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Abstract. Homogeneous second-order Aw-Rascle-type models have demon-
strated greater effectiveness than their non-homogeneous counterparts in traffic
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applied to simulate shock, rarefaction, and contact discontinuity waves under
homogeneous long-road conditions, eliminating the influence of external source
terms and ensuring the homogeneity of the governing hyperbolic equations. Its
performance is benchmarked against the MacCormack scheme supplemented
by two standard stabilization techniques, namely artificial viscosity (AV) and
central differencing (CD). Spatiotemporal distributions and density profiles
are examined across four representative traffic scenarios: free flow, congested
traffic flow, queue dissolution, and congested flow with non-equilibrium
velocity and uniform density. The results demonstrate that the IWP-HLLE
approach substantially suppresses numerical oscillations compared to both AV
and CD methods while maintaining stability across all test cases.
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1 Introduction

Urban communities face severe traffic congestion due to the ever-increasing number of vehicles.
Efficient traffic control and management are crucial to resolving this matter [14]. However,
human behavior and sudden changes in road geometry caused by accidents and weather condi-
tions make traffic systems inherently dynamic and unpredictable [4]. Over the years, various
techniques have been developed to forecast traffic conditions [6]. Among these, continuous ap-
proaches based on mathematical modeling have proven to be among the most effective tools for
traffic flow analysis [16]. Continuous Traffic Flow Modeling (CTFM) treats traffic as a fluid-
like medium, enabling the use of well-established conservation principles. While first-order
models assume that local speed instantaneously equilibrates with local density, second-order
models define the local speed through a momentum equation [20]. This added complexity
allows second-order CTFM to analyze traffic shocks under equilibrium conditions and to incor-
porate acceleration behavior, driver reaction time, and anticipation effects into the governing
equations. A key advantage of second-order models is their ability to capture nonlinear traffic
phenomena that lie beyond the descriptive capability of first-order formulations [20]. Neverthe-
less, the mathematical complexity of these models necessitates the use of advanced numerical
methods [22].

Second-order CTFM ismathematically classified as a nonlinear system of hyperbolic partial
differential equations (PDEs). When a source term is present, the system is categorized as non-
homogeneous; representative examples include the Payne–Whitham [17], Kerner–Konhäuser
[8], and gas-kinetic-based models. In contrast, models such as the Aw–Rascle (AR) [24] and
Aw–Rascle–Zhang (ARZ) [10] are classified as homogeneous due to the absence of source
terms. A well-known deficiency of many non-homogeneous models is their failure to preserve
the anisotropic property of traffic flow, leading to unrealistic oscillatory behavior at traffic dis-
continuities. This shortcoming is effectively addressed by the AR and ARZ models [2]. Since
the continuity and momentum equations of these second-order models do not admit closed-
form analytical solutions, numerical methods are indispensable [14]. Among the most widely
adopted approaches in CTFM is the finite volume method, which is grounded in the integral
form of physical conservation laws and is naturally suited to handling discontinuous solutions.
Explicit finite volume schemes based on the wave propagation algorithm [13] belong to the
class of Godunov-type methods and are particularly effective for shock capturing, providing
non-oscillatory results in the presence of flow discontinuities.

Wave propagation speeds in the Riemann problem are generally computed using either exact
or approximate solvers. The exact Riemann solver [11] determines wave speeds from analytical
solutions and is highly accurate; however, its practical applicability is severely limited by the
absence of closed-form solutions for the nonlinear PDEs governing traffic flow. Consequently,
approximate solvers—including Roe, HLL, HLLE, HLLC, and various hybrid formulations—



In
Pr
es
s

Ezzati, et al. 3

have become standard in practical implementations [11, 14]. These methods differ primarily in
their discretization strategies with respect to wave directionality and propagation speed [13, 11].
High-order spatial discretization schemes such asMUSCL, CBTOU,WENO-JS, andWENO-Z
can reduce numerical diffusion and sharpen wave front resolution, but they frequently gener-
ate spurious oscillations near intermediate states where contact discontinuities and rarefaction
waves interact.

This limitation is thoroughly documented in the work of Mohammadian et al. [15], who
systematically evaluated the performance of the Rusanov, HLL, and HLLC approximate Rie-
mann solvers for the ARZ model across the full solution range from free-flow to congested
traffic. Their study coupled these solvers with several spatiotemporal discretization schemes—
including Euler-Upwind, second-order MINMOD and MUSCL, the cell-based third-order up-
wind (CBTOU) approach, and the fifth-order WENO-JS and WENO-Z schemes— combined
with a third-order TVD Runge–Kutta method for temporal integration. At low resolution, all
solvers successfully captured the qualitative wave structure of the Riemann solutions, though
the results exhibited excessive diffusion near contact discontinuities. At high resolution, the be-
havior varied considerably across scheme combinations. Notably, while the pairing of MUSCL
or WENO-type reconstructions with the HLL solver reduced numerical diffusion most effec-
tively, it simultaneously introduced oscillatory behavior near intermediate states. The persis-
tence of spurious oscillations even in high-order schemes suggests that the root cause lies in
the inherent non-convexity and nonlinearity of models such as the ARZ model—implying that
solver selection alone is insufficient, and that complementary stabilization tools such as flux
limiters or regularization techniques are essential to prevent unphysical solution behavior.

In a related study, Araghi et al. [2] developed a modified wave propagation algorithm for
four macroscopic traffic flow models: Payne–Whitham [17], AR [24], ARZ [10], and Khan
et al. [9]. Their scheme employed characteristic wave speeds to evaluate right- and left-going
fluctuations, and its performance was benchmarked against fifth-order WENO, second-order
MUSCL, and the Roe decomposition technique. Although the scheme exhibited overall stabil-
ity and reduced diffusion, it produced strong spurious oscillations at the interaction of contact
discontinuity and rarefaction waves, and yielded non-physical negative densities and velocities
in both AR and ARZ models. This finding exposes a critical gap: even hybrid combinations
of approximate Riemann solvers and high-order reconstruction schemes may fail to preserve
physical admissibility under extreme flow conditions. More recently, Rastegar Moghadam Na-
jafzadeh et al. [18] introduced the IFW-HLLE method—a hybrid approach combining charac-
teristic and Roe velocities—to solve two non-homogeneous second-order macroscopic traffic
flow models. This work underscores a growing trend toward adaptive hybrid schemes that
dynamically balance accuracy and stability based on the local wave structure.

To overcome these limitations, the present study proposes a novel wave-speed selection
strategy that blends characteristic and Roe-type velocities within a Godunov-type finite volume



In
Pr
es
s

4 Numerical Solution of Homogeneous Aw-Rascle Type Traffic Flow Models

framework for homogeneous second-order traffic flowmodels. This hybrid strategy ensures the
preservation of physical positivity constraints, enhances numerical stability, and substantially
reduces spurious oscillations near discontinuities. The improvement is realized by embedding
the HLLE approximate Riemann solver into an enhanced wave propagation algorithm, aug-
mented by the Monotonized Central (MC) limiter [11] to enforce monotonicity and suppress
unphysical overshoots. The resulting scheme is designated the Improved Wave Propagation
HLLE (IWP-HLLE) method. Its advantages are most pronounced in scenarios involving sharp
density gradients or mixed wave interactions, as demonstrated through the numerical experi-
ments presented in this study. General formulations of the IWP-HLLE are derived for both the
AR and ARZ models. Performance is assessed through four representative traffic scenarios,
each designed to isolate distinct wave interaction regimes: the first three cases involve non-
equilibrium density distributions with uniform velocity, while the fourth considers uniform
density with non-equilibrium velocity. The IWP-HLLE results are systematically compared
against the standard MacCormack finite-difference scheme augmented by artificial viscosity
(AV) and central differencing (CD) smoothing, with the aim of demonstrating improvements in
oscillation suppression, stability, and convergence behavior.

The remainder of this paper is organized as follows. Section 2 presents the governing equa-
tions of the homogeneous AR andARZ second-order traffic flowmodels, followed by a detailed
derivation of the IWP-HLLE formulation. Section 3 describes the road geometry and the nu-
merical stability criterion employed. The four benchmark test cases are solved and analyzed
in Section 4, where the performance of IWP-HLLE is compared against the MacCormack-AV
and MacCormack-CD schemes through spatiotemporal density profiles and RMSE metrics. Fi-
nally, Section 5 summarizes the principal findings and identifies directions for future research,
including the extension of the proposed framework to two-dimensional traffic networks.

2 Material and Methods

2.1 Homogeneous Second-Order Traffic Flow Models

The conservation laws of one-dimensional quasi-linear and nonlinear hyperbolic systems can
generally be represented as follows [11]:

Ut + F (U)x = 0. (1)

The vector U comprises unknowns or conserved variables, while F (U) denotes the flux gradi-
ent in the x direction. Equation (1) is a prevalent representation of homogeneous hyperbolic
systems, encompassing second-order traffic flow models like the Aw-Rascle model. The quasi-
linear form of Equation (1) can be expressed as follows [11]:
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Ut + F ′ (U)Ux = 0. (2)

The Jacobian matrix for the flux gradient term is denoted by F ′(U). The eigenvalues (repre-
sented by λ), which correspond to the characteristic speeds of the system, can be calculated by
solving the following equation [11]: ∣∣F ′ (U)−λ I

∣∣= 0. (3)

A system is classified as hyperbolic if Equation (3) has real eigenvalues [5]. If λ is an eigenvalue
of F ′(U), it implies the existence of a non-zero vector x satisfying the following equation [11]:

F ′ (U) .r = λ.r. (4)

The vector r is called the eigenvector of F ′(U).

2.2 The AR Model

The Aw-Rascle model [3] is a well-established second-order macroscopic traffic flow model
that describes traffic as a compressible fluid-like medium, drawing conceptual analogies to gas
dynamics [21]. The mathematical formulation of the Aw-Rascle model is as follows:

ρt+(ρu)x= 0,

(ρ(u+ P(ρ)))t+(ρu(u+ P(ρ)))x= 0, (5)

P(ρ) =C2
0ρ

γ − ψ,

where ρ denotes vehicle density (vehicles per meter), u is the macroscopic velocity (meters
per second), and P (ρ) is the traffic pressure function, representing the collective response of
drivers to upstream density variations. All pressure functions must satisfy compatibility con-
ditions with respect to velocity and density gradients; the negative sign reflects the inverse
relationship between density increase and vehicle acceleration. The constants C0, γ, and ψ
are model parameters governing the pressure–density relationship and driver response at the
macroscopic scale [12, 13, 19]. The constants γ and ψ are used for pressure adjustment.

2.3 The ARZ Model

The ARZ model [23] differs from the AR model solely in the definition of the traffic pressure
function, which is given by:

P(ρ) −Ve (ρ)= −um(1−
ρ

ρm
), (6)
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where Ve(ρ) represents the equilibrium velocity, ρm is the maximum density, and um denotes
the maximum speed on the road. In the ARZ model, the acceleration equation is derived based
on a microscopic model, leading to a better representation of the non-isotropic properties of
traffic flow.

2.4 The IWP-HLLE Method

The IWP-HLLE approach is built upon Godunov’s finite volume method, also known as the
wave propagation algorithm, which requires solving the Riemann problem [11] at each cell
interface and time step to evaluate the numerical flux. The wave propagation algorithm is
generally written in the following form [11]:

Un+1
i = Un

i − ∆t

∆x

(
A+∆Ui−1/2 +A−∆Ui+1/2

)
− ∆t

∆x

(
F̃i+1/2 − F̃i−1/2

)
. (7)

In whichA±∆Ui±1/2 indicates the right- and left-going fluctuations achieved from the Riemann
problem solving. The second-order accuracy is represented by the term F̃i±1/2 and is defined
as follows [11]:

F̃i−1/2 =
1

2

m∑
k=1

(I − ∆t

∆x
|λK |) |λK | W̃k,i−1/2. (8)

It is assumed that a rarefaction wave corresponds to the k-th characteristic field of the prob-
lem. In addition, theWk wave travels at the λk velocity in the cell interface, and W̃K,i−1/2 =

φ (θ)Wk,i−1/2 is used to represent the limited Riemann wave. The Monotonized Centre (MC)
is selected here as the limiter function (φ(θ) to avoid unphysical fluctuations near discontinu-
ities [11]:

φ(θ) = max (min (2, θ),min (1, 2θ), 0),

θni−1/2 =
(Wk,I−1/2Wk,i−1/2)

(Wk,i−1/2Wk,i−1/2)
, (9)

where θ is a scalar coefficient.
Therefore, the general formulation of the IWP-HLLE approach for homogeneous AR and

ARZ models is written as below:[
Ui − Ui−1

F (Ui)− F (Ui−1)

]
=

2MW∑
k=1

[
Wk,i−1/2

ξk,i−1/2

]
. (10)

The HLLE method [7] determines wave speeds by comparing the characteristic velocities and
the Roe speeds. These wave speeds for the homogeneous AR model can be written as follows:

s1,i−1/2 = min
(
ui−1 − C2

0γρ
γ , ũi−1/2 − C2

0γρ̃i−1/2

)
,
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s2,i−1/2 = max (ui, ũi−1/2). (11)

This wave-speed selection ensures that the flux evaluation remains consistent with the under-
lying wave structure of the AR and ARZ models. In addition, the approximate density and
velocity are obtained as below [1]:

ρ̃i−1/2 =
√
ρiρi−1, (12)

ũi−1/2 =

√
ρi−1ũi−1 +

√
ρiũi√

ρi−1 +
√
ρi

.

Therefore, Equation (10) is re-written in the following form using the HLLE wave speeds
in the IWP-HLLE approach:[

1 1(
ũi − C2

0γρi
γ
)

ũi

][
β1

β2

]
=

[
ρiũi − ρi−1ũi−1

ρiũi(ũi + C2
0γρ

γ
i )− ρi−1ũi−1(ũi−1 + C2

0γρ
γ
i−1

]
. (13)

By solving the linear system of Equation (13), the coefficients β1 and β2 are calculated as
follows for the AR model:

β1 =
(ρiũi(ũi − C2

0γρ
γ)− ρi−1ũi−1(ũi − C2

0γρ
γ)

(ũi − C2
0γρ

γ) + ũi
−

(ρiũi − ρi−1ũi−1)
(
ũi − C2

0γρ
γ
)(

ũi − C2
0γρ

γ
)
+ ũi

,

(14)
β2 = (ρiũ− ρi−1ũi−1)− β1.

These coefficients are calculated in a similar way for the ARZ model as below:

β1 =
(χ+ ρive (ρi))

(
ũi − ρ ũi

ρi

)
(
ũi − ρ ũi

ρi

)
+ ũi

−
(χ+ ρi−1ve (ρi−1))

(
ũi−1 − ρ ũi−1

ρi−1

)
(
ũi − ρ ũi

ρi

)
+ ũi

−
((χ+ ρive (ρi))− (χ+ ρi−1ve (ρi−1)))

(
ũi−1 − ρ ũi−1

ρi−1

)
(
ũi − ρ ũi

ρi

)
+ ũi

, (15)

β2 = ((χ+ ρive(ρi))− (χ+ ρi−1ve(ρi−1))− β1.

In Equation 15, the values of χ represent the differences between the actual flow q = ρu and
the equilibrium flow qe = ρve.
The IWP-HLLE formulation effectively preserves the positivity of density and velocity while
significantly suppressing numerical diffusion. When combined with the MC limiter, the pro-
posed approach successfully mitigates spurious oscillations near contact discontinuities. Nev-
ertheless, minor residual fluctuations may persist in highly non-equilibrium regimes—though
these remain substantially smaller than those observed in alternative methods.
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2.5 Comparison with Existing Flux-Wave HLLE Methods

The present study computes shock, rarefaction, and contact discontinuity wave speeds for homo-
geneous Aw–Rascle-type models spanning the full solution range from free-flow to congested
traffic. This distinguishes the current work from Rastegar Moghadam Najafzadeh et al. [18],
who developed the IFW-HLLE algorithm for two non-homogeneous Payne–Whitham (PW)-
type models that include a relaxation-based source term.

Second-order continuummodels containing a source term are classified as non-homogeneous.
In contrast, the AR and ARZ models lack source terms and are therefore homogeneous. A
further distinction is that many non-homogeneous models violate the anisotropy condition—
implying that drivers respond to vehicles behind them—whereas homogeneous models such as
AR and ARZ inherently satisfy anisotropy and possess proven solution existence for key initial
value problems.

The present work applies the ARZ model to a realistic 12 km road segment across four
distinct scenarios, whereas the study in [18] was confined to a 100m circular road, limiting
generalizability to real-world conditions.

3 Geometry and Stability Condition

The simulations are conducted on a homogeneous, open long-road segment without on-ramps
or off-ramps, so as to isolate the hyperbolic wave dynamics from external source effects. The
road length is set to L = 12,000m, providing a sufficient spatial domain for tracking long-term
traffic wave evolution [2].

The Courant–Friedrichs–Lewy (CFL) stability condition [13] governs the admissible time
step for the explicit wave propagation algorithm. For the one-dimensional scheme, this condi-
tion requires:

Cr =
(max sk,i−1/2)∆t

∆x
< 1, (16)

where∆t and ∆x denote the time step and spatial cell width, respectively.

4 Results and Discussion

This section evaluates the performance of the IWP-HLLE approach in solving both the AR and
ARZ models. A mesh-refinement study with smooth initial conditions is first conducted to as-
sess convergence: the results confirm second-order accuracy in smooth regions and first-order
accuracy near shocks and contact discontinuities. The IWP-HLLE results are then systemati-
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cally compared against the MacCormack finite-difference scheme [16], a predictor–corrector
method widely used for second-order hyperbolic PDEs, augmented by two stabilization tech-
niques: Artificial Viscosity (AV) and Central Differencing (CD) smoothing.

Mohammadian and van Wageningen-Kessels [16] utilized this method to solve the homo-
geneous AR and ARZ models by employing two smoothing methods, i.e., Artificial Viscosity
(AV) and Central Dispersion (CD). The main equations involved are as follows:

• Artificial Viscosity

Un+1
i = (1− S) .Un+1

i + S

(
Un+1
i − Un+1

i−1

2

)
. (17)

• Central Dispersion

Un+1
i = Un+1

i + φi+1/2(U
n+1
i+1 − Un+1

i )− φi−1/2(U
n+1
i − Un+1

i−1 ). (18)

S represents the weight factor and should be in the range of (0, 1). Additionally, U denotes
a vector of conserved variables, φi+1/2 = k. (maxφi+1, φi) and φi−1/2 = k. (maxφi−1, φi)

with k representing the viscosity parameter. Table 1 presents the variables used for the analysis
in this context.

Table 1: Numerical and physical parameters used for AR and ARZ models [16]

Model Parameter Value

AR Critical density (ρCr) 0.04 veh/m
C2
0 80 m2/s2

ψ 31.94

γ 0.5

ARZ Critical density (ρCr) 0.075 veh/m
Both Length of road (L) 12000 m

Maximum speed (vmax) 30 m/s
Maximum density (ρm) 0.15 veh/m
S 0.1

k 0.25

∆t 1

∆x 31.7 m
max(λ1, λ2) 30 m/s
∆t (Reference solution) 0.625

∆x (Reference solution) 1.8
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4.1 Test I: Rarefaction Wave with Free-Flow Traffic

Free-flow traffic refers to a low-density regime in which vehicles travel independently of one
another at their desired speed, without significant interaction effects. This occurs when the
traffic density is low, indicating fewer vehicles on the road. In the first example, a discontinuity
in the initial density profile can be observed, as described by the initial conditions presented
in Equation (19). The discontinuity is located at 6000 m. The free-flow traffic is dominant
upstream and downstream of the discontinuity, although the upstream density is considerably
higher than downstream. Consequently, rarefaction waves are anticipated to propagate in both
upstream and downstream directions.

ρ (x, 0) =


0.46ρm x < L

2 ,

0.1ρm x > L
2 ,

v (x, 0) = νe (ρ (x, 0)) .

(19)

Figure 1 compares the density profiles of AR and ARZ models with the results of the IWP-
HLLE approach at times t = 50s and t = 150. As can be observed in profiles (1-a) and (1-b),
the IWP-HLLE method has successfully reduced numerical oscillations arising from disconti-
nuities at x = 6000m. Additionally, the IWP-HLLE method in profiles (1-c) and (1-d) has
effectively reduced oscillations similar to the other two methods for solving the ARZ model.
The Root Mean Squared Error (RMSE) [11], defined in Equation (20), serves as the statistical
metric utilized in this analysis.

RMSE =

√
(yi − y)2

n
, (20)

where yi represents the value obtained from the IWP-HLLE method, y is the value from the
reference method in the same section, and n shows the number of points whose values are taken.
According to the RMSE values calculated in Table 2, the proposed method has demonstrated
lower numerical dispersion than the other two methods at times t = 50s and t = 150s for the
AR model, and at t = 50s for the ARZ model.

Figure 2 illustrates the spatiotemporal density variation in solving the AR and ARZ models
for test I. As can be observed in profiles (2: a-d), the density level in AV and CD methods has
exhibited significant oscillations at x = 6000m. On the other hand, profiles (2e) and (2-f) have
shown the capability of the IWP-HLLE approach in decreasing these oscillations.
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Figure 1: Rarefaction wave with free-flow traffic: Density profiles obtained using AV [16], CD [16]], and IWP–
HLLE methods for the AR and ARZ models at t = 50s and t = 150s. Simulations are performed on a uniform
grid with∆x = 31.7m, CFL = 0.9, and MC limiter for the IWP–HLLE scheme.

Table 2: Rarefaction wave with free-flow traffic: RMSE calculated values between the results of AV [16], CD
[16], and IWP-HLLE methods (∆x = 31.7 m) in comparison with the fine-grid reference solution (∆x = 1.8 m)
[16] for AR and ARZ models at times t = 50s and t = 150s.

Test Model Time (s) Method RMSE (m)

Test I

AR

50
AV 2.49× 10−6

CD 8.78× 10−6

IWP-HLLE 1.06× 10−6

150
AV 5.44× 10−6

CD 8.29× 10−6

IWP-HLLE 4.27× 10−6

ARZ

50
AV 1.03× 10−5

CD 1.02× 10−5

IWP-HLLE 9.95× 10−6

150
AV 4.29× 10−6

CD 8.30× 10−6

IWP-HLLE 4.32× 10−6
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Figure 2: Spatiotemporal evolution of local densities for the AR and ARZ models obtained using AV [16], CD
[16], and IWP–HLLE methods. The simulations use ∆x = 31.7m, ∆t determined by CFL = 0.9, and a total
simulation time of 150s.

4.2 Test II: Rarefaction Wave in Congested Traffic

In this test, a congestion state is predominant upstream and downstream of the discontinuity
located at x = 6000m. The density decreases downstream based on Equation (21). As time
progresses, rarefaction waves propagate in both the upstream and downstream directions. The
propagation of these waves is depicted in Figures 3 and 4, and the errors are calculated in Table
3.
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ρ (x, 0) =


0.9ρm, x < L

2 ,

0.55ρm, x > L
2 ,

v (x, 0) = νe (ρ (x, 0)) .

(21)

As shown in Figures 3 and 4, the proposed method has significantly outperformed the other
methods in mitigating numerical oscillations near the discontinuity. In particular, the CD and
AV smoothing methods have shown the highest level of oscillations compared to the reference
method near the discontinuity in both the AR and ARZ models at t = 50s, as depicted in
profiles (3-a) and (3-c).

Figure 3: Rarefaction wave in congested traffic: Density profiles obtained using AV [16], CD [16], and IWP–
HLLE methods for the AR and ARZ models at t = 50 s and t = 150s. Simulations are performed on a uniform
grid with δx = 31.7 m, CFL = 0.9, and MC limiter for the IWP–HLLE scheme.

As calculated in Table 3, the IWP-HLLE has the lowest values of RMSE compared to the
smoothing method. It can be seen in Figure 4 that the density fluctuations at x = 6000m have
been decreased using the IWP-HLLE method compared to the AV and CD methods.

4.3 Test III: Queue Dissolution

This test examines the queue dissolution in a uniform state of flow. Equation (22) presents the
density values at different path sections. Free flow conditions dominate the initial and final one-
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Figure 4: Rarefaction wave in congested traffic: Spatiotemporal evolution of local densities for the AR and
ARZ models obtained using AV [16], CD [16], and IWP–HLLE methods. The simulations use ∆x = 31.7m,
∆t determined by CFL = 0.9, and a total simulation time of 150s.

third of the path. There is congestion in the rest of the path. Therefore, two discontinuities in the
density-position profile and two Riemann problems exist concurrently in this test. At the first
discontinuity, shock waves propagate in the upstream direction. At the second discontinuity,
rarefaction waves develop and propagate in both the upstream and downstream directions over
time.
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Table 3: Rarefaction wave in congested traffic: RMSE calculated values between the results of AV [16], CD [16],
and IWP-HLLE methods (∆x = 31.7m) in comparison with the fine-grid reference solution (∆x = 1.8m) [16]
for AR and ARZ models at times t = 50s and t = 150s.

Test Model Time (s) Method RMSE (m)

Test II

AR

50
AV 2.31× 10−6

CD 1.57× 10−4

IWP-HLLE 1.28× 10−5

150
AV 1.69× 10−5

CD 3.15× 10−5

IWP-HLLE 4.26× 10−6

ARZ

50
AV 2.59× 10−5

CD 3.90× 10−4

IWP-HLLE 1.36× 10−5

150
AV 5.24× 10−6

CD 7.95× 10−5

IWP-HLLE 7.18× 10−7

ρ (x, 0) =


0.1ρm, x < L

3 ,

ρm,
L
3 < x < 2L

3 ,

0.1ρm, x > 2L
3

v (x, 0) = νe (ρ (x, 0)) .

(22)

Figure 5 shows density profiles for queue dissolution at two-time intervals, i.e., t = 50s

and t = 150s. It is evident from Figure 5 that the IWP-HLLE method has successfully reduced
oscillations at the discontinuities compared to the CD method. Furthermore, comparing the
proposed method with the AV approach has demonstrated a better reduction of oscillations at
t = 50s for the ARZ model. Table 4 calculates the statistical results of comparing AV, CD, and
IWP-HLLE approaches with the reference method.

The results indicate that the IWP-HLLE method is capable of handling the initial value
discontinuities and reducing numerical oscillations at x = 4000m and x = 8000m. In addition,
this method has exhibited superior performance compared to the AV method at t = 150s for
the AR model and at t = 50s for the ARZ model (with RMSE values of 1.42 × 10−5m and
4.69×10−4m, respectively). Figure 6 illustrates the spatiotemporal changes in density for both
the AR and ARZ models in this test. As can be observed, the level of numerical oscillations
at discontinuities is nearly similar in all three methods. Overall, the IWP-HLLE method has
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effectively reduced numerical oscillations at the discontinuities, provided better solutions than
the CD method, and outperformed the AV method at specific times for both models.

Figure 5: Queue dissolution: Density profiles computed using AV [16], CD [16], and IWP–HLLE methods at
t = 50s and t = 150s. All numerical schemes use the same grid resolution (∆x = 31.7m) and CFL = 0.9. The
reference solution is obtained on a refined grid with∆x = 1.8m.

4.4 Test IV: Congested Traffic Flow with Non-Equilibrium Velocity and Uniform Density

The initial traffic conditions in this test are non-equilibrium, and the velocities are non-uniform,
leading to the formation of contact discontinuities:

ν (x, 0) =


ve(ρ(x, 0)) + 5, x < L

3 ,

ve (ρ (x, 0)) ,
L
3 < x < 2L

3 ,

ve(ρ(x, 0)) + 5, x > 2L
3

ρ (x, 0) = 0.75ρm.

(23)

As depicted in Figures 7 and 8, along with Table 5, numerical oscillations are not evident
in the results obtained from the IWP-HLLE method. However, there are specific areas where
oscillations can be observed using the other two methods. For instance, the AR model has
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Figure 6: Queue dissolution: Spatiotemporal evolution of local densities for the AR and ARZ models obtained
using AV [16], CD [16]], and IWP–HLLE methods. The simulations use∆x = 31.7m,∆t determined by CFL =

0.9, and a total simulation time of 150s.
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Table 4: Queue dissolution: RMSE calculated values between the results of AV [16], CD [16], and IWP-HLLE
methods (∆x = 31.7m) in comparison with the fine-grid reference solution (∆x = 1.8m) [16] for AR and ARZ
models at times t = 50s and t = 150s.

Test Model Time (s) Method RMSE (m)

Test III

AR

50
AV 2.32× 10−4

CD 3.59× 10−4

IWP-HLLE 2.84× 10−4

150
AV 1.19× 10−4

CD 4.18× 10−4

IWP-HLLE 1.42× 10−5

ARZ

50
AV 6.81× 10−4

CD 8.18× 10−4

IWP-HLLE 4.69× 10−4

150
AV 7.85× 10−5

CD 9.81× 10−4

IWP-HLLE 5.70× 10−4

demonstrated significant oscillations between the x = 8000m and x = 8700m at t = 50s. The
RMSE for the ARmodel using the IWP-HLLEmethod has been calculated equal to 1.79×10−4

at t = 150s, showing better performance than the other two methods. However, this value is
higher than the CD method at earlier times (t = 50s). The RMSE values for the ARZ model
have proved the better performance of the proposed IWP-HLLE approach. As shown in Fig-
ures 7 and 8, despite the significant reduction in oscillatory behavior achieved by the proposed
scheme compared to classical techniques, some residual oscillations may persist under non-
equilibrium conditions. These oscillations arise from the nonlinear coupling of characteristic
fields. However, they do not compromise the solution’s accuracy or stability, since the error
amplification factor diminishes over time.

The computed solutions are physically meaningful and consistent with observed traffic dy-
namics. Shock waves represent abrupt vehicle deceleration, typically associated with sudden
congestion onset or bottleneck activation. Rarefaction waves characterize the gradual accel-
eration of vehicles in low-density regions as traffic spreads. Contact discontinuities describe
transitions between flow regions of equal density but different velocities, arising from non-
equilibrium initial conditions.
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Figure 7: Congested traffic flow with non-equilibrium velocity and uniform density: Density profiles for the AR
and ARZ models at t = 50s and t = 150s, computed with ∆x = 31.8m, CFL = 0.9, and MC limiter for the
IWP–HLLE scheme.

Table 5: Congested traffic flow with non-equilibrium velocity and uniform density: RMSE calculated values
between the results of AV [16], CD [16], and IWP-HLLE methods (∆x = 31.7m) in comparison with the fine-grid
reference solution (∆x = 1.8m) [16] for AR and ARZ models at times t = 50s and t = 150s.

Test Model Time (s) Method RMSE (m)

Test V

AR

50
AV 9.21× 10−5

CD 8.08× 10−4

IWP-HLLE 5.14× 10−4

150
AV 2.52× 10−4

CD 7.46× 10−4

IWP-HLLE 1.79× 10−4

ARZ

50
AV 5.06× 10−6

CD 2.33× 10−4

IWP-HLLE 1.59× 10−4

150
AV 2.08× 10−5

CD 2.72× 10−4

IWP-HLLE 7.81× 10−5
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Figure 8: Congested traffic flow with non-equilibrium velocity and uniform density: Spatiotemporal evolution
of local densities for the AR and ARZ models obtained using AV [16], CD [16], and IWP–HLLE methods. The
simulations use∆x = 31.7m,∆t determined by CFL = 0.9, and a total simulation time of 150s.
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5 Conclusions

This study presented the IWP-HLLE approach for the numerical solution of homogeneous
second-order Aw-Rascle-type traffic flow equations. General algorithmic formulations were
derived for both the Aw-Rascle (AR) and Aw-Rascle-Zhang (ARZ) models. To evaluate the
proposed method, four benchmark tests involving shock waves, rarefaction waves, and contact
discontinuities were solved for homogeneous long-road geometries (L = 12000m), and the
results were compared against the standard MacCormack scheme combined with artificial vis-
cosity (AV) and central differencing (CD) smoothing techniques. Spatiotemporal and density-
position profiles were examined at t = 50 s and t = 150 s.

The IWP-HLLE method accurately captured the formation and propagation of rarefaction
waves, contact discontinuities, and shocks by properly coordinating wave propagation direc-
tions. Unlike the CD and AV methods, which exhibited spurious oscillations near disconti-
nuities, the proposed approach remained oscillation-free at wave fronts in all test cases. The
Monotonized Central (MC) limiter proved highly effective in controlling numerical dispersion.
Quantitative assessment via RMSE confirmed that the IWP-HLLE method outperformed both
smoothing techniques for the AR model in tests I, II, and III, and for the ARZ model in tests I
and II. For example, RMSE values for the ARmodel in test I were 1.06×10−5 and 4.27×10−6

at t = 50 s and t = 150 s, respectively, corresponding to reductions of 57% and 21.5% relative
to the AV method. For the AR model in test IV, the IWP-HLLE method produced superior
results only at t = 150 s, with residual oscillations observed under non-equilibrium velocity
conditions, arising from the nonlinear coupling of characteristic fields. Nevertheless, the error
amplification factor diminished over time, confirming the long-term stability of the method.

Recommendations for Future Research. Based on the findings and limitations identified
in this study, the following directions are recommended for future investigations:

• Extension to two-dimensional frameworks: The current formulation is restricted to one-
dimensional road segments. Extending the IWP-HLLE approach to two-dimensional net-
works would enable the simulation of intersections, lane-changing dynamics, and multi-
route traffic systems, significantly broadening its practical applicability.

• Integration with higher-order schemes: Although the present method achieves second-
order accuracy in smooth regions, coupling the IWP-HLLE approach with higher-order
reconstruction techniques such as WENO or MUSCL could further reduce numerical
diffusion near sharp gradients while maintaining the positivity properties of the proposed
wave-speed strategy.

• Treatment of non-homogeneous models: The proposed framework is currently limited to
homogeneous models. Incorporating source terms, such as relaxation-based acceleration
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terms found in Payne-Whitham-type models, would extend the method’s applicability to
a broader class of non-homogeneous second-order traffic flow models.

• Non-equilibrium conditions and flux limiters: The residual oscillations observed in test
IV under non-equilibrium velocity conditions suggest that alternative flux limiters or
adaptive regularization strategies should be investigated to fully suppress spurious be-
havior in strongly non-equilibrium regimes.
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