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1 Introduction

Fractional integral and derivative operators have emerged as indispensable tools for model;
ing and analyzing a wide range of scientific phenomena. These operators are extensively em;
ployed across diverse disciplines, including medicine, viscoelastic material dynamics, signal
processing, economics, earthquake modeling, electrochemistry, and solid mechanics [1, 7, 8
10, 11, 14, 21, 24, 31, 50, 53]. A key advantage of fractional calculus is its ability to pro;
vide more accurate and realistic descriptions of complex systems compared to classical integer
order models. Over the past decades, several definitions of fractional derivatives have been|
introduced, notably the Riemann—Liouville [8], Caputo [53], Riesz [4], and Riesz—Feller [4]
formulations. Considerable research effort has been devoted to_selving fractional differential
equations (FDEs), fractional integro-differential equations«(FIDEs), and fractional partial dif;
ferential equations (FPDEs) through various numerical-and analytical approaches. Among the
computational strategies developed for this purpose are fractional Chebyshev cardinal wavelets
[16], Miintz—Legendre hybrid functions [41], Bernstein wavelets [34, 35], Fibonacci wavelets
[44], modified hat functions [29], and Petrov—Galerkin methods based on Miintz—Legendre
polynomials [40]. Furthermore, Firoozjae et al. [13] proposed a Ritz-based approach for solv;
ing the Fokker—Planck equation involving Caputo—Fabrizio fractional derivatives.

A significant generalization of classical fractional calculus is provided by variable-order
fractional (VOF) operators, in which the order of differentiation or integration varies as a func;
tion of time or space. This extension substantially enriches the modeling capabilities of frac;
tional calculus by allowing nonconstant orders, thereby capturing more nuanced nonlocal and
memory-dependent behaviors [46, 47, 48]. Variable-order derivatives have been formulated in
several ways, including the Riemann—Liouville, Marchaud, Coimbra, and Griinwald definitions
[5, 51]. The flexibility of VOF operators has led to their successful application in mechanics, op+
timization, physics, and related fields [6, 17,27, 38, 39, 52, 56]. However, owing to the inherent
complexity of VOF systems, closed-form analytical solutions are generally unavailable, which
necessitates the development of reliable numerical methods. In this direction, Shekari et al. [49]
employed a meshless approach to solve VOF advection—diffusion equations, while Legendre
wavelets were used in [20] to handle variable-coefficient VOF equations. Additional numeriy
cal techniques include compact finite difference schemes [3], Lagrange scaling functions [42]
reproducing kernel theory [22], tau-collocation methods [43], local radial basis function collocaj
tion schemes [54], shifted Chebyshev polynomial-based optimization schemes [ 15], parametric
quintic splines [28], and discretization methods for VOF Van der Pol oscillators [26].

Wavelet-based methods have gained considerable prominence in numerical analysis owing
to their distinctive properties, such as compact support, multiresolution analysis, and orthog;

onality. In recent years, the combination of fractional calculus with wavelet techniques has

attracted sustained attention due to the strong capability of these methods in modeling memory!
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and nonlocal phenomena. In particular, wavelet-based approaches integrated with operational
matrices have proven highly effective for solving fractional differential, integro-differential
and partial differential equations, offering improved accuracy and reduced computational com;
plexity. Furthermore, recent studies have underscored the effectiveness of variable-order fracs
tional models in capturing intricate physical behaviors, stimulating renewed interest in design+
ing robust numerical solvers based on wavelet and spectral techniques. These developments
confirm that wavelet-based fractional methods constitute an active and rapidly evolving res
search area. Notable applications include the Lane—Emden equation'via-orthonormal Bernoulli
wavelets [32], fractional optimal control problems using Bernstein wavelets [33], Bratu-type
equations via Taylor wavelets [23, 25], fractional Volterra—Fredholm integro-differential equaj
tions using Chebyshev wavelets [57], fractional pantograph/differential equations via Miintz—
Legendre wavelets [36], and distributed-order FDEs using Chelyshkov wavelets [19]. Legendre
wavelets have also been applied to solve the VOF Poisson.equation [37]; further demonstrating
their versatility. Fibonacci wavelets (FWs) constitute a distinct class of wavelets that, although
not orthogonal, admit operational matrices (OMs) for integration and differentiation, rendering
them highly effective for approximating smooth and piecewise smooth functions. The authors
of [45] introduced FWs and derived their integral and delay OMs, which have since been applied
to time-varying delay equations and optimal.control problems. In addition, two-dimensional
Fibonacci wavelets have been proposed for solving fractional Black—Scholes equations arising
in financial mathematics [44].

The present study aims to investigate the application of fractional-order Fibonacci wavelets
(FOFWs) to the numerical solution of variable-order fractional integro-differential equations
(VOFIDEs). By exploiting the distinctive properties of FOFWs, we develop a robust and ef;
ficient numerical framework that as confirmed by the convergence analysis and numerical re;
sults in Sections 6 and 7. The main novelty, of this work lies in the construction of FOFWs
and the derivation, for the first time, of their associated operational matrices for variable-order
fractional integration and differentiation, These newly developed matrices are systematically
combined with a‘collocation technique to convert the original VOFIDEs into tractable systems
of algebraic equations. Compared with existing wavelet-based approaches that rely on class
sical orthogonal bases such as Chebyshev or Legendre wavelets, the proposed method offers
greater flexibility in handling variable-order operators, reduced computational complexity, and
superior approximation accuracy, as confirmed by the convergence analysis and numerical ex;
periments presented herein.

The remainder of this paper is organized as follows. Section 2 provides the necessary pre+
liminary definitions and mathematical background. Section 3 introduces the fractional-order
Fibonacci wavelets (FOFWs) and their fundamental properties, including function approximaj

tion. Section 4 is devoted to the construction of the operational matrices for integration and

wariable-order fractional differentiation corresponding to the FOFW basis. Section 5 describes
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the numerical implementation of the proposed collocation method for solving variable-order]
fractional integro-differential equations. Section 6 presents the convergence analysis of the
proposed scheme along with the associated theoretical proofs. Section 7 contains several numer;
ical examples that validate the accuracy and effectiveness of the proposed approach. Section §
presents the algorithmic procedure for computing the FOFW coefficients and reconstructing the
approximate solution. Finally, Section 9 summarizes the main findings and outlines directions

for future research.

2 Preliminaries and Basic Definitions

Variable-order fractional calculus has undergone rapid development in recent decades, offering
a powerful generalization of classical fractional calculus in which the order of differentiation|
or integration is permitted to vary as a function of one or more independent variables. In thig
section, we recall the fundamental definitions and key properties of fractional calculus that are

essential for the subsequent development of the proposed method.

Definition 1. The variable-order Caputo. fractional derivative of u(z,t) with respect to x i
defined as [18, 55]

1 v _ _10%u(s,t)
q(w,t) e VA _ oyr—q(zt)—-12 "\> Y
DI* Iy (x,t) = T = g(eD) /0 (x —s) 5 ds,

where v — 1 < g(z,t) < 7,2 > 0,and vy € N.
This operator satisfies the following useful property:

MNa+1) Jp——
it o 2P (a — gz, t) + 1) ’

x

y<a a€N,
0, otherwise.

Remark 1. When the order g(a;¢) = ¢ is constant, the variable-order Caputo derivative re;
duces to the classical Caputo fractional derivative of order g. Furthermore, for ¢(x,t) — ~, the

operator recovers the standard integer-order partial derivative 97 /0z".

Definition 2 (Generalized Taylor’s Formula [30]). Let D**g(x) € C(0,1] fori =0,1,...,m;
Then the following expansion holds:

mi— 1o mio

1
g(zx) = %Dmg(oﬂ +

£ m Dmlag(f)a (1

for some 0 < £ < x, and for all z € (0, 1]. Moreover, the following error bound holds:
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mi1—1 io

90) = X gy D7007)] < M

mix
€T 1

F(m1a+ 1)7 2

where My > supgc(g 1) |[D™**g(£)|. When a = 1, the generalized Taylor’s formula reduces to

its classical integer-order form.

3 Fractional-Order Fibonacci Wavelets

In this section, we introduce Fibonacci functions and develop the fractional-order Fibonacci

wavelets (FOFWs) along with their essential properties.

3.1 Fibonacci Functions
Definition 3. For any k; € R™, the recurrence relation of the ky<Fibonacci sequence is defined
as [12]

Fibgy 41 = kBlibjy pyp + Fibg, my=1, n1>1, 3
with initial values Fiby, o = 0 and Fiby, ; = 1.

When k; is treated as a real variable in Equation (3), we write Fiz'bkl,m = Fiz'b%nl. Accords

ingly, the general recurrence relation for the Fibonacci functions takes the form [12]:

0, ny =0,
Fiby, (v) =< 1, ny =1, (4
x Fiby| 1(x) + Fiby, _o(z), ni > 1.

The explicit power series representation of these functions is given by

Roney

_ —i-1 .
Fiby, (z) = Y (m i >xn1—21—1’ — %

i=0 !
and their matrix form is expressed as
Fib(x) = BT (), (6
where

Fib(z) = [Fibo(x), Fiby(x), Fiba(z), ...]"
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and B is the coefficient matrix

00000000 -]
01 00 O0O0TO0OTO O
0O 0O1 00 O0O0TUO
01 01 00 0O
B=1]10 0 2 01 0 0O
0103 0100
003 04010
01 06 05 01
3.2 Fractional-Order Fibonacci Wavelets
Forz € [0,1],n; = 1,2,...,2"71 and m; = 0,14..., M/— 1, the Fibonacci wavelets are
defined as
9"l 1
2 - _ ny — ni
——— Fibmi (2" e =m 1), z€ [_7 _> :
Py () = § VEmrT S hml i) g
0, otherwise,

where wy,, = fol F_ib?n1 (z)dz. To illustrate, for £y = 2 and M = 3, these functions are

explicitly given by
V2, zel0,1), V2, zel[i 1),

¢1,0(5U) — [ .2) ¢2,0(f€) _ [2. )
0, otherwise, 0, otherwise,
26z, x <€ [0,1), V6(2xr —1), ze€[i 1),

%Z)l,l(fl?): [ .2) ¢2,1($): [2. )
0, otherwise, 0, otherwise,
\/T—E’(l+4a:2), ze(0,3), /32222 — 22+ 1), ze[i1),
0, otherwise, 0, otherwise.

By applying the substitution z — z® with o« > 0, the fractional-order Fibonacci wavelets
(FOFWs) are obtained and denoted by 5, ,,,, (). The two-dimensional FOFWs are then de;
fined as the tensor product

gfmlngmg (x7 t) = glml (.T) wgzmz (t) °

Furthermore, the integral of the one-dimensional FOFW over [0, 1] is given by
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1 1
273 _
/ Yo (w)de = / 2 Fibpy (z’frlxa o+ 1) dz
0 ’ 0 VWmi+1
1 k1— . 72
— / 272 mp—1 <2k1—1xa —ny + 1)m1 ’ dz
0 VWmi+1 4 i

. 1
(ml - 22) 2(k1—1)r(1 o nl)m1—2i—r/ 297 du
0

r

ar+1

(")
_ 2 ‘ <m1 _ z) <m1 - 22‘) (k1 (1 1) ma=2isn )

3.3 Function Approximation

Any continuous and bounded function g(z,t) € £2([0, 1) x [0, 1)) can be approximated by the
two-dimensional FOFWs as

2k1=Voko—1 Mfi—1 Mo—1

g(x7t> Zg(%t) - Z Z Z Z Animingme wglﬁmlnzmz(x7t)

n1=1 ng=1m1=0 mo=0 (8
where the coefficient matrix A is determined by
A= QMg (w, 1), Y5 iy (1)), 85, (1) Q7
and the basis vectors and Gram matrices are defined as

« o o (e} (07 o T
¢n1m1($) 7 [1/’1,0(55)7 ¢1,1($)7 D4 1/’1,M171(35)7 wz,o(x)’ ) %krl,Ml_l(l")] )

T
Uity (1) = [0 (), BT V] agy 1 (8 Va0 (1), s Wiy (D]
1
Q= (Vs @) Uy @) = [, (@) 0T, (@) 27 i,
1

Q= (om0 Vs 0) = [ 6 () 6 0 .

Once the function g(z, t) and the parameters k;, k2, M7, M, are specified, the matrices A
(), and Q are fully determined. For instance, taking g(z,t) = a2t,a = =1,k = ky =1
and M, = My = 2, one obtains

e () = [1 \/§’I‘]T WP (1) = [1 ﬁf]T

TTTTTT UPALEDA
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e=a=| - T| er=ene| f
T é 1 ’ - - —2V/3 4
2
which yields
0 0
A= 0 1
3

Substituting these matrices into (8) confirms that §(z,t) = g(ayt) = xt, demonstrating the
exactness of the approximation in this case.

4 Operational Matrices
In this section, we derive and present two key operational matrices (OMs) associated with the

FOFW basis: the integral OM and the OM of the variable-order fractional derivative (VOFD)
These matrices are central to the numerical implementation developed in Section 5.

4.1 Integral Operational Matrix

The integral of the basis vector vy, ,,,, (z) may be approximated as

/0 G () ds = O v (), ©

where O, is the integral QM. To derive its entries, we expand the FOFW using the power series

representation in (5):

x - k=1
A ¥ ki—1
Jy 6185 = " g Pt (271 = 1)

kq—1 L

3 . .
z 9 _ mi—21
LB een)s
0 Wmy+1 ?

=0

|_ 21Jm1 21

Z Z (m1 - z) <m1 - 21’)2(191—1)5(1 )2k /9C <% de,
K 0

wm1+1 =0 k=0

where, according to the support of the wavelets, the integral of ¢ is given by
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ny — 1
07 2k1—1 )
z 1 ny—1 antl ny —1 n1
+1 _ R — _
/0 Ao =19 ar 1 z" <2k11 > ’ o1 =T < op
1 n1 ak+1 ny—1 antl > n1
ar + 1 (2161*1) ~ okt P okt

As a concrete illustration, for M; = 5 and k; = 1, the individual integral approximations

arc

Wio()ds = [0, 25, 0, 0, 0v° (@),
0 w?l(g) d§: __§7 07 \/E7 07 O:|’(/}Oé(x)

Ui()de = [0, 2, 0, Y0040 (),

Y 6\/?’ 42 2
T o T V105 V1943 |/«
Pi5(c) ds = T 2v239° 0, 2\/@’ 0, 4\/7TM} (7).

[t de= 0,0, 0, B, ofur(a),

so that the integral OM takes the form

- 1 -—
0 B 0 0 0
s V3
3 7
- 0 = 0 0
2 N b}
5 239
Oq = 0 — 0 — 0 . 10
67 42 (
_ VA0S 0 7 0 V1943
24/239 24/239 4/ 717
17
0 0 0 0
L 5v/1943 J

Figure 1 illustrates the exact and approximate integrals of 1/, ,,, () for M1 = 5and k; = 1
confirming the accuracy of the approximation in (9).

More generally, the r-fold iterated integral of ¢/5; ,,, () satisfies

/// Y, ($)ds - ds = OL Y5, (x), r=1,2,....n. (11
0 Jo 0

r times

4.2 Operational Matrix of Variable-Order Fractional Derivative

We now construct the OM of the VOFD, denoted (), defined by the approximation
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Integral values

0.0 0.2 04 06 08 1.0

Figure 1: Exact and approximate integral of 45, ,,,, (@) for M1 =5 and k1 = 1.

DI (), (2)) = QU5 (@) 0 Jq(a,t) < 1, (12

where Q¢ is a 21=1 0 x 2M1~1 M matrix depending ong(x,t). To derive an explicit form

we introduce the auxiliary basis
pi(z) =200 i =120 20y (13
and define the vector
®(x) = [p1(x), pal@), /., pyrs-1a, (7)) (14
This vector is related to the FOFW basis by
Q(x) =AYy m, (2), (15

where A is the change-of-basis matrix. For M; = 5 and k; = 1, this matrix is explicitly given|
by

L /0 0 0 0
0 x;g 0 0 0
A |1 0 2\/5; 0 0
—2 2
0 = 0 i%% 0
7 1 /1943
(20 6/ 0 3V/:xs_

Applying the variable-order Caputo fractional derivative to ®(x) and using the property

recalled in Section 2, we obtain
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DEEO(@(x)) = Fiiyy ®(2), 0 <gle,t) <1, (16
where F© is the 2k1_1M1 X 2k1_1M1 diagonal matrix
a(z,t)
1
W) = aen
'0 0 0 0 0
I(a+1)
Gty 0 ’ :
I'2a+1
0 0 TRa+1-g@1) " i
. 0 0
(2410 - 2)a +1)
0 0 0 COT((28 My - 2)a + 1 — g(@, 1)) P2 1MO Da+1)
M - 1Da+
o 0 0 0 T((2M My — 1a+1—q(=,1)) |

Finally, combining Equations (15) and (16), the VOFD.OM is obtained as

DIED (g (@) = QI Y2 (@) = (A—lF;(x,t)A) Urym, (2)- (17

5 Method Implementation

In this section, we present the implementation of the proposed method for VOFPIDEs. We
consider the following nonlinear variable-order fractional partial integro-differential equation
on the domain [0, 1] x [0, 1], with 0 < ¢(z,t) < 1

OFu(a, t)

2 t

k=0

with the initial condition
u(z,0) = f(x), z€]0,1], (19
and the boundary conditions
uw(0,t) = Wo(t), wu(l,t) =Wi(t), tel0,1]. (20

Here, p, H(x,t),K(z,t,n), pp(z,t), f(x), Wy(t), and W1 (t) are known functions, while u(x, ¢
is the unknown function. Moreover, D} (x’t)u(x, t) denotes the Caputo fractional derivative of]
order q(z,t).

To approximate Equation (18), we assume

Bu(z,t
Ox(m) = oy (2) P, (8). (21
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where

P=[pyl, i=1,2,....227 0y, j=1,2,..., 2k g, (22

Integrating (21) with respect to ¢, we obtain

u(z,t)
0x?

Next, by performing two successive integrations of Equation (23) with respect to x over the

= ol (2)POsYS,,., () + (). (23

interval [0, =], we derive

ou(z,t)
Ox

ou(0,t)
ox '

2 o, ()08 PO, (8) + ' (@) f(0) ok (24

and

(e 1) 2 U5, (2)(O2)T POy (1) + () FO) ~a ') + 200 1y,

ou(0,t)
Or

By integrating Equation (24) with respect to = over [0, 1], we approximate

as
follows:
0u(0,1)
ox

where

= £(0) — f(1) + f1(0) — Wo(t) + Wi(t) — Ruym, (OLPOsYS, ., (1), (26

nl mi / ¢n1 m1

Substituting (26) into (24) and (25), we obtain

ou(z,t)

5 = Wi, (1)00 POy, (1) + [ () + Wa(t) — Wo(t)

+ f(O) - f(l) - Rn1m1 (@Z;P@ﬂwggmg (t))7 (27
and
(@, t) = gl (2)(©2)T POsY ., (1) + f(z) = f(0) — xf(1) + 2 f(0)
+aWi(t) + (1= 2)Wo(t) = 2(Raym, (Og POsYL,m, (1))

= Unymingma (37, t)' (28
To solve Equation (18), it is necessary to evaluate Dy (x’t)u(x, t). Using (28), we obtain

DI, t) 2 9T (2)(©2)TPOSDI S | (t) + DI W (1)
+ (1= 2) DI Wo(t) = 2 (Rymy (OLPOSDIS Dyl (1)), (29
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Finally, using Equations (23), (29), and (18), we obtain

OFu(x,t)

2

k=0
+ DI () + (1 — ) DI Wy ()
- x(Rnlrm (@gpeﬁ (AilF;(x,t)A)wrﬁmmg (t)))

T polest) ( o7 (2)(©2)T POsUL . (1)
T (@) - J(0) - 2f(1) + 2£(0)

W) + (1= 2)Wo(t) — 2(Ruym, (05 PO, <t))>)

2 o, (2)(02) T PO(A™ M)y, (1)

o (m)( o7 ()OTPOL, . (1)
+ f'(x) + Wi (t) — Wo(t)

+ f(O) - f(l) - Rn1m1 (@g;p@ﬁwgwnz (t))>

—l—pQ(:):,t)( S, (x)ﬁ@wﬁm (¢) + f”(:c)) = @(w,t). (30
Now, assume that

0(13777“(33777)) = g’lrml (l’)j’l/}ngQ (t)7 (31

where J is an unknown coefficient matrix of the same dimensions as P.
Next, we approximate the integral term in (18). To maintain tractability within our wavelet;

based framework, we assume that the kernel admits a finite separable representation of the form|

P

K(%t,ﬂ) = ZUT(x)(I)r(t)UrO?)' (32

r=1

This is a standard assumption in wavelet-based methods and, despite being a limitation, is often|
required to cover a broad class of practical applications. Therefore, the integral term in Equation
(18) can be written as

t P t
| KOG nute,min = 3 @), 0) [ o0, ()T, (@)
r=1
= R(z,1). (33
Thus, from Equations (18), (30), and (33), we obtain

~ A~

G(x,t) = H(x,t) + pR(x,t). (34
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Finally, using Equation (34) together with the collocation method, a system of algebraic
equations is obtained for the unknown matrices J and P. By substituting P into (28), the

approximate solution of Equation (18) is obtained.

6 Convergence Analysis

A function g(x) € L2[0,1] can be expressed as a uniformly convergent infinite series of
FOFWs:

9(z) = Z Z bn1,m1¢zl,m1(‘r)'

ni=1m1=0

Since the truncated FOFWs series provides an approximationto the solution, the associated

error function E'(x) is defined as

2k1-1 pr—1

E(.T) = g(IL’)— Z Z bn1,m11/)101£1,m1(x) .

n1=1 m1=0

By evaluating at z = z; € [0, 1], the absolute error at the point z; is obtained. The error bound

of the approximate solution based on the FOFWs series is given in the following theorem.

Theorem 1. Suppose that D%g € C[0,1) fori’= 0,1,..., M, with (2M + 1)a > 1. Let
i = 281~ M and Y = span{Fibg (z), Fib; (x), ..., Fiby,_,(z)}.
If g5 (7) = AT Fib® (z) is the best approximation to g(x) from Y, on the interval I, 5, =
;lkl;ll , 2,3;”71,1] , then the error bound of the approximate solution g;;, (x) using the FOFWs series
over [0, 1] is given by

sup,c(o.1) [ DV g(x)]

lg(x) = gam(@)l2 < F(Ma+ 1)@ T e

where
Fib®(x)'= [Fiby (z), Fiby (x), ..., Fiby,_1(z)]".

\Proof. Define

M—1 i
€T .
§(z) = Y ————D"g(0").
10 =2 e o0

From the generalized Taylor formula [30], it follows that

aM

—_ A .Ii Ma
9(2) = 9@)| < gy s DY)

TSR
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Next, using the concept of best approximation and the fact that ZZ 0 (ot +1)D ig(0T) €
Y7, we obtain
lo(x) = 3(2) 220 = lga) — BT4*(@) 220

ok1—1

=S ) — ATFB @) sy,
ni=1
2k1 1

< Z ||g HL2 n1 kl]
ni=1
2]6171 2

< Z/ [ sup ‘DMO‘g(:U)@ reldx
ni=1 Ing kg a&lng iy

1 2

</ sup ‘DMag(:I:)‘ R

0 [=z€l0,1]
) 2

< sap |DMeg(z .

T(Ma +1)22M + Da Ie[olf’l]’ g ”]
Taking the square root completes the proof. O

7 Numerical Examples

In this section, two examples of VOFPID equations are presented.

Example 1. Assume the following VOFPID equation of Volterra type [9]:

ou(z,t) ol Ou(x, t)
Oz Oz

Df(x’t)u(:r, t)+

where

2I'(g +1)
H(z, t) =27 £ 222 42 — 24 #(2a+1)
(,%) "y ”(x TR+ )2+ D) !

with the initial condition
u(x,0) =22, 2 €[0,1],

and the boundary conditions

QF(q + 1) 2q

I'(2¢+1)

2I'(g + 1) o,

r'2¢+1) °’

u(0,t) =

u(l,t) =1+ € [0,1].

The exact solution is

= H(z,t) +p/0tu(x,§)d§, 0<gq(x,t) <1,
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20 +1) 1,
r(2¢+1) °

A comparison between the exact and approximate solutions is presented in Table 1. In

u(z,t) = 22 +

addition, Figures 1 and 2 illustrate the exact and approximate solutions for different parameter

values. As shown in Figure 2, the proposed method accurately reproduces the exact solution.

uExact
M=5
M=4
— M=3

[Figure 2: Exact and approximate solutions fora« = 8= ¢ = 0.5, k1 = k2 = 1, and M1 = M2 = 3,4,5 in
z,t) € [0,1] x [0, 1] of Example 1.

Table 1: Comparison of the exact and approximate solutions for ¢(z) = 0.75,« = 8 = 1, k1 = k2 = 1, and
M, = My = 7 (Example 1).

T t Approximate solution Exact solution

0 0 4.300092923096153 x 1024 0*

0.1 0.1 0:053725909824090576 0.053725909824090576
02 0.2 0.1636755494006637 0.1636755494006637
03/ 03 0.3172064922675 0.31720649226749986
04 04 0.5098072785927246 0.5098072785927246
0.5 0.5 0.7388705337234619 0.7388705337234619
0.6 0.6 1.0026370056478324 1.0026370056478322
0.7 0.7 1.2998151827120579 1.2998151827120576
0.8 0.8 1.6294043952053097 1.6294043952053097
09 09 1.9905995652504453 1.9905995652504453

1 1 2.3827346780725867 2.3827346780725867

Remark 2.

*“The nonzero value at (0, 0) is a floating-point artifact of the collocation procedure and is negligible (of order 10™).
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q=0==0.25 g=a=£=0.5

1.0

[Figure 3: Exact and approximate solutions fora« = 8 = g = 0.25,0.5, k1«= ko = 2, and M1 = M> = 4 in
z,t) € [0,1] x [0, 1] of Example 1.

Example 2. Consider the following nonlinear variable-order fractional partial integro-differential
VOFPID) Volterra equation [2, 9]

0?u(x,t)

DY e, t) = Ha, )+ (1+2%) = 5=

¢

[ ey o<gwn <t
0

subject to the initial condition

u(z,0) = sinh(z) +1, =« €]0,1],

and the boundary conditions
w(0;t) =1,

u(1,8)= sinh(1) +e~*, te[0,1],
where, for ¢(z,t) = 1 anda suitable choice of H(z,t), the exact solution is
u(z,t) = sinh(z) + e~

The absolute errors are reported in Table 2, and the exact and approximate solutions are illusy
trated in Figure 4.

8 Algorithms

In this section, we present the algorithm for the proposed method
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[Figure 4: Exact and approximate solutions foraw = 8 = 1,q = 0.95, k1 = k2 = 2, and M; = M> = 4 in
z,t) € [0,1] x [0,1] of Example 2.

Table 2: Absolute error for g(x) = 1,a = 8 =1, k1 = k2 = 1, and M1 = M2 = 4,6 (Example 2).

zr t M, =M,=4 M, =M,=6
0 0 0 0

0.1 0.1 1.07069536 x 10~ 4.33908054 x 10~
0.2 0.2 1.91816326 x 10~" 2.95671146 x 10=3
03 0.3 2.52889989 x 10~! 8.31428093 % 103
0.4 0.4 289795317 x 10~ 1.59842294 x 10-2
0.5 0.5 3.02588397 x 10! 2.44645467 %102
0.6 0.6 2.91517911 x 10~" 3.16106555 x 102
0.7 0.7 2.56648925 x 10! 3.49833184 % 102
0.8 0.8 1.97505421 x 101 3:21707472 x 102
0.9 0.9 1.12761393 x 10~1.12.10546275 x 10~2
11 0 0

o uExact
uApproximate

n

10 0.0
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Algorithm 1 Algorithm for computing the FOFW coefficients and the approximate solution

Step 1: First, construct the fractional-order Fibonacci wavelet (FOFW) basis functions
by selecting appropriate values of the resolution level k, the truncation parameter M, and
the fractional orders o and 3. These basis functions provide a complete and flexible set

for approximating the unknown solution over the computational domain.

Step 2: Next, compute the operational matrices (OMs) of integration and variable-order
fractional differentiation corresponding to the FOFW basis:” These matrices allow the

transformation of fractional integro-differential operators into algebraic matrix forms.

Step 3: Based on the structure and order of the given.variable-order fractional integro;
differential equation (VOFIDE), represent the highest-order derivative of the unknown
function using the FOFW expansion introduced in (21).

Step 4: Substitute the obtained FOFW expansions/and the corresponding operational
matrices into (30) to express all differential and integral terms of the governing equation

in terms of known matrices and unknown coefficient vectors.

Step 5: Apply the collocation method by‘enforcing (30) at selected collocation points in
the spatial-temporal domain, which yields a system of algebraic equations.

Step 6: Solve the resulting algebraic System using an appropriate numerical solver to
determine the unknown FOFW coefficients associated with the approximate solution.

Step 7: Finally, substitute the computed coefficients into (28) to reconstruct the approx;

imate solution of the original variable-order fractional integro-differential equation.

9 Conclusion

In this study, an efficient numerical scheme based on fractional-order Fibonacci wavelets
(FOFWs) has been developed for approximating the solutions of variable-order fractional
integro-differential (VOFIDE) equations. The proposed method provides a systematic frame;
work that combines accuracy, computational efficiency, and flexibility in handling variable;

order fractional operators.

First, the theoretical foundations of the method were established through several theorems

related to the convergence analysis of the FOFW expansion. These results guarantee the reliabil;

ity of the approximation and confirm that the proposed approach converges to the exact solution
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under appropriate conditions. Such theoretical validation plays a crucial role in demonstrating
the robustness of the method. Next, the construction of the operational matrices (OMs) for
variable-order fractional differentiation and integration was presented in detail. By employing
these operational matrices, the original VOFIDE equations were successfully transformed into
a system of algebraic equations. This transformation significantly reduces the computational
complexity of the problem and simplifies the numerical implementation. To verify the effec
tiveness and accuracy of the proposed approach, several numerical examples were presented
The numerical results illustrated through tables and graphical plots, clearly demonstrate the
high accuracy and stability of the method. In particular, the results show that increasing the paj
rameters k and M leads to a noticeable improvement in accuracy, while the computational cost
increases in a controlled and predictable manner. This confirms the efficiency of the method
and its suitability for practical applications.

In summary, both the theoretical analysis and numerical.experiments confirm that the
proposed FOFW-based operational matrix method is a reliable and effective tool for solving
VOFIDEs. Due to its flexibility and accuracy, the method /can be extended to more comy
plex models, including nonlinear variable-order fractional problems and higher-dimensional

systems, which represent natural directions for future investigation.
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