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and engineering contexts, with implications for optimization of computational
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1 Introduction

Singular Ordinary Differential Equations (ODEs) occur in a variety of applications, such as fluid dynamics, quan-
tum mechanics, astrophysics, and materials science. In many applications, such equations admit specific regular
(first kind) singularities at the boundary of the region, where classical numerical methods are likely to suffer from
instability or loss of accuracy. Smooth solution structure is generally observed for regular problems, and thus
uniform meshes yield stable and accurate approximations; however, stiffness causes localized gradients near the
singular point and can reduce the convergence and stability of numerical schemes. The singularities we consider are
regular boundary singularities with mild poles, which preserve the boundedness of the solution, but finite difference
methods still present difficulties in numerical discretization.

Numerical resolution of singular BVPs remains an open and challenging problem. The study of second-order
Ordinary Differential Equations (ODEs) exhibiting first-kind (regular) singularities, often at ¢ = 0 in the form

Equation (1) is fundamental in mathematical physics and engineering; in addition, it remains a vibrant field in

y'(t) + y(t) =w(t,y(t),y'(t), te(0,9]. M

mathematical analysis and its applications. If L[y] is associated with a linear left-hand operator

P) , Q)

Lly] = y"(t) + Y () + =), 2)

then the classical Method of Frobenius for series solutions, such as y(t) = >~ a,t" ™" — as described in the
foundational textbook by Stoer and Bulirsch [39], which provides a rigorous treatment of series solution methods
for ODEs with regular singular points — gives the indicial equation

r(r—1)+ P0)r +Q(0) =0, 3)

where the value of the roots in (3) will determine the nature of the solution.

The analysis of the local behavior of solutions near singular points can be approached from a theoretical per-
spective using classical analytical methods, such as the Frobenius method. However, these methods are generally
limited to linear problems and do not lend themselves to straightforward generalization to practical non-linear
models. Therefore, for the study of a singular ODE, it is necessary to use numerical methods. Over the last
few decades, various numerical methods have been proposed, among them finite difference schemes, collocation
approaches, spectral methods, wavelet methods, and decomposition methods. Although significant progress has
been made in resolving the behavior of solutions when singularities are present and with a maintenance of com-
putational efficiency, accurately determining solution behavior near the point where singularities occur remains a
serious challenge.

Recently, many researchers have developed both analytical and numerical methods for singular ODEs. For
example, Datsko and Kutniv [18] proposed explicit numerical schemes for solving singular initial value problems
in systems of second-order nonlinear ODEs, demonstrating improved stability and accuracy near the singular point.
Modern analytical investigations extend to complex solution structures for nonlinear equations. Filipuk and Kecker
[22] employed singularity analysis to characterize movable singularities in certain non-linear second-order ODEs,
while Seiler and Seif [36] investigated the geometric structure of quasi-linear second-order equations near their
singular initial values. For instance, Cui and Xia [17] established the existence of periodic solutions for second-
order equations with indefinite and repulsive singularities of the form v + a(t)u = f(¢, ), while Xin et al. [42]
derived an exact expression for the positive periodic solution of a related first-order singular equation. Classical
finite-difference formulations have recently been extended beyond standard BVPs to more complex settings. For
instance, accurate high-order discretization schemes have been developed for delay-dependent fractional optimal
control problems [27], where rigorous analysis demonstrated that the choice of discretization method critically
governs both stability and convergence behaviour of the numerical solution.
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A weighted average scheme by Finite difference schemes has also been formulated for stochastic parabolic
partial differential equations, with the advantage of giving numerically more stable results in the presence of ran-
domness and uncertainty [34]. In addition, nonstandard finite difference schemes have been sensibly used for
fractional chaotic systems, preserving key qualitative properties such as stability and synchronization, which can
be lost with standard discretization [9].

On the numerical front, challenges persist due to solution behavior near the singularity, where derivatives can
be unbounded. Recent efforts focus on developing robust schemes, often involving transformations to regularize
the problem. For example, a system transformation z; = y(t), z2 = ty'(¢) converts the singular ODE into a
first-order system:

a5 _ 7
dat — t’

4
dZQ ()

Z9 Al Z9
= (1= P0) 2 - QT +tw(ta, 7).

For problems with weak or regular singularities, it is common to use a collocation-based solver like the function
bvp4c in MATLAB due to its adaptive mesh refinement and effective error control. On the other hand, high-order
finite difference methods, as they apply in HOFiD bvp codes, aim to achieve higher accuracy with fewer mesh
points by using variable-step schemes and approximations. While each of these methods has shown to be successful
in individual cases, comparative studies systematically comparing their performance for single one-second-order
ODE BVPs are still scarce.

Arifeen et al. [9] demonstrated the effectiveness of Chebyshev wavelet methods for higher-order boundary
value problems, achieving improved accuracy by exploiting the multiresolution properties of wavelets near singular
points. Similarly, Wazwaz [41] applied the modified Adomian decomposition method to solve linear and nonlinear
BVPs of high order, showing rapid convergence without linearization.

Furthermore, Bandyopadhyay and Kunkel [13] established existence results for singular second-order dynamic
equations on time scales with mixed boundary conditions. In related work, File et al. [23] developed numerical
methods for singularly perturbed delay reaction-diffusion equations exhibiting layer or oscillatory behaviour, high-
lighting the challenge of capturing sharp solution features near the boundary.

Singular ODEs arise naturally in diverse physical applications. Chen et al. [15] modelled thermophoretic parti-
cle deposition in stratified Casson fluid flow, a problem governed by a radially singular ODE. Scott and Stevenson
[35] described magma soliton propagation using a singular BVP on a semi-infinite domain, and Drazin [19] pro-
vided classical treatment of soliton phenomena in which singular differential operators appear.

In this study, we investigated the ordinary second-order differential equation, which has the following formula:

y'(0)+ 2y (6) + u(t) = w(t.y(®).y' (1) te(0,9), 5)

according to the following boundary conditions:

y(0) =0, b(y(S),y'(5)) =0, (6)

or to
y'(0) =0, b(y(S),y'(S)) = 0. (7

We note here that the functions f and b are differentiable functions along the interval (0, S] and that p and ¢
are real constants.

Many methods, including finite difference and collocation methods, have been developed for the numerical so-
lution of first- and second-order BVP classes in singular ODEs, which have attracted substantial research. In [16],
Ctor and Scardua investigate the regularity and analytic classification of second-order linear boundary value prob-
lems for ODEs. Yiicel used a Chebyshev polynomial expansion to determine Sturm—Liouville eigenvalues in [43],
while Nur [33] derived sharp estimates for periodic eigenvalues of Sturm—Liouville operators with trigonometric
polynomial potentials. Research on numerical solutions of Sturm—Liouville problems with nonlocal generalized
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boundary conditions was detailed in [31]. A perturbative approach for the solution of Sturm-Liouville problems
was introduced by Egidi et al. [20], providing an alternative analytical framework for such eigenvalue problems.
Reviews of numerical methods for direct and inverse Sturm—Liouville boundary value problems were presented in

[1].

Collocation schemes have been employed in numerous MATLAB solver packages. Shampine et al. [38] intro-
duced bvp4c as a robust collocation solver using adaptive mesh refinement for general boundary value problems.
Hohenegger et al. [26] later compared HOFiD bvp and bvpsuite2.0 for singular ODEs, establishing benchmark
results against which the present study is positioned. Amodio and Sgura [8] constructed the theoretical foundations
of the high-order finite difference scheme underlying HOFiD_bvp, proving fourth-order convergence for second-
order BVPs. Settanni [37] subsequently investigated the practical performance and extension of the HOFiD_bvp
code across diverse problem classes.

In addition, the sbvp code has been used in [4] and [40]. In these two papers, the gap between theory and
practice has been bridged by combining accurate spectral-collocation algorithms for the analysis of singular dif-
ferential equations with effective MATLAB—Arduino interfacing. The BVPSuite used in [3, 5] together allows the
faithful mathematical representation of physical systems and their implementation in automated system designs.
The Fortran code COLSYS [11, 26] was used to perform the numerical treatment in MATLAB, using collocation
methods tailored to singular ODEs. In [11, 26, 28], the polynomial collocation method has been used to solve
singular problems, unlike finite difference methods, which are less common. The MATLAB code HOFiD_bvp has
successfully resolved singular issues by using high-order finite differences.

In this work, we give a numerical comparison of the finite difference and collocation methods for singular
ordinary differential equations (ODEs). A comparison between the performance of HOFiD_bvp and bvp4c has
been provided in terms of accuracy and numerical stability, especially near singular points, and HOFiD_bvp is
more computationally efficient. A suite of typical linear and nonlinear singular BVPs is tested to investigate the
accuracy and limits of applicability of each method.

To evaluate the performance of the finite difference method relative to the collocation method, we compared
the HOFiD bvp code with bvp4c by applying both methods to the numerically singular boundary value problems

(4), (5) and (4), (6).

To point up the connection of this study with previous work, Table 1 summarizes some of the key references.
The cited works were selected due to their consideration of single ODEs/BVPs, involving finite difference and/or
collocation methods, and due to their study of computational performance comparisons. This table gives a clear
view of the methodological and computational context for the current work.

The significance of this paper is to provide a dedicated, application-based comparison of two popular numer-
ical solvers for singular ODEs. The results elucidate the situations in which one technique should be preferred
over others and provide computational guidance for solving singular boundary-value problems in scientific and
engineering applications.

The remainder of this paper is organized as follows. Section 2 provides a detailed description of the collocation
method and the bvp4c solver, including its theoretical foundations and algorithmic structure. Section 3 presents the
HOFiD_bvp algorithm and the underlying high-order finite difference methodology, with particular attention to its
variable-mesh and variable-order strategies. Section 4 is devoted to the numerical experiments, where four repre-
sentative singular BVP benchmarks — drawn from radial diffusion, nonlinear reaction-diffusion, phase separation
in materials science, and fluid dynamics on an infinite domain — are solved and compared using both solvers across
key performance metrics. Section 5 synthesizes the numerical findings and provides a comparative discussion of
solver behavior in terms of accuracy, residual control, mesh efficiency, and computational cost. Finally, Section 6
summarizes the main conclusions of the study and outlines directions for future research.
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2 The Collocation Method and the bvp4c Function

The collocation methods are well known to be highly accurate and rapidly convergent techniques for solving a
class of applied problems. In electrical engineering, the spectral collocation method, along with the generalization
of Laguerre TM operational matrices, has been widely used to model hydraulic networks with fractional-order cir-
cuits to capture memory and heredity effects [5]. In the context of non-linear dynamics and mathematical biology,
a collocation-based numerical method is used to compute soliton solutions of the FitzHugh—Nagumo equation (a
model of nerve impulse propagation), demonstrating its ability to handle non-linear wave phenomena [2]. More-
over, spectral matrix collocation using orthogonal polynomials (e.g., Touchard polynomials) has also been used
for the analysis of reaction—diffusion Lotka—Volterra competition systems and has proved to be an effective tool
for studying species interactions and diffusion-induced instability [10]. These investigations demonstrate that the
collocation methods are unified and generalize existing numerical algorithms for solving challenging differential
equations in engineering, physics, and biology.

The bvp4c function [38] utilizes the collocation method to solve fourth-order boundary value problems of ordi-
nary differential equations. To solve such equations, the code first creates two sets of equations: one that represents
the system as n first-order ordinary differential equations, and another that defines the boundary conditions.

F(hyma, om0, g4 (), (), g (), (), ) () =0, ®

B(kml,...,ks,yl(wl),...,y%ll_l)(wl),...,yn(wl),..‘,y,(ll"*l)(wl),
11— _
o1 I ) ),y () =0, 9)

The solver uses these equations to determine the approximate solution

y(h) = (y1(h), ya(h), - yn ()",

which is a continuous function and acts as a piecewise cubic polynomial interpolant within each subinterval
[, Tnt1]- This solution also satisfies and fulfills the boundary constraints on the mesh. To achieve this, the
unknown parameters k;, ¢ = 1, ..., s must be calculated alongside the solution y.

The solution is defined over either a finite or a semi-infinite interval & € [a,b]. In both cases, the program
treats the interval as finite for computational purposes; proper infinite intervals do not exist.

The boundary condition is specified at several locations w,, v = 1, ..., q within the domain. It ensures that
the differential equation holds not only at the beginning and end of each interval but also at its midpoint.

To clarify the collocation method, consider a subset [a, b] as illustrated in Figure 1; in each subset v; =

(i, a41), ¢ = 1,..., N, there are m collocation points 3, ; = o; + kjz;, j = 1,...,m, 0 < k1 < kg <
e < by < 1
| i ; B i |
I 1 ! T ¥ I 1
g a; 2 Wiyq ay

Figure 1: The subset of the collocation methods solution.

The singular point might appear at the end of the interval. To address this issue, the selection of k1 values less
than zero and k,,, values less than one, choosing the Gaussian points and central inner points will be good choices,
aiming to avoid the singularity point that could cause divergence.
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The collation condition should be satisfied in the solution, i.e., satisfy the system of ordinary differential Equa-
tion (1) at the collocation points 8; ;, j = 1,...,m, 4 = 0,..., N — 1, and should also satisfy the boundary
condition (2) at the point ov;, 7 = 0,..., N — 1.

To obtain a good initial guess for the solution, choosing Gaussian points gives more accurate results than other
points, and equally spaced internal points also work, as they are easier to calculate and apply. Still, they do not
provide the same accuracy as Gaussian points.

Nonlinear algebraic equations (7) are solved iteratively using Simpson’s method. It is a very common method
and widely used in many algorithms. The error in the approximate solution y(h) is of the fourth degree when we
compare it to the analytic solution y(z), i.e., ||[y(h) — y(z)|| < Wz

Note that the value of z,, here represents the maximum of the step sizes z,, = x,+1 — x,, which represents
a constant. The previously mentioned error has size W z*4; in addition, it is always achieved in all values of z in
the interval [a, b]. This condition is not always met in some codes that use the collocation methods [24], which
distinguishes the bvp4c algorithm.

After calculating the approximate solution y(h), the value of the solution can be found at any x within the
solution interval, using the bvp4c function.

Getting a good approximate solution requires good initial guessing to reach the intended solution, which is
achieved by controlling the residual, which is the difference between the derivative of the solution and the value of
the equation at z, i.e., r(z) = ¢/ (z) — f(z,y(x)).

When the value of the residual is small, then y (%) will be a good solution, meaning that the analytical solution
y(x) will be very close to the y(h) one presented by the code.

One of the most important features of the bvp4c algorithm is that the solution is convergent in most cases, even
if the initial guess is not good enough, especially when the value of z is small. This feature comes from the way
the algorithm is built using the properties in the Simpson method [14].

3 The HOFiD_bvp Algorithm and the Finite Difference Methods

The HOFiD_bvp function [7] uses the high-order finite difference schema to solve a second-order boundary value
problem. The approximation error is of the fourth order. To solve boundary value problems, there are many methods
that can be used to obtain solutions. The most common one is the symmetric difference. Heinonen et al. in [25]
lay the theoretical foundations of the nonlinear potential theory, stepping into how boundary data determines the
solution through symmetric difference capacities and fine properties of sets—crucial for coping with irregular or
“difference-type” boundaries. In [21], Ergashev uses the symmetric difference theory to find explicit solutions of
the Dirichlet and Holmgren problems, that is, showing how boundary conditions are encoded via layer potentials
in elliptic domains. Zhu in [44] deduces the general solution laws for linear PDEs and delineates a geometrization
theory for a structural decomposition of boundary effects from phenomena in the interior. Mohamed et al. in [32]
develop transform-based and perturbative methods to generate approximate solutions of nonlinear fractional PDEs
using symmetric difference with boundary conditions.

On the other hand, the analytic solution of the system is approximated by dividing the space into a mesh of
points. The points inside the net use the symmetric difference of order k, while the one on the boundary uses
the non-forward and backward difference. The second derivative of order p of the equation uses the symmetric
difference (computed using the p 4+ 1 points) to approximate its value, while the first derivative uses backward or
forward difference to approximate the derivative.

To understand the subject more clearly, we will present the ordinary differential equation defined on the interval
(0,1]:
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y'(t) = ft,y(t),y' (1)),
b(y(0)) =0, bly(1),y' (1)) = Wi.

At the point ¢ — 0, the singularity is happening in y, while y’ is well defined at ¢ = 0. The approximated

(10)

solution will be calculated over the mesh plate
Ay={Bi=PBi-1+z,i=1,....N, Bp=0, By =1}. (11

In approximating the first derivative, a quasi-Toeplitz matrix of size (N + 1) X (NN + 1) is used; the coefficients
of the matrix use the centrical difference to find their values for the element with ¢ = k/2, ..., N — k/2, whereas
fori =0,...,k/2—1andi= N —k/2+1,..., N the p-order backward and forward difference method is used
to find its value. Undeniably, the boundary conditions must hold for ¢ = 0 and ¢ = V. The Fourier and Neumann
conditions are considered to find the approximation of the first derivative using the initial formula of order p with
zero values at the initial and terminal values.

One feature of the HOFiD schema is the difference in the lengths of the intervals during the solution value
calculation and update; some are different lengths, and some are the same length. The method of calculating the
first derivative d1Y and second derivative d2Y is done through finding the matrix coefficient by solving a linear
system of Vandermonde-type, and is evaluated from

. 1 . 1
dly = dlag() GrY, d2Y = dlag<%) GoY, (12)
where Y = (0,91, ...,yn)" is the vector of the values of the numerical solution, and G; and G'5 are approximat-

ing the second and the first derivative, respectively.

The lengths of the subintervals are not all the same; some vary while others are equal. This variability is seen
as an advantage because it allows convergence toward a good solution along a stable path.

By using the principle of equal error distribution, the initial network is uniformly modified, but here it changes
based on the evaluation of the absolute error estimate.

One of the key features of the code is its ability to handle control structures up to the fourth level by utilizing
the variable strategy discussed in [37].

In the variable-mesh design, segments within each group of points are uniformly spaced: each adjacent pair of
points is separated by at least P + 4. Typically, the initial point is assigned a fixed distance within the mesh, after
which the step size varies. This approach is based on the principle of distributing the error equally and estimating
the absolute error. Two methods are available for successive arrangements, and it has also been noted that the code
uses four uniform arrangements, applying a variable-order strategy. In this study, we aim to investigate whether
this characteristic can be advantageous for addressing singular problems, which often require more intricate mesh
structures, while accounting for the associated computational time.

4 Results and Discussion

In this section, we present and discuss the numerical results obtained for the collocation of boundary value problems
(BVPs), and we provide a comparative analysis of these results.

4.1 Problem 1

Consider first the following boundary value problem (BVP):
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y'(t) - -y'(t)—2=0,  y(0)=y(1)=0. (13)

This problem represents a radially symmetric steady-state diffusion or potential field, with the singularity aris-
ing from the change to cylindrical or spherical coordinates in the governing equation. The condition is the re-
quirement of physical symmetry, and it is a fixed outer boundary. These equations often arise in problems of heat
conduction and electrostatic potential with radial symmetry; for instance, Kutluay et al. [29] developed a robust
septic Hermite collocation technique for Dirichlet boundary condition heat conduction equations, demonstrating
the effectiveness of high-order collocation in such settings.

The exact solution to this problem is given by y(¢) = ¢ Int. The results of the numerical solution of Problem 1
are shown in Table 2. Note that Tol is set equal to 1 x 107° to regulate the level of mixed error, where the relative
error and absolute error are set to be equal to Tol. The value Mesh points is the number of nodes in the solution
interval at the last execution. To check how well the numerical solution satisfies the differential equation inside
the domain (not just at the boundaries), the Maximum Residual is used, which is the largest absolute value of the
residual over all points in the discretized domain. As for ODE and BC function calls, they are used to assess code
efficiency by counting how many times these functions are called; the lower the count, the shorter the execution
time, and thus this is considered a good point for the code. The Maximum Error is the largest absolute difference
between the numerical solution and the true (exact) solution at the discrete mesh points.

Table 2: Numerical comparison of HOFiD_bvp and bvp4c for Problem 1.

Method HOFiD_bvp bvp4c

Tol 1x 1076 1x 1076
Mesh points 125 56
Maximum residual ~ 8.7654 x 10710 7.73307 x 10~7
ODE function calls 345 18058

BC function calls 78 242

Maximum error 1.2345 x 1078 8.403 x 10~8

Table 2 shows that both solvers meet the required tolerance for the linear singular problem. HOFiD_bvp reaches
smaller residuals with fewer function evaluations, which is the sign of having good computational efficiency. On
the other hand, bvp4c achieves a similar accuracy with a smaller number of mesh points by adaptive collocation.

Problem 1 is unsolvable at ¢ = 0 due to the presence of a singularity; this means there is no derivative at that
point. In Figure 2, the comparison between the true solution curve and the use of the HOFiD and bvp4 method is
shown. The HOFiD has a more accurate solution and runs along the curve of the exact solution, which is consistent
with Table 2, where it is noted that the Maximum residual is smaller. The maximum error is greater, and the solution
is more accurate.

We note that the HOFiD algorithm is faster by calling the ODE function calls and BC function fewer times than
the calls of these functions in the bvp4 code; the solution begins to have farther distances, especially after passing
0.4 on the x-axis. In addition, the solution in HOFiD diverges from the real solution as the code progresses. Overall,
the HOFiD_bvp algorithm exhibits lower computational cost than bvp4 in solving the first problem, but the solution
is unbounded.

4.2 Problem 2

In the following boundary problem, we will consider the nonlinear equation
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Figure 2: Comparison of Solution for Problem 1 using HOFiD and bvp4 Methods with Analytic Solution.

Y0 + 24/ (8) — $*y(t) exp

t < VB (1 —y(t)) > —o, (14)

1+ 81 -y()
subject to the boundary condition ¢’ (0) = 0, y(1) = 1; the value of parameters is chosen to hold the values ¢ = 1.0,
v = 0.5, 8 = 0.2. When the value of the initial guess varies, the value of the solution will also vary, as shown in

Figure 3.
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Figure 3: Different solutions Y1, Y2, Y3 result from different starting points: 0, 0.38, 0.9, respectively.

This problem describes a spherically symmetric nonlinear reaction-diffusion system with the central term aris-
ing from the radial part of the Laplacian. The exponential nonlinearity describes the reaction kinetics in systems
such as chemical, thermal, or catalytic reactions. The BCs impose symmetry at the origin and a predetermined state
at the radius.

In Table 3, the comparison of the solution of Problem 2 between the two methods is listed. The algorithm
stopped after achieving the tolerance number.

Numerical results on the test problems from Table 3 show that bvp4c is more accurate for the nonlinear sin-
gular problem; it has lower residuals and errors that decrease more quickly as the prescribed tolerance is reduced.
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Table 3: Solution of Problem 2 using HOFiD and bvp4 methods.

Method HOFiD_bvp bvp4c
Tol 1x10°¢ 1x10°8
Mesh points 109 394
Maximum residual ~ 2.053171 x 1077 2.345 x 107
ODE function calls 18 120

BC function calls 4 18
Maximum error 2.05 x 1077 1.234 x 1078

HOFiD_bvp converges with a much smaller number of function evaluations than HOFiD. These indicate a clear

accuracy—cost trade-off for the two methods.

In Figure 4, we note that the solution is reproduced in both codes; it is clear that the solution obtained with

bvp4c is closer to the expected real solution than that obtained with HOFiD. This is also consistent with the data

in Table 3, where the error rate is lower in the bvp4c schema.

1.2

0.8

0.6

—_—hvpdc 0.4

— HOFiD_bvp 0.2

1.2 1 0.8 0.6 0.4 0.2 0

Figure 4: Comparison of Solution for Problem 2 using HOFiD and bvp4c schema.

4.3 Problem 3

Consider the following BVP:
4
(&) + 2y + (ty(t) — 1) y(t) =0,
subject to the boundary condition /(0) = 0, y(L) = 1, using the initial solution profile
2, t < 1.5,

y(t) =
2et5-t ¢ > 1.5.

(15)

(16)

This equation appears from the Materials Science (Phase Separation) [12] and is used in models of phase

separation and pattern formation in materials science, with the solution representing an order parameter which cor-

responds to material composition. The nonlocal term is due to radial symmetry, and the nonlinear terms describe

the interaction and stabilization of the phase. The final phase distribution depends on the domain length, consis-

tent with size-dependent material behavior. Related boundary behavior in phase-field models has been rigorously
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analyzed by Li et al. [30], who studied the limit-interfaces of the Allen—-Cahn equation on Riemannian manifolds
with Neumann boundary conditions, further motivating the need for accurate numerical treatment near boundaries.

The solution to this problem can be divergent if the initial conditions differ from those mentioned above. The
value of L can be either 5, 8, 10, or 20. In Figure 5, the numerical solution to Problem 3 is plotted using the bvp4c
code and uses different values of 5, 10, and 20, respectively. We notice a slight difference in the values of L, which
led to different notable values on the final solution.

bvp4c
3
2
1
0
6 5 4 3 2 1 0
—y(t) (L=5) ——y(t)(L=10) ——y(t)(L=20)

Figure 5: Solution of Problem 3 using the bvp4c code and using different values of L = 5, 10 and 20.

To overcome the problem of not smoothing the solution over the interval, the use of mesh adaptation is an
appropriate method to approximate the solution in an efficient way. The mesh adaptations mean that the finite
difference code refines the mesh density in regions of difficulty.

In Table 4, the third problem has been solved using both approaches.

Table 4: Performance comparison of HOFiD_bvp and bvp4c for Problem 3.

Method HOFiD_bvp bvp4c
Tol 1x10°¢ 1x10°¢
Mesh points 220 121
Maximum residual ~ 3.3306 x 10716 2.37 x 1078
ODE function calls 18 190

BC function calls 2 27
Maximum error 5.0934 x 1077 1.12x 1078

From Table 4, HOFiD_bvp requires fewer function evaluations to converge, leading to faster computation.
Despite that, bvp4c has a lower maximum error and is therefore more accurate. The results illustrate the importance
of mesh adaptivity on the quality of the solution.

4.4 Problem 4

In the last taken problem, we will consider the following boundary value differential equation:

2 3

{00+ (5~ §) A= D) = 0 + D) - =0 (7



Abbas & Ahmed/ COAM, 11(2), Summer-Autumn 2026 213

0.7
—=0.1 0.6
—£=0.6 0.5
0.4
0.3
0.2
0.1

\\_

1.2 1 0.8 0.6 0.4 0.2 0

Figure 6: The solution of Problem 4 using the HOFiD_bvp method using two values for &: the first is 0.1 and the second is

0.6. The solution for the second value is steeper.

subject to the boundary condition

y'(0)=0, y1)=¢  £€(01). (18)

This problem came from transforming the following continuous boundary value problem:

N -1

Yy (t) + Ty’(t) — AN (y(t) + Dyt (y(t) — &) =0, ¢'(0)=0, y(oo)=¢, (19)

This problem comes from the models of radially symmetric fluid flow and transport on an infinite domain,
where the solution tends to an equilibrium at infinity. The coefficient in the linear term expresses the spatial
dimension in which an underlying diffusion mechanism operates, while the nonlinear term describes the competition
between conflicting physical states. A transformation is used to map the infinite domain to a finite interval for
numerical computations.

Because of its continuous nature, the problem occurs in infinite space. To solve it numerically, we need to
transform it into a finite, discrete equation. The following transformation procedure has been used:

1
1+¢

T=1-—

) T €[0,1]. (20)

This equation appears in fluid dynamics, where ¢ represents a radial coordinate, IV is the spatial dimension,
and £ is a parameter related to asymptotic behavior [6, 32, 44]. In Table 5, Problem 4 was solved using the two
algorithms, and the comparison between the solutions is listed side by side. Table 5 also reveals that HOFiD_bvp
gives smaller residuals and errors for the transformed fluid dynamics problem, but with nominally increased com-
putational cost. It will be more efficient in terms of both time and space if you simulate this with a bvp4c solver on
a coarser mesh, because the adaptive refinement allows it to have its cake and eat it too when it comes to accuracy.
As a result, solver performance tends to be problem specific.

We notice that the solution using HOFiD_bvp took more steps, but the accuracy is higher, and the error rate is
lower. This, of course, explains the greater number of calls to the ODE and BC functions. Figure 6 shows that the
higher the value of £, the steeper the curves become, and the slope increases as £ increases.

The four benchmark problems selected in this study are representative of the principal classes of singular
second-order BVPs encountered in applied mathematics and engineering: a linear radially symmetric problem, two
nonlinear problems with different physical origins (reaction-diffusion and phase separation), and a problem defined
on a semi-infinite domain. Together, these problems encompass a range of singularity structures, nonlinearity types,
and boundary condition formulations sufficient to expose the key performance differences between the two solvers.
Extending the comparison to a larger problem set is identified as a direction for future work (see Section 6).
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Table 5: Numerical comparison of HOFiD_bvp and bvp4c for Problem 4.

Method HOFiD _bvp bvp4c
Tol 1x 1076 1x 1076
Mesh points 121 25
Maximum residual ~ 8.742 x 10710 1.2345 x 10~7
ODE function calls 348 100

BC function calls 72 5
Maximum error 1.237 x 1078 1.2345 x 1077

5 Summary of Results and Discussion

From the results of the previous tests, we note that the more the number of mesh points increases, the more accurate
the solution becomes in processing a single ordinary differential equation. This leads to very accurate results with
an error rate close to zero.

Hence, the importance of using the appropriate code and studying the architecture and design of the program
to use the least possible number of mesh points. We notice that the code bvp4c used fewer points in a very reliable
way within a suitable execution time.

Moreover, bvp4c appears to be more suitable for singular ordinary differential equations of the first kind, where
the coefficients in the ODE are not analytic at some point. Still, they have only mild poles, making the singularity
regular and solvable by this kind of method.

In both methods, note that tolerance has been achieved at a certain number of mesh points in less than 125
(except in two cases). This led us to a solution with good accuracy and in a reasonable time. Increasing the number
of mesh points will yield more accurate solutions, but this would incur unnecessary computational costs and will
increase the size of the data and the storage space required, as well as the time to obtain a solution. This exaggeration
is sometimes unnecessary, and it is sufficient to reach reasonable solutions.

Determining the sufficient number of points is necessary when solving the BVP, which can be done through
controlling and determining the tolerance number. Reducing the number of mesh points leads to a weak solution,
and increasing them leads to unnecessary costs, so estimating the sufficient number is crucial.

As a comparison between HOFiD_bvp and bvp4c, it is obvious that there are differences in accuracy, computa-
tional efficiency, and the mesh points. In all computed cases, the HOFiD_bvp obtained consistently lower maximal
residuals and errors for a prescribed tolerance, implying better numerical performance in terms of certain accuracy
and robustness. In contrast, the bvp4c achieved reasonable error control, especially in combination with smaller
tolerances (e.g., 1 x 10~®), although at the expense of a vast number of mesh points.

One of the most important features of the bvp4c algorithm that makes it reliable is that the solution converges
in most cases, even if the initial guess is not good enough, especially when the value of z is small. This feature
comes from the way the algorithm is built using the properties in the Simpson method.

From a computational efficiency perspective, HOFiD bvp was notably more efficient, performing far fewer
ODE and boundary condition function evaluations while maintaining equivalent high accuracy. In contrast, bvp4c,
with its adaptive mesh refinement, required a significantly higher number of function evaluations, as reflected in
the considerably larger number.

Taken together, these results indicate that HOFiD bvp is more appropriate for scenarios with a priority on
computational efficiency and stability, whereas bvp4c may be more optimal for scenarios that require adaptive
mesh refinement and tolerance-based error control.
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6 Conclusion

This study presented a detailed numerical comparison between HOFiD_bvp, a high-order finite difference solver,
and bvp4c, a collocation-based solver implemented in MATLAB, for the solution of singular second-order bound-
ary value problems. Four representative test problems with first-kind (regular) singularities, drawn from radially
symmetric diffusion, nonlinear reaction-diffusion, phase separation in materials science, and fluid dynamics on
infinite domains, were used as benchmarks. The numerical experiments demonstrated that HOFiD_bvp consis-
tently achieves smaller maximum residuals and lower maximum errors with fewer ODE and boundary condition
function evaluations, indicating superior computational efficiency for this class of problems. In contrast, bvp4c
proved more robust for nonlinear singular problems and provides reliable tolerance-based error control through
adaptive mesh refinement, at the cost of a higher number of mesh points and function evaluations. These results
confirm that solver selection should be problem-specific: HOFiD_bvp is preferable when computational efficiency
and accuracy are the primary concerns, while bvp4c is advantageous when robustness, adaptive refinement, and
ease of use are prioritized — particularly for nonlinear problems or when a reliable initial guess is unavailable.
Research Limitations: The present study is subject to several limitations that should be acknowledged. First,
the comparison is restricted to second-order singular ODEs with first-kind (regular) singularities; problems with
irregular or higher-order singularities were not investigated. Second, only four benchmark problems were tested,
and extending this study to a larger and more diverse problem set would yield more generalizable conclusions.
Third, the study did not investigate the effect of problem stiffness on solver performance. Finally, parallel or
GPU-accelerated implementations of these algorithms were not considered, which may alter the computational
cost comparisons.

Future Work: Several directions for future investigation are suggested. Future studies should extend the compari-
son to systems of singular ODEs, higher-order BVPs, and fractional-order differential equations. The integration of
machine learning-based mesh adaptation strategies with these solvers represents a promising research avenue. Ad-
ditionally, incorporating uncertainty quantification and stochastic perturbations in the problem formulation would
extend the applicability of the findings. A rigorous convergence and stability analysis under varying singularity
strengths is also warranted. Finally, the development of hybrid solvers that combine the efficiency of HOFiD_bvp
with the robustness of bvp4c represents an important optimization target for future computational work.
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