter 5. These results illustrate the influence of 3 on the solution profiles
and further demonstrate the flexibility and effectiveness of the proposed method in handling
fractional-order dynamics.

The state and adjoint functions for different 5 are plotted in Figure 3.
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Figure 3: Curves of the state and adjoint functions for Example 1 for different values of 3.
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6.1 Selection and Sensitivity Analysis of Hybridization Weights

The selection of the weighting parameters 7z, v¢, v in the hybrid basis ¢ (z) is critical for
maximizing approximation accuracy. While an adaptive strategy could theoretically adjust
these weights dynamically to minimize the residual error of the PDE solution, such an approach|
increases computational complexity. For the general framework proposed here, we seek a ro-
bust static configuration.

We justify the choice 77, = o = 75 = 1/3 through a sensitivity analysis. This equal
weighting strategy assumes no prior bias toward the specific strengths of any single polyno-
mial family, allowing the hybrid basis to collectively utilize Legendre’s uniform convergence,
Chebyshev’s minimax properties, and Jacobi’s boundary/adaptability.

To support this, we tested Example 1 with various weighting configurations. Table 2 com-
pares the Lo error norms at t = 0.5 for these configurations. The results confirm that the hybrid
approach outperforms any single-polynomial basis, and the equal-weighting scheme yields the

best accuracy among the tested hybrid combinations.

Table 2: Sensitivity of Lo error to weighting parameters v = (yz,7vc, vs) for Example 1 at ¢ = 0.5.

o' e v |lw—wllL,
1.0 00 00 245x1072
00 1.0 00 1.89x1072
0.0 00 1.0 2.12x 1072
0.6 02 02 850x10~*
02 06 02 9.10x10*
02 .02 06 880x107*
033 033 033 523x10*

6.2 Comparative Numerical Study

To rigorously validate the claimed superiority of the hybrid method, we compare it against tradi-
tional single-basis spectral methods, Finite Difference (FDM), and meshless RBF approaches.
The tests are performed on Example 1 at ¢ = 1.0 using comparable degrees of freedom where
possible.

Table 3 summarizes the performance metrics. The hybrid method achieves the lowest Lo
error (4.23 x 1079), outperforming all single-polynomial bases which typically yield errors on
the order of 10=°. While the condition number of the hybrid system is slightly higher than tha




Al-Hakeem, et al. 19

of single bases due to the mixing of different orthogonal families, it remains orders of magnitude
lower than the ill-conditioned matrix resulting from the RBF method.

Regarding computational efficiency, the hybrid method incurs a modest increase in CPU
time (0.52 s) compared to single-basis spectral methods (0.32 s) due to the evaluation of three
polynomial families. However, the significant gain in accuracy justifies this cost. The FDM,
while fast, fails to achieve spectral accuracy, resulting in errors two orders of magnitude larger
than the hybrid approach.

Table 3: Comparative performance of numerical methods for Example Lat¢= 1.0.

Method Type L, Error Cond(A) CPU Time (s)
Finite Difference ~ Mesh-based 3.45 x 107% 2.1 x 102 0.82
MQ-RBF (c = 1) Meshless ~ 2.12 x 107*  5:4:% 10° 1.25
Pure Legendre Spectral 8.45 x 1075+1.2 x 10* 0.31
Pure Chebyshev Spectral 7.89 x 107° /1.1 x10* 0.33
Pure Jacobi Spectral 6.12 x 1072 1.3 <104 0.34
Hybrid (Proposed) Spectral 423 x 1075 2.5 x 10* 0.52

Example 2. The exact state function'is defined as

w(z,t) =13(1 — t) sin(7z).

x10*

w IS o
Error adjoint
~
P
Error state

[Figure 4: Spatial-temporal error distributions of the state and adjoint variables for Example 2. The hybrid poly-
nomial basis preserves high-order accuracy and numerical stability, with error magnitudes reaching as low as 10~ 7.

Figure 5 depicts the spatial-temporal error distributions for the state and adjoint variables

in Example 2. Compared with Example 1, the observed error magnitudes, ranging from 10~%
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Figure 5: (Left) Comparison of analytical and numerical state-solutions at selected time levels (¢ =

0.2,0.5,0.7,0.9) for Example 2. (Right) Decay of the state error with respect to the polynomial degree N, con-
firming exponential convergence of the hybrid scheme.

Table 4: Comparison of L error norms for the state and adjoint variables in Example 2.

Error norm t=0.2 t=0.5 t=0.7 t=20.9

|w — ]|z, (MQ) 1.63x 1072 9.01 x107° 7.23x 107> 1.49 x107°
|w — ]|z, (Rational) 2:99 x 1072 7.04 x 1075 5.39 x 107° 5.21 x 107°
v — 91, (MQ) 6.67x 107° 1.85x 1077 1.83x 1077 1.12x 1077

|lv —o||L, (Rational)  1.21 x 10=7 8.33 x 10~7 3.25 x 1077 1.93 x 1077

to 1077, are further reduced, demonstrating the ability of the hybrid polynomial basis to retain
high-order accuracy for solutions with more pronounced temporal variation. The smooth error]
contours confirm numerical stability and effective resolution of the fractional dynamics.
In Figure 5,the left panel presents.a comparison between the exact and hybrid-approximated
state solutions at several time instances, while the right panel illustrates the decay of the state
error as the polynomial degree /N increases. The nearly exponential error reduction clearly,
verifies the spectral convergence of the proposed method and its efficiency in achieving high
accuracy with relatively low polynomial degrees.
The influence of the fractional parameter 5 on the state and adjoint solutions is illustrated

in Figure 6.

The results of Example 2 further highlight the superior performance of the hybrid approach,
which effectively exploits the complementary strengths of the Legendre, Chebyshev, and Jacobi
polynomial families.




Al-Hakeem, et al. 21

X 108

15

0.041 N

0.035 — (=084
3=0.76
/=068

0.031

0.025 1

> 0021

00151

0.011

0.005

15 1 1 1 1 1 1 1 1 1 ) 0 1 1 1 1 1 1 1 1 1 )

Figure 6: State and adjoint solution profiles for different values of the fractional parameter 3 in Example 2.

Example 3. Consider the exact state function for the parabolic optimal control problem given
by

-

x107

w

~

Error adjoint

Error adjoint
Error state
Error state

IFigure 7: Spatial-temporal error distributions of the state and adjoint variables for Example 3. The hybrid scheme

achieves error levels on the order of 107 for the state and 10~ for the adjoint variable.

In Figure 8, the convergence behavior of the proposed method applied in Example 3 is
examined.
The results presented in Figures 7 and 8§, together with the quantitative data in Table 5,

demonstrate that the hybrid orthogonal polynomial framework maintains exceptional accuracy,

and numerical stability even for solutions exhibiting strong boundary-layer behavior. Erron
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Figure 8: Comparison between exact and numerical state solutions w(z,t) at selected time levels (¢t =

0.2,0.5,0.7,0.9) for Example 3. The close agreement confirms spectral-level accuracy.

Table 5: RMS (L2) and maximum (L) error norms for the state and adjoint variables at selected time levels in

[Example 3.

Error norm t=20.2 t=20.5 t=0.7 t=20.9

|lw— 1w, 2.54x1077 1.32x107% 953 x10"7 4.53x 1077
|w— L., 4.06x1077 3.20x 1077 "2.79 x 1077 1.25 x 1077
|lv -9,  1.70/x 1072265 x 1072 1.78 x 107 3.92 x 1010
v =0z, 270x 107 3.99x 107 2.65x 1072 6.31 x 10719

magnitudes as small as 10~ for the adjoint variable confirm the high-fidelity performance of
the proposed method.
The influence of the fractional parameter 3 on the state and adjoint solutions for this exam-

ple is shown in Figure 9.

Example 4. To validate the method’s capability in handling less regular solutions and higher
dimensions, we consider a 2D problem with a steep gradient. Let Q = [0,1]? and I = [0, 1].
'We set the fractional order to 5 = 0.4. The exact solution for the state variable is defined to

have a boundary layer at x = 1:

we(w,y,1) = ¢ (1= =07 ) sin(my), @

where ¢ = 0.01 controls the sharpness of the layer. The desired state and source term are
constructed accordingly.

We compare the proposed Hybrid method (using Legendre, Chebyshev, and Jacobi polyno-

mials with N = 8 in each spatial dimension) against standard Pure [.egendre, Pure Chebyshev
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Figure 9: State and adjoint solution profiles for different values of the fractional parameter 3 in Example 3.

spectral methods, and the Multiquadric (MQ) Radial Basis Function (RBF) method. All meth-
ods use a comparable number of degrees of freedom (Npor =~ 64) and the same time step
At = 0.1.

Table 6: Performance comparison for Example 4 with boundary layer (8 = 0.4,7 = 1).

Method Basis Type ||w — wpl||z, Order of Conv.
Legendre Orthogonal  3.42 x 1073 -
Chebyshev Orthogonal ~ 2.89 x 1073 -
MQ-RBF Meshless  /5.12 x 1073 -

Hybrid (Proposed)  Mixed 1.15 x 10~*  Spectral-like

As shown in Table 6, the Hybrid method achieves significantly lower errors than the single-
basis spectral methods. While standard spectral bases struggle to resolve the sharp gradient near
x = 1, the inclusion of Jacobi polynomials in the hybrid framework provides the necessary|
flexibility to capture the boundary layer efficiently, validating the method’s robustness for non-

smooth, multi-dimensional applications.

6.3 Numerical Verification of Condition Number Growth

To empirically validate Theorem 7, we analyze the conditioning of the system matrices gener-
ated by the hybrid basis compared to the individual Legendre, Chebyshev, and Jacobi bases.
We compute the condition number Cond(A) = || Al|2]|A~Y||2 for the 1D mass-stiffness matrix

system at varying polynomial degrees NV
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Table 7 reports the condition numbers for N ranging from 4 to 24. The data demonstrates
that all bases exhibit polynomial growth. While the hybrid basis condition numbers are con-
sistently higher than those of the single bases—due to the linear combination of independent
weight functions—the growth rate remains approximately O(N?) to O(N?), which is within
acceptable limits for spectral methods. Crucially, no exponential explosion is observed, con-
firming the numerical stability of the hybrid framework.

Table 7: Comparison of condition numbers (Cond(A)) with increasing polynomial degree N.

Degree Legendre Chebyshev Jacobi Hybrid « Order of Growth

4 6.52 x 10 6.05 x 10  7.12 x 10* 1.25 x 10? -
8 2.15 x 10> 2.02 x 10> 2.45 x 10> 4.50 x 103 -
12 4.82 x 10*  4.60 x 10* 5.10 x 10* 9.80 x 10* ~ N3
16 8.55 x 105 8.20 x 10° 8.95 x 105..1.82 x_ 106 ~ N3
20 1.41 x 107 1.35x 107  1.48 x 107 /2.95'% 107 ~ N3
24 2.21 x 108 2.10 x 10® 2.30 x 10% 4.60 x 108 ~ N3

6.4 Derivation of Exact Solutions‘and Source Terms

To rigorously validate the proposed hybrid method and provide reproducible results, we employ,
the Method of Manufactured Solutions (MMS). For each numerical example, the procedure is
as follows:

1. An exact state variable w,,(z, t) and an exact adjoint variable p,(x, t) are selected.

2. The exact control variable v, (#;¢) is derived using the optimality condition:

bea(2,0) = = Peal, 1) ©

3. The source term f(x, t).and the desired trajectory wy(x, t) are computed by substituting

these exact functions into the state and adjoint equations, respectively.

Below, we explicitly state the derived expressions for v, (1, t) and the corresponding terms|
for Examples 5-7.

Example 5. We select the exact state we,; = t2(1 — ¢)2(2 — t)? sin(7z) and the exact adjoint

Pex = t2(1 — t)?sin(mrz). Consequently, the exact control is:

Veu (1, 1) = —§t2(1 _ )2 sin(7z). ©)

The source term f(x, £) and desired state wgy(a, £) are calculated as:
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8ﬁwe:p
f(ﬂ?ﬂf) = OtB — Awey — Vex (7)
wy(x,t) = Wey(z,t) + O pe +A (8)
d\Ty1) = Wex\T, OtB Pex | »

where 9° /0t? denotes the Caputo fractional derivative.
Example 6. Given the exact state we, = t>(1 — t)3 sin(7x), we select the exact adjoint p., =
t3(1 — t)3 sin(wx). This yields the exact control:

Ve (1, 1) = —%t?’(l — 1) sin(ma). ©)

The functions f(x,t) and wg(x, t) are derived analogously to Example 5.

Example 7. For the problem with polynomial spatial behavior, we define the exact state we, =
t2(1 —t)22*(1 — 2)5 and the exact adjoint p., = t2(1 —t)?2%(1 = z)°. Thus, the exact control
is:

Ve (2, 1) = —%#(1 — )21 = 2)% (10)

These explicit definitions ensure that the error-norms.for the control variable reported in
Tables 1-3 correspond to the deviation of the numerical solution from the analytically derived

Vez (T, 1).

Example 8. To assess the method’s capability in handling non-smooth solutions where hy-
bridization offers clear advantages, we consider a 2D problem with a steep gradient near the
boundary. Let Q = [0,1]? and [ = [0,1]. We set the fractional order to 3 = 0.4 (low order
often corresponds to weaker regularity). The exact solution for the state variable is defined to
have a sharp boundary layer at x = 1:

Wee (8,7, 1) =.t° (1 - e*%(lf’”)) sin(7y), (11)
where ¢ = 0.01 controls the sharpness of the layer. This function has a large derivative near
x = 1, representing a non-smooth characteristic that challenges standard spectral methods.

We comparethe proposed Hybrid method (using Legendre, Chebyshev, and Jacobi polyno-
mials with N = 8 in each spatial dimension) against standard Pure Legendre, Pure Chebysheyv
spectral methods, and the Multiquadric (MQ) Radial Basis Function (RBF) method. All meth-
ods use a comparable number of degrees of freedom (Npor = 64) and the same time step
At = 0.1.

As shown in Table 8, the Hybrid method achieves significantly lower errors than the single-
basis spectral methods. While standard spectral bases (Legendre, Chebyshev) struggle to re-
solve the sharp gradient without excessive refinement, the inclusion of Jacobi polynomials in|
the hybrid framework provides the necessary flexibility to capture the boundary layer effec-

tively. This validates the claim that hybridization is particularly advantageous for non-smooth

or singular solution behaviors
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Table 8: Performance comparison for Example ?? with boundary layer (8 = 0.4,7 = 1).

Method Basis Type ||w — wp||r, Order of Conv.
Legendre Orthogonal ~ 3.42 x 1073 Algebraic
Chebyshev Orthogonal  2.89 x 1073 Algebraic
MQ-RBF Meshless ~ 5.12 x 1073 Slow

Hybrid (Proposed) Mixed 1.15 x 10~*  Spectral-like

6.5 Extension to Higher Dimensions and Computational Scaling

The proposed hybrid method extends naturally to two and three spatial dimensions via tensor

products. For a 2D domain = [0, 1]2, the basis functions are constructed as:

o1 (x,y) = ¢ (x)8] ()5 #j=0,...,N, (12)

resulting in (N + 1)? degrees of freedom. While this inherits the standard “curse of dimension-
ality” regarding DOF growth, the computational cost is-managed by exploiting the Kronecker|
structure of the linear operators.

For the 2D case, the mass and stiffness matrices can be efficiently formed using the Kro-
necker product ® of the 1D matrices M and K:

Mop =M®M, Kop=KoM+M®xK. (13)

Utilizing these properties enables fast matrix-vector multiplication and reduces memory over-

head, as the full dense matrices need not be stored explicitly.

Table 9 compares the computational metrics for the 1D Example 5 and the 2D Example 4.
The results demonstrate that while CPU time increases with dimensionality, as expected, the
method retains high accuracy (spectral-like convergence) in 2D with acceptable computational

cost.

Table 9: Computational scaling comparison between 1D (Example 5) and 2D (Example 4).

Dim DOF CPU Time (s) |w— wy|r, Order
1D (Example 5) =~ 21 0.52 4.23 x 107  High
2D (Example 4) =~ 81 4.85 1.15x 10~  High
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6.6 Complexity Analysis: Assembly and Solving

The computational complexity of the proposed hybrid method is comparable to standard single-
basis spectral methods in terms of asymptotic order, differing mainly by constant factors asso-
ciated with the number of mixed bases.

* Assembly Phase: The assembly of system matrices relies on numerical quadrature or
collocation point evaluations. For a single basis, the cost isproportional to the num-
ber of operations N(f;?gle. In the hybrid method, evaluating a_single basis function
ou(r) = ypoL(x) + yoedo(x) + vy¢s(x) requires evaluating three orthogonal poly-
nomials simultaneously. Consequently, the computational. cost of the assembly phase
scales as:

Costyp, ~ K - Costg;,; (14)

single»

where K = 3 is the number of basis families: Crucially, the asymptotic growth rate
with respect to the polynomial degree N (e.g., Q(IN?) for dense matrix assembly in 1D)

remains unchanged.

* Solving Phase: The discrete system size is (N 41) x (N + 1) (in 1D), which is identical
to the matrix size in single-basis methods using the same polynomial degree. Therefore,

the complexity of the linear solver is asymptotically identical:

— Direct Solvers: The computational cost of Gaussian elimination or LU decomposi-
tionis O(N?3) in 1D and O(NN) in 2D, exactly matching standard spectral methods.

— lIterative Solvers: For iterative approaches (e.g., Conjugate Gradient), the complex-
ity depends on the condition number. As shown in Table 7, the hybrid condition
number is roughly 2 — 3 times larger than single bases. This results in a constant
factor increase in the number of iterations required for convergence, but does not

alter the asymptotic complexity class.

In summary, the hybrid method trades a modest constant factor increase in assembly time
and iteration count for significantly improved approximation accuracy, without increasing the

asymptotic complexity class of the algorithm.

7 Conclusion

This paper has introduced a novel hybrid orthogonal polynomial framework for the numeri-

cal solution of optimal control problems governed by fractional parabolic partial differential

equations. By integrating [.egendre, Chebyshev, and Jacobi polynomials into a unified hybri
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basis, the proposed method effectively exploits the complementary advantages of these polyno-
mial families, namely spectral accuracy, minimax optimality, and parametric flexibility. This
synergy results in a robust, efficient, and highly accurate computational approach. The hybrid
formulation significantly enhances approximation quality when compared with conventional
single-polynomial spectral methods and mesh-based techniques. Rigorous theoretical analy-
sis establishes spectral convergence for sufficiently smooth solutions and confirms numerical
stability through the construction of a well-conditioned system matrix. Furthermore, the in-
corporation of the Griinwald—Letnikov scheme for discretizing temporal fractional derivatives
enables reliable and accurate treatment of the inherent nonlocal memory effects characteristic of
fractional-order models. Comprehensive numerical experiments further corroborate the effec-
tiveness of the proposed framework. The hybrid method consistently delivers lower error norms
and faster convergence rates than classical polynomial and tadial basis function approaches,
while maintaining computational efficiency through sparse matrix structures and stabilization
strategies based on SVD and QR factorizations. These results' demonstrate the method’s strong
capability to resolve complex spatial-temporal dynamics arising in fractional diffusion and op-
timal control problems.

The principal advantages of the proposed hybrid approach may be summarized as follows:
i. Spectral-level accuracy for smooth and moderately irregular solutions.

ii. Improved numerical stability achieved through orthogonality and hybrid weighting strate-
gies.

iii. Enhanced parameter adaptability, allowing flexibility with respect to boundary conditions

and solution characteristics:

iv. High computational efficiency enabled by sparse system matrices and efficient linear]

solvers.

v. Robust performance in the presence of fractional operators and optimal control con-

straints.

In conclusion, the hybrid orthogonal polynomial framework constitutes a powerful and ver-
satile numerical strategy for fractional optimal control problems. Owing to its accuracy, sta-
bility, and flexibility, it represents a compelling alternative to existing polynomial-based and
meshless methods. Future research will focus on extending the proposed methodology to mul-
tidimensional and nonlinear fractional PDEs, developing adaptive hybrid polynomial selection

strategies, and implementing parallel algorithms for large-scale scientific and engineering ap-

plications
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