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der variable returns to scale (VRS) suffer from a well-known pitfall: efficiency
score decomposition and frontier projection can be mutually inconsistent,
undermining both the theoretical foundations and practical interpretability
of the results. A further limitation is the universal assumption of strong
disposability for all inputs and outputs, which is unrealistic when variables
are structurally or statistically interdependent—as is common in healthcare
settings. This paper addresses both issues simultaneously by developing
a novel two-stage network DEA model under hybrid disposability (HD)
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closely related inputs, intermediate measures, and outputs. We formally derive
the efficiency decomposition and frontier projection under HD technology,
establish theoretical consistency between the envelopment and multiplier
forms, and prove that the proposed model yields Pareto-efficient targets. The
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2 Two-Stage Network DEA in Healthcare

1 Introduction

Data Envelopment Analysis (DEA), first introduced by Charnes et al. [2], is a well-established
nonparametric approach for evaluating the relative efficiency of decision-making units (DMUs
that consume multiple inputs to produce multiple outputs. Over the past four decades, DEA hasg
evolved into a rich and comprehensive analytical framework, finding applications across a wide
range of industries and public-sector organizations [11]. A particularly significant extension
of classical DEA is network DEA, which moves beyond the traditional “black-box” view of
production by explicitly modeling the internal structure of DMUs [24].

Among the various network topologies studied in the literature, two-stage network DEA has
attracted substantial attention owing to its capacity to assess performance across interdependent]
subsystems. In a two-stage structure, a first stage converts primary inputs into intermediate
measures, which in turn serve as inputs to a second stage that generates the final outputs. Such
models allow the analyst to evaluate not only the overallefficiency of a DMU but also the stage-
level efficiencies, offering granular insights into internal operations and potential improvement
pathways [3, 4, 10, 32]. Two-stage network DEA models also facilitate the allocation of req
sponsibility across organizational components, which is particularly valuable in public-sector]
and multi-departmental systems [34].

Despite their appeal, two-stage network DEA models suffer from a fundamental theoretical
tension: efficiency score decomposition and frontier projection can fail to align under variable
returns to scale (VRS), thereby undermining both the theoretical soundness and the practical
interpretability of the results [5, 35]. The root cause of this misalignment lies in the synergistic
effects of scale heterogeneity across stages, which distort the production possibility set (PPS
and consequently affect efficiency scores and target projections. Several studies have proposed
modifications to two-stage DEA models to better capture these scale interactions and to restore
consistency between the envelopment and multiplier formulations [6, 21, 25]. More specifi
cally, Zhang et al..[36, 37] developed series, parallel, and hybrid network DEA structures; Lim
and Zhu [21]/established primal-dual correspondence and frontier projection results; and Guo
et al. [16], Chu and Zhu [7], and Chen and Wang [6] further examined the relationships among
duality, frontier projection, and efficiency decomposition from both additive and multiplicative
perspectives. Collectively, these contributions have substantially strengthened the theoretical
foundations of two-stage network DEA while preserving its economic interpretability. Addij
tionally, Pourmahmoud et al. [30] extended the network DEA paradigm to a three-stage setting
under decision-making uncertainty.

A separate but related limitation of most DEA models—whether formulated under constant
returns to scale (CRS) or VRS—is the universal assumption of strong disposability for all inputs

and outputs. Strong (or free) disposability implies that any input may be increased and any out;

put may be reduced independently and without bound, while remaining within the production
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possibility set [13]. Although this assumption is mathematically convenient, it is often unreal;
istic in practice. In many real-world applications—particularly in healthcare and education—
certain inputs and outputs are structurally or statistically interdependent, so that independent

unconstrained adjustments are either operationally infeasible or economically meaningless.

An important exception in the DEA literature concerns the treatment of undesirable out;
puts through joint weak disposability, which requires that desirable and undesirable outputs be
reduced proportionally rather than independently [12, 20]. Building on this idea, Mehdiloozad
and Podinovski [22] and Podinovski et al. [28] introduced selective strong and weak dispos;
ability technologies, in which specific subsets of inputs or outputs-are assumed to be jointly
weakly disposable while the remaining variables retain strong disposability.<In such settings
maintaining the assumption of universal strong disposability/can yield efficiency scores that are
either unrealistically optimistic or practically infeasible [27].

To address this, the notion of Aybrid disposability (HD) technology was formalized by
Mehdiloo and Podinovski [23], enabling selective strong and weak disposability to coexist
within a single production technology. For instance, in hospital performance assessment, the
number of physicians and nurses are typically managed in a coordinated manner; treating them|
as independently adjustable inputs may produce clinically infeasible targets. Similarly, outputs
such as occupied beds and discharged patients are inherently linked, so that modeling them as
strongly disposable can distort the efficiency frontier. Applying joint weak disposability to such|
variable groups preserves their internal proportionality, avoids frontier distortions, and yields

efficiency scores that are both theoretically sound and managerially meaningful [23, 27].

The preceding discussion reveals two distinct but interrelated gaps in the existing literature
First, although HD technology has been shown to produce more realistic efficiency assessments
in single-stage DEA, its integration into multi-stage network structures remains largely unex;
plored. The selective disposability framework of Mehdiloo and Podinovski [23] is confined
to single-stage settings and 'therefore cannot capture interdependencies across subsystems in
sequential production processes. Second, although Chen and Wang [6] established theoretical
consistency between efficiency score decomposition and frontier projection in two-stage net;
work DEA under VRS, their model retains the assumption of universal strong disposability.

which is insufficiently flexible for systems with structurally interrelated variables.

The present paper bridges both gaps simultaneously. We integrate HD technology into a
two-stage network DEA framework, enabling selective strong and weak disposability to coexist
within and across stages. In doing so, we establish theoretical consistency between efficiency
decomposition and frontier projection under VRS and HD technology, capture the synergistic
scale effects between stages, and preserve dual equivalence between the envelopment and multi;

plier forms. This integration creates a new theoretical bridge linking disposability assumptions

scale heterogeneity, and network duality in DEA
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The practical motivation for this work is drawn from the performance evaluation of health;
care centers. Healthcare delivery is inherently a multi-stage process: in the first stage, human,
financial, and capital resources support diagnostic and preliminary treatment activities; in the
second stage, these intermediate services generate final clinical and quality outcomes. More
over, many healthcare variables are structurally interdependent—the number of general prac
titioners and nurses are jointly managed, advanced imaging devices are complementary, and
pharmaceutical expenditures tend to co-vary with overall operational costs. In such an envi;
ronment, the standard strong disposability assumption leads to unrealistic or biased efficiency
estimates, underscoring the need for the HD framework proposed hete [8, 9, 14, 15, 19].

The main contributions of this paper are as follows.

1. We develop a novel two-stage network DEA model under HD technology that accommo-
dates selective strong and weak disposability for subsets of closely related inputs, inter;

mediate measures, and outputs simultaneously.

2. We derive formal consistency between efficiency score decomposition and frontier pro-
jection within the HD framework, resolving the theoretical pitfall that arises under VRS
in two-stage network DEA.

3. We establish dual equivalence between the envelopment and multiplier forms of the pros
posed model and prove that the resulting frontier projections are Pareto-efficient under

HD technology.

4. We propose a corrective algorithm to handle cases in which the stage-level efficiency
score exceeds unity, ensuring theoretically admissible and practically meaningful decom

positions.

5. We demonstrate the practical relevance of the framework through an empirical applica
tion to 32 Iranian healthcare centers, providing stage-specific efficiency scores, actions

able improvement targets, and robustness analyses.

The remainder of this paper is organized as follows. Section 2 develops the two-stage net;
work DEA framework under HD technology, including the theoretical foundations, axioms, en;
velopment and multiplier models, and the corrective algorithm. Section 3 presents a numerical
example based on a school-like production system to illustrate the proposed model. Section 4
applies the model to 32 Iranian healthcare centers and analyzes the efficiency results. Section 5
addresses the limited discriminating power of HD technology and proposes a super-efficiency

extension to improve DMU differentiation. Section 6 concludes the paper with a summary of

findings, acknowledged limitations, and directions for future research




Gerami & Davoodi 5

2 Two-stage Network DEA Under HD Technology

This section develops the modeling framework for evaluating DMU efficiency within a two-
stage network structure under hybrid disposability (HD) technology. We first introduce the
notation and the structural assumptions of the network, then formally state the two disposability
axioms, derive the envelopment and multiplier models, establish their duality, and present a

corrective algorithm for obtaining theoretically admissible efficiency decompositions.

2.1 Notation and Network Structure

Consider n observed DMUs, indexed by j € J = {1,...,n}, each operating under a two-stage
network structure. The data of DMU; are represented by the triple (X,Z;, Y;), where

X; = (x5, .- ,a:mj)T € R (inputs),
Zj = (215, -, zhj)T € Ri (intermediate measures),
Y; = (v, - - .,ysj)T € RY . (outputs).
We assume that each DMU has at least one strictly positive component in each vector, i.e.
X; #0,Z; #0,and Y; # 0 forall ) € J. The DMU under evaluation is denoted DMU,, =
X07 ZOv YO)
As illustrated in Figure 1, Stage 1 transforms the /m primary inputs X; into h intermediate
measures Z;, which subsequently serve as the sole inputs to Stage 2 in order to produce the

s final outputs Y;. Let T, T2, and T denote the production possibility sets (PPS) of Stage 1
Stage 2, and the overall two-stage system, respectively.

Xio Zfo Yro

Figure 1: Two-stage network structure.

2.2 Hybrid Disposability Technology

In many real-world settings—particularly healthcare—inputs and outputs are not independently
adjustable. For example, the numbers of physicians and nurses are typically managed jointly

within staffing plans, so that reducing one independently of the other may yield infeasible oper;

ational targets. Similarly, the number of inpatient admissions and total hospitalization days are
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structurally linked, and treating them as independently reducible distorts the efficiency frontier
Mehdiloo and Podinovski [23] proposed a framework of selective strong and weak disposabil;
ity to handle such dependencies in single-stage settings. We extend their framework to the

two-stage network context.

Index-set decomposition. Let I = {1,...,m}, IM = {1,... ,h},and O = {1,...,s}
denote the index sets of inputs, intermediate measures, and outputs, respectively. We assume

the following mutually exhaustive decompositions:
I=1uI"ur, m=mumv um, o=0°uo"uo", (

where the superscripts S, W, and SW denote strongly disposable, weakly disposable, and seq
lectively (both strongly and weakly) disposable subsets, respectively./ Accordingly, each DMU|

is represented as
()(7 27 Y) — (XS,XW,XSW, ZS7ZW7ZSW’ YS,YW,YSW),

where each sub-vector collects the variables belonging to the corresponding subset in (1).

The subset IV U T°W contains inputs that are jointly weakly disposable: they can be scaled
proportionally by a common factor § > 1 (increase) or v € [0, 1] (decrease), but cannot be
adjusted independently. The subset-7° U I°" contains inputs that are individually strongly
disposable: each element can be increased or decreased independently of the others. Inputs in
I satisfy both conditions simultaneously, which necessitates their separate treatment in the
model. An analogous structure applies to /M and O.

The basic regularity conditions that define HD technology are (cf. [23]):
(a) Inclusion of obseryations: all observed DMUs belong to the technology set.
(b) Convexity: the technology setis convex.
(c) Closedness: the technology set is closed.

(d) Selective disposability: as specified by Axioms ASSDTN and ASWDTN below.

Axiom ASSDTN. Selective strong disposability for two-stage networks.

Stage 1: If (X, XW , X5W 75 7zW 7Z5W) ¢ T, then for all X° > X%, XW > Xx5W
0<275<2750<25W < Z5W.

(XS XW XSW ZS' ZW ZSW)FTl
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Stage 2: If (Z°,ZW, Z25W Y3 YW YSW) € T2, then for all Z°5 > Z5, Z75W > 75W
0<YS<YS 0<YSW <YySW:

(2%, 2%, 25V, Y5, yW, vy e T2,

In words, ASSDTN permits individual, unconstrained adjustments of variables in (-)° and

.)SW w

while leaving the jointly weakly disposable sub-vectors (-)" unchanged.

Axiom ASWDTN. Selective weak disposability for two-stage networks.

Stage 1: 1f (X5, XW XSW 75 zW 7Z5W) € T, then for'all § > 1and v € [0,1],
(X5, 6xW 6XW 75 42V, 4 Z25W) e T,

Stage 2: If (2%, 2V, 25W Y YW YSW) € T2, then forall 6 > 1 and v € [0, 1],
(25,62, 625V v, ¥V, ¥y e T2,

ASWDTN requires that the jointly weakly disposable sub-vectors (-)"V and (-)*" be scaled by
the same proportional factor, thereby preserving their internal ratios.

Remark 1. Axioms ASSDTN and ASWDTN are logically independent: neither implies the
other, and a technology may satisfy one without satisfying the other. Moreover, any technology|
satisfying universal strong disposability automatically satisfies both axioms, but the converse
does not hold in general. The combination of ASSDTN and ASWDTN therefore represents a

strictly weaker—and more flexible=—assumption than universal strong disposability.

2.3 TIllustrative Examples of the Axioms

Example 1 (ASWDTN holds; ASSDTN does not). Consider a Stage 1 technology in which
a main product and a jointly produced by-product can only be reduced proportionally (e.g.
due to environmental regulations). This satisfies ASWDTN. However, if regulations prohibit
reducing the main product independently of the by-product, unilateral reduction is infeasible
so ASSDTN fails.

Example 2 (ASSDTN holds; ASWDTN does not). In Stage 2, suppose one input can be
increased independently (ASSDTN holds). However, if a group of complementary inputs
must be maintained in a fixed ratio—so that a proportional simultaneous increase is technically
infeasible—then ASWDTN fails for that group.

These examples confirm that ASSDTN and ASWDTN are independent principles
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min
AL pl 1 A2, 42 p2 GTHD g2-THD

S.t.

2.4 Envelopment Model Under HD Technology

Having established the HD technology axioms, we now derive the input-oriented envelopment
model for measuring the radial efficiency of DMU, = (X,, Z,, Y,) under HD technology in a
two-stage network. The model simultaneously evaluates Stage 1 and Stage 2 and enforces the

VRS normalizing constraints in both stages.

THD
o

n
> Al <0Pa, iel’ (2a
j=1

n
S O+ up =6, eIV, (2b
j=1

n
Do+ ppag < 6P, ie 19V, (2c
j=1

n
S oAz =020 f e aM®, (2d
j=1

n
Z()\;L — le) z% = ¢2-THD z%, fem”, (2e
j=1

n
o =) =PIV eV, f
j=1

n
Yo A=1 (2g
j=1
A—vj >0, je, (2h
A g, v >0, jed, 1P free, (2i

n

DN <P E L feIM® 2
j=1

Z()\JQ + M?) Z?J/- — 2 THD z%, fem”, (2k
j=1

n

Z()\? + M?) z}?W < 2-THD Z?OW, f eV, (21

J

K |
J—1
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n
Y Nyl >y, re0’ (m
j=1
n
Z()\JQ - V?) yf;/ = yf‘of, re oV, (2n
j=1
n
S = =y, reotV, (20
j=1
n
> X =1, (2p
j=1
M —v2>0, jeJ 2
;—v; =20, jedJ, (2q
A s, w2 >0, je . 02D free. (2r

In Model (2), #1HP and §2-THP are the overall efficiency score and the Stage 2 efficiency
score of DMU,, respectively, under HD technology. The Stage 1 efficiency score is recovered

via the multiplicative decomposition

THD __ 51-THD 2-THD
pTHD _ g1-THD o 2-THD 3

so that §1-THD — ¢THD /g2-THD — Gonstraints (2a)—(2i) govern Stage 1 (inputs to intermedis
ate measures), while Constraints (2j)=(2r) govern Stage 2 (intermediate measures to outputs)
The intensity variables )\g? (k = 1,2) define the reference benchmark for each stage; ué? acH
commodates the upward slack required by the weak-disposability equality constraints on inj
puts/intermediate measures; and 1/]’-C accommodates the downward slack required by the weak;
disposability equality constraints on intermediate measures/outputs. The variables of the model

are summarized in Table 1.

Definition 1. For two vectors A and B of the same dimension, we write A < B if every|

component of A is less.than or equal to the corresponding component of B.

Definition 2. The linkage reduction’'of X = (X°, X" XW) is the proportional decrease
in the input vector induced by the Stage-1 optimization, quantified as ((1 — 63™HP) X S(1 -
S THP) X W | (1—01THD) XSW) | The maximum reducible amount of X is ((1—0THP) X5 (1-
QEHD)XW, (1 _ 95HD>XSW).

Theorem 1. If §1HP > 92-THD ‘then the linkage reduction of X exceeds its maximum reducible

amount. Conversely, if 911 < §2-THD the linkage reduction does not exceed the maximum

reducible amount.

Proof. Since §IHD = gL-THD 5 2-THD "the condition 9THP > 2-THD jmplies 91-THD > 1

and hence 1 — ™MD < 1 — 92™D which by Definition 1 means the maximum reducible
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amount is component-wise no greater than the further reduction amount. Consequently, the
linkage reduction exceeds the maximum reducible amount. The converse follows by reversing

the inequality. O

Theorem 2. Model (2) is always feasible and attains a bounded optimal solution.

Proof. Setting 6517 = 637THP = 1, Ak = 1, \¥ = 0 for j # o, and p¥ = v} = 0 for all
j € Jand k = 1,2 yields a feasible solution. Since the objective is a minimization over aj
non-empty feasible set with a linear objective function, the optimal value'is bounded below by

zero, guaranteeing a finite optimal solution. O

Table 1: Decision variables in Models (2) and (4).

Variable Description

)\?, ué‘?, VJ’»“ (k=1,2) Intensity variables for DMUj in stage k; ,ug‘f handles weak-
disposability input slack, 1/]’-C handles weak-disposability out-
put slack.

GF-THD 9THD (| — 1,2) Stage-k and overall efficiency scores from the envelopment
model (2).

PRTHD - pTHD (1 — 1 2) Stage-k and overall efficiency scores from the multiplier
model (4).

v, oW W Dual weight vectors for inputs (constraints (2a)—(2c)).

a¥, oV oSV Dual weight'vectors for Stage-1 intermediate measures (con-
straints (2d)—(2f)).

B2, BV, p5W Dual weight vectors for Stage-2 intermediate measures (con-
straints (2j)—(21)).

uwS, uW uSW Dual weight vectors for outputs (constraints (2m)—(20)).

I‘;, I‘? Dual variables for the non-negativity constraints (2h)
and (2q).

nk, n? Scale impact factors (VRS intercepts) for Stage 1 and

Stage 2; dual to constraints (2g) and (2p).

2.5 Multiplier Model and Duality

The dual (multiplier form) of Model (2) is:
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SW,SW | 1, ,2
max Soulyn,+ D wyl + Y wVyn g+
Fl’FQ’n’éjng re0os reOw reOSw
s.t. v; xw+ E Z W SW =1,
iels eIV ielSW

multiplier efficiency scores are defined as:

Yooafei+ Y af e Y oV =Y el - Yy v ey

feims femv femsw iels
= > Ve T e <0, el
ieISW
Sooaf e > a0, jel
femv femsSw
szwxg-/jL Z v;gwxfjwzo, j € J,
el ieISW
SW_ SW S_S
Dowi Y whyy + Y wlyy = Y B -
reos reoOw re0sw feims
> B el <0, (e,
femsw
doowlyy Y gt T >0, TG,
reOwW reOsw
Z 6}/szj + Z BSWZ%W >0, jeJ,
fem™W femsw
S_S W W SW _SW __
doafeit Y afef e Y oVt =
feims femv femsw
S_8 W, W SW _SW .
Y Bip+ DL BMEL+ > BV, ded
feis fei”” femsw
o, P >0, vWVifree, sic ISUTV UV,
af,af >0, a?/ free, f €M,
/8f76f 207 /B}A/free7 fEIMa
s ,SW W
ul,ul” >0, w, free, reo0,
Fjl-, F? >0, nl, n’free, jeJ

Here, i} and 7?2 are the VRS scale impact factors for Stage 1 and Stage 2, respectively,
By strong duality of linear programming, the optimal objective values of Models (2) and (4
coincide: ¢IHP = §THD Following Kao and Hwang [17] and Banker et al. [1], the stage-level

(4a
ieIW
(4b

(4c

(4d

> Be

fem™v

(4e
(4f

(4g

(4h

(41
(4j
(4k
(41
(4m
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> w?

vt > uwye+ Y wVy )

¢THD
o

1-THD
d) —

mi
A2, 2 12 62-THD

S.t.

2-THD __ r€0’ reow reOsw 5
o o S .S w W SW _SW
Y Bfafet Y B+ Y B
feims femw femsSW
Sowlyn,+ > wy + Y W yRY g+
¢THD _ reos reow reQsw 6

szx +Zv —l—ZvSWSW ’

€IS i€IW ieIsSW
o ~ 42-THD*
b5

Constraint (4h) ensures that the dual weights assigned to the intermediate measures as out;
puts of Stage 1 equal those assigned to them as inputs of Stage:2; thus guaranteeing internal
consistency of the efficiency decomposition across stages.

If Stage 2 is treated as a standalone system, the corresponding envelopment model is:

92—THD
o
n
S ONaF <00 E L fe M’ (8a
j=1
n
SN ud) A =0T feM”, (8b
j=1
D Oehid) 27 <07 R f e Y, (8
j:l
ZV Yo = Uy 1 €05, (8d
n
SN =yl =y, reo”, (8¢
j=1
n
S =)V =SV, re oV, (8f
j=1
n
d =1, (82
j=1
2 2 .
XN—vi>0, jel, (8h
J J

(7

N5, v >0, jed, 020 free. (8i
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2.6 Efficiency Definition and Frontier Projection
Definition 3. DMU, = (X, Z,, Y,) is HD-efficient in Stage 1, Stage 2, and the overall system

if and only if }"THD = 1, 2°THD — 1 and THP = 1, respectively; otherwise it is HD:

inefficient.

The frontier projection (efficiency target) of DMU, under HD technology is:

<

(H_g_THDX57 éi-THD)(VV7 éé'THDXSW, ég_THDZS, e_z_THDZW7 e_g-THDZ,SVV7 YS7 YW’ YS[

(9

ég-THD and ég-THD

where are the adjusted efficiency scores obtained from Algorithm 1.

Algorithm 1 Corrective decomposition for two-stage HD efficiency scores
Step 1: Solve Model (2) to obtain §11P and §2-THD,

Step 2: Set the adjusted scores as follows:

Case (i): If 9THD < §2-THD ‘gt

THD
— 90

~ p2-THD”
90

n1-THD n2-THD __ p2-THD nTHD _ pTHD
o oD _ (2 gTHD — (THD

K

Case (ii): 1f THD > 2-THD 'get

b 9

nl1-THD __ n2-THD __ p2-THD nTHD __ 52-THD
prTHD _ | g2-THD _ 2 grHD _ (2-THD

2.7 Corrective Algorithm for Admissible Decomposition

When 91D > 92-THD " the raw Stage-1 score §1"THD = gTHD /92-THD ~ 1 "which is theoreti
cally inadmissible under VRS. In this case, the linkage reduction of inputs required by Stage 2
optimization exceeds the maximum feasible reduction at the Stage-1 frontier (Theorem 1). The

Algorithm 1 resolves this inconsistency deterministically.

In Case (ii), Stage 1 is treated as fully efficient (9}THP = 1), and all systemic inefficiency
is attributed to Stage 2. The adjusted scores satisfy §IHP = gL-THD 5 g2-THD < 1 jn both
cases, ensuring theoretical admissibility. Since Step 1 involves solving a linear program (which
converges to a finite optimum by Theorem 2) and Step 2 is a single deterministic correction, the
algorithm terminates after a finite number of operations and yields a unique solution for each
DMU
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3 Numerical Example

To illustrate the applicability of the proposed two-stage HD model, we construct a numerical
example involving eight DMUs, each representing a school-like production system operating in|
two interconnected stages. In Stage 1, educational resources are transformed into intermediate
performance indicators; in Stage 2, these intermediate measures are converted into final edu
cational outcomes. The variables are designed in accordance with the HD technology frames
work, in which some variables exhibit strong disposability, others weak disposability, and a
third group selective disposability—reflecting both weak and strong behaviors depending on

managerial controllability and technological interdependencies.

3.1 Variable Specification

Inputs (m = 3; Stage 1):

1. Number of classes (x3) — Strong disposability.  Physical classroom capacity can be

adjusted independently of staffing or budget decisions.

2. Number of teachers (x) 4~ Weak disposability. Teaching staff is closely tied to bud;
get and facility constraints; increasing staff requires proportional adjustments in related

resources.

3. Educational expenditure (x5") — Selective disposability. Expenditure is partially
linked to teacher salaries (weak component) but can also be modified independently vial
managerial decisions (strong component), such as investments in technology or learning

materials.

Intermediate measures'(h = 3; linking Stage 1 to Stage 2):

1. Average teaching hours (zS ) — Strong disposability. Teaching hours can be adjusted

through scheduling or curriculum changes without strict dependency on other variables.

2. Number of enrolments (2Y ) — Weak disposability. Enrolment levels depend on available

teaching capacity and resources and typically increase proportionally with teachers and
classes.

3. Quality of educational programs (zgg W — Selective disposability. Program quality de-
pends partly on teaching resources and enrolment (weak component) but can also be

enhanced independently through pedagogical innovations (strong component).

Outputs (s = 3; Stage 2):
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1. Average final score (y7) — Strong disposability. Academic performance can be im:
proved independently through better instruction or assessment design.

2. Number of graduates (yy') — Weak disposability. Graduate numbers are structurally
bounded by enrolment and cannot increase independently of it.

3. Employment rate of graduates (yg? W — Selective disposability. Employment outcomes
depend on both academic performance (weak component) and institutional initiatives|
such as career counseling or employer partnerships (strong component).

The dataset for the eight DMUESs is reported in Table 2. Weakly disposableinputs (teachers
expenditure) increase proportionally across DMUSs, capturing joint scalability; strongly disposs
able variables (classes, teaching hours, average score) vary freely, reflecting managerial inde;
pendence; and selectively disposable variables (expenditure, program quality, employment rate
display combined trends—partially correlated with other measures yet showing independent de;
viations consistent with managerial flexibility. This configuration creates an analytically rich
environment for testing the HD model, as it incorporates structural, managerial, and behavioral

dependencies across both stages of the production process.

Table 2: Data for eight school-like DMUs in the numerical example.

S w SW s W SW s W SW
DMU  z7 9 / z3 1 %9 z3 Yt Yo Y3

DMU1 25 787 153 122532 540 53 22 18
DMU2 11 440 74 22 400 355 130 78 68
DMU3 55 866 171 98 420 370 121 26 12
DMU4 9 /400 70~ 18 360 320 115 73 63
DMUS . 13 480 787 25 440 385 150 82 72
DMU6 59 829 188 91 412 369 114 24 14
DMU7 8 380 68 17 340 300 110 70 61
DMU8 24 710 152 128 550 778 70 23 16

3.2 Results and Discussion

The raw efficiency scores obtained from Model (2) are reported in Table 3. For DMUI and
DMUS, the Stage-1 scores are #1"THD — 1.1858 and 1.3306, respectively, both of which excee
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unity and are therefore theoretically inadmissible under VRS. Applying Algorithm 1 (Case ii)
we set 01" THD = 1 for both DMUs, which yields corrected overall scores of THP = 1 x
0.6391 = 0.6391 for DMUI and 1 x 0.6182 = 0.6182 for DMUS.

Table 3: Raw efficiency scores from Model (2).

DMU 9(% -THD Hg-THD Q;FHD DMU gg—THD HEHD

DMUI 1.1858 0.6391 0.7579 DMUS 1.0000 1.0000
DMU2 1.0000 1.0000 1.0000 DMU6 0:8495 0.6747
DMU3 0.8132 0.8750 0.7116 DMU7  1.0000"" 1.0000
DMU4 1.0000 1.0000 1.0000 DMUS8- 0.6182 0.8225

Bold entries indicate inadmissible Stage=1 scores exceeding unity.

The corrected (admissible) efficiency scores after applying Algorithm 1 are reported in
Table 4 and discussed below.

Table 4: Adjusted efficiency scores afterapplying Algorithm 1.

DMU éé -THD o_g-THD é'OFHD DMU ég_THD é;)FHD

DMUI 1.0000 0.6391 0.6391 DMUS  1.0000 1.0000
DMU2 1.0000 1.0000 1.0000 DMU6  0.8495 0.6747
DMU3 0.8132 +0.8750 0.7116 DMU7  1.0000 1.0000
DMU4 1.0000 1.0000 1.0000 DMUS  0.6182 0.6182

Several observations emerge from Table 4. First, DMU2, DMU4, DMUS, and DMU?7
achieve full efficiency (#3HP = 1) in both stages, indicating a balanced and effective use of
educational resources throughout the entire production process. Second, DMUI1 and DMUS
attain Stage-1 efficiency (9}7HP = 1) but exhibit low Stage-2 scores of 0.6391 and 0.6182
respectively, suggesting that these institutions manage their primary inputs effectively but face
substantial inefficiencies in converting intermediate measures—such as enrolment levels and
program quality—into final educational outcomes. Third, DMU3 and DMUG6 are inefficient in|
both stages (Stage-1 scores of 0.8132 and 0.7942; Stage-2 scores of 0.8750 and 0.8495), point;
ing to systemic weaknesses in both resource management and output generation. The over;

all system scores of 0.7116 and 0.6747, respectively, confirm that coordinated improvements

across both stages are necessary.
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These results highlight that Stage-1 efficiency is neither sufficient nor necessary for overall
system efficiency. Institutions such as DMU1 and DMUS that perform well in resource al;
location may still underperform in the transformation of intermediates into final outputs. This
finding underscores the importance of coordinated management across both stages: educational
institutions should not only focus on optimizing input utilization but also on strengthening inter;
mediate processes—such as teaching quality and student enrolment management—to improve
final outcomes including graduation rates and graduate employment. The proposed HD model
by accommodating selective disposability, provides a more realistic and operationally mean-
ingful decomposition of efficiency than standard two-stage DEA models.

4 Application to Iranian Healthcare Centers

To demonstrate the practical applicability of the proposed two-stage network DEA model under
HD technology, we conduct an empirical study on 32 healthcare centers located across various
provinces of Iran. These centers differ substantially in service capacity, infrastructure, and
resource allocation, making them well-suited for comparative performance evaluation. Health;
care delivery in these centers is inherently multi-functional-and can be naturally represented as
a two-stage production structure: in‘Stage 1, human, technical, and financial resources support
diagnostic and preliminary treatment activities; in Stage 2, the resulting intermediate services

generate final medical outcomes.

4.1 Variable Specification and Disposability Classification

Inputs (m = 6; Stage 1):

1. Number of general practitioners (27 ) — Strong disposability. General practitioners pro-
vide initial diagnosis; basic treatment, patient counseling, and referrals. As the primary|
driver of outpatient activity, this variable is managed independently of other inputs.

2. Number of nurses (x3) — Strong disposability. Nurses constitute a critical human re-

source in both primary and specialized care. Their involvement in patient monitoring

medication administration, and clinical support is operationally independent of diagnos;

tic equipment.

3. Number of MRI and CT scan devices (xY') — Weak disposability. Advanced imaging
technologies represent major capital investments whose utilization depends on comples

mentary equipment, specialized staff, and diagnostic workflows. An increase in MRI/CT|

capacity typically co-occurs with expansion of other imaging infrastructure
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4. Number of ultrasound and X-ray machines (z}) ) — Weak disposability. Ultrasound and

Accordingly, the index-set decomposition for inputs is: 1% = {1,2}, IV = {3,4},
{5,6}.

Intermediate measures (h = 6; linking Stage 1 to Stage 2):

1.

. Cost of pharmaceuticals and medical consumables (

. Total operational expenditure (

. Number of diagnostic procedures (z3) — Strong disposability. Total paraclinical ser;

. Number of inpatient admissions (z4 ) — Weak disposability. Inpatient admissions are

. Total hospitalization days (z)" ) — Weak disposability. Cumulative inpatient stay dura;

. Amount of prescribed medications (

radiology devices are structurally linked to MRI/CT equipment in broader diagnostic
workflows. The joint dependency between inputs (3) and (4) justifies their classification

as weakly disposable.

x2W) — Selective disposability
Pharmaceutical expenditure depends on patient volume and disease severity (weak com;
ponent) but can also be modified independently through formulary management and pro;

curement decisions (strong component).

xgw) — Selective disposability. Total operational cost
aggregates human resources, consumables, energy, and maintenance expenditures. As
pharmaceutical costs rise, total operational costs typically increase as well (weak compo;
nent); however, managerial discretion over non-clinical spending introduces an indepen;

dent (strong) component.

ISW —

Number of outpatients (27) — Strong disposability. Outpatient visit volume reflects the
direct output of human resources in Stage 1 and serves as the primary entry point into
the care pathway. It can be managed independently through scheduling and capacity|

decisions.
S

vices (MRI, CT, ultrasound; radiology, laboratory) represent the transformation of diag;
nostic equipment into clinically relevant information, and can be adjusted independently|

of admission volumes.
w

structurally constrained by upstream diagnostic activity and disease severity. An increase
in admissions invariably leads to an increase in hospitalization days, establishing a joint]

dependency.
w

tion is directly driven by admission volume and case complexity. The structural depen+

dence between (z}") and (2}") justifies their joint weak disposability.

z§ W — Selective disposability. Pharmaceutical pre-

scriptions depend on diagnostic outcomes and clinical protocols (weak component) but

are also subject to physician discretion and formulary guidelines (strong component)
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6. Consumed medical supplies (zgg W — Selective disposability. Medical supply consump;
tion co-varies with prescribed medications (weak component) but can also be indepen;

dently managed through procurement and inventory control (strong component).

The index-set decomposition for intermediate measures is: IM° = {1,2}, IMV = {3, 4}
MW = {5,6}.

Outputs (s = 6; Stage 2):

1. Number of successfully treated patients (yi) — Strong disposability. Clinical effective:
ness, measured by the number of patients discharged with full recovery or significant
improvement, reflects the cumulative impact of all preceding processes and can be im1
proved independently of other outputs.

2. Patient satisfaction score (yi9 ) — Strong disposability. Patient-reported experience, typi
cally captured through standardized surveys, reflects multiple dimensions of care quality|
(waiting times, staff behavior, communication, treatment quality) and is managed inde;

pendently.

3. Average waiting time () — Weak disposability. Waiting time is an undesirable out:
put influenced by patient flow, staffing efficiency, and capacity constraints. It is strucs
turally linked to bed turnover: reductions in waiting time typically require simultaneous

improvements in bed management, justifying joint weak disposability.

4. Hospital bed turnover rate (y)' ) — Weak disposability. Bed turnover—computed as
admissions per available bed—reflects inpatient bed utilization efficiency and is jointly

managed with waiting-time processes.

5. Number of formal complaints (yggW) — Selective disposability. Formal complaints are
an undesirable output that may be reduced independently through patient-relations inij
tiatives (strong component) but are also correlated with reported medical errors (weak

component).

6. Number of reported medical errors (yg W — Selective disposability. Medical errors are
undesirable outputs reflecting patient safety and clinical governance. Their correlation
with formal complaints introduces a weak dependency, while targeted clinical training
can reduce them independently (strong component).

The index-set decomposition for outputs is: O° = {1,2}, O = {3,4}, 05" = {5,6}.
The input, intermediate, and output data for all 32 healthcare centers are reported in Ta
bles 5-10
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Table 5: Input data of healthcare centers (HC1-HC16).

S s W W SW SW
Center x7 x5 @3 @y xg xg

HC1 534 658 545 578  9921.96 10657.35
HC2 209 329 396 357 3973.82  7908.86
HC3 35 450 462 458 6091.63  2966.64
HC4 522 692 678 444  9821.21.10185.49
HCS 280 327 488 330 9748.59..3477.34
HC6 346 14 220 47 923521 9761.96
HC7 359 431 54 42 5151.70° 8218.77
HCS 109 260 490 481 974487  6868.76
HC9 79 208 320 291 9635.84 5001.77
HC10 278 196 257 305 ./ 7288.24  3805.72
HCI1 671 455 640 551 1195034  8093.67
HC12 385 251 147 7L 929271 3314.06
HC13 492 7426 416 391 — 4089.80 4211.27
HC14 19 277 242 11  8060.58  2916.52
HCI15 613 655 734 612 12533.84 11966.51
HC16 374 222 15 171 7013.05 697.11

4.2 Efficiency Results

The efficiency scores obtained from Model (2) for all 32 healthcare centers are reported in
Table 11. For HC11, the raw Stage-1 score is §}"™P = 1.0305 > 1, which is theoretically
inadmissible. Applying Algorithm 1 (Case ii), we set §}THP = 1, yielding a corrected overall
score of 11D = 1 x 0.9122 = 0.9122.

Overall, 25 out of 32 healthcare centers are fully efficient (/1P = 1) across both stages
indicating effective resource utilization and process management. Seven centers—HC1, HC4
HC11, HC20, HC26, HC30, and HC32—exhibit measurable inefficiencies.

Stage-1 analysis. HC20 records the lowest Stage-1 score (A} THP = 0.3904), indicating
severe underutilization of human and capital resources in the diagnostic and preliminary care
phase. HC1 (0.8199), HC26 (0.8579), HC30 (0.9347), HC32 (0.9366), and HC4 (0.9392) are

also Stage-1 inefficient, though to a lesser degree. HC20 and HC26, despite their Stage-1 inef?
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Table 6: Input data of healthcare centers (HC17-HC32).

s s W W SW SW
Center x7 x5 w3 @y xE xg

HC17 377 359 158 107 8547.86 2318.63
HC18 138 210 33 406 6578.72  3669.45
HC19 369 18 170 100  2413.40 424.32
HC20 668 863 733 742 13949.76 14186.23
HC21 206 77 385 285  2478.58 265.92
HC22 241 360 30 469 6644.45. 9918.42
HC23 225 462 212 247  7249.78 4383.41
HC24 372 334 176 358 479829 494171
HC25 134 498 212 10 [4741.14 ~ 3623.73
HC26 412 643 598 632 11319.93 14495.62
HC27 40 342 237 16 456035 909.25
HC28 86 494 63 437 .7226.33 133.15
HC29 211 50 314 404 7498.04  4850.51
HC30 675 /583, 594, 620 1145134  9293.67
HC31 45 480 67 .49 _ 747331  1565.15
HC32 691 555 620 571 12451.34  8293.67

02-THD
05

ficiency, attain full Stage-2 efficiency ( = 1), suggesting that their intermediate outputs

are effectively converted into final clinical outcomes once generated.

Stage-2 analysis. HC30 exhibits the lowest Stage-2 score (62" THP = 0.7601), indicating
bottlenecks in clinical care quality, patient management, or service delivery. HC32 (0.8261)
HC4 (0.8920), and HC11 (0.9122) are also Stage-2 inefficient. Notably, HC11 achieves Stage;
1 efficiency but falls short in Stage 2, suggesting that while it manages its primary resources
effectively, inefficiencies arise in the transformation of intermediate measures into final clinical

outcomes.

Overall efficiency. HC20 records the lowest overall score (I1HP = 0.3904), followed
by HC1 (0.4022), HC30 (0.7105), HC32 (0.7737), HC4 (0.8378), HC26 (0.8579), and HC11
(0.9122). The stage-level decomposition reveals that overall inefficiency in HC1 and HC20 is

driven primarily by Stage-1 weaknesses, while HC30 and HC32 suffer from inefficiencies in

both stages. A comparison of efficiency scores across stages is illustrated in Figure 2
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Table 7: Intermediate measures data of healthcare centers (HC1-HC16).

Center 27 z5 2V 2V 25W W

HC1 419 484 424 26 422 306
HC2 410 216 268 12 136 415
HC3 152 337 259 15 126 142
HC4 272 253 483 27 281 131
HCS 3892 464 19 60221
HC6 342 457 217 26 476 174
HC7 186 279 109 16 251° 277
HCS8 112 308 499 27 192 103
HC9 384 118 277 / 11 338 312
HC10 141 166 15 7 171 437
HCI1 326 206 _'56 8491 320
HC12 151 341 /350 17 432 356
HC13 331 56 18 9 437 54
HC14 / 385 445 311 9 191 278
HC15S 196 45 86, 22 137 147
HC16 402 234 391 9 306 201

4.3 Robustness Analysis

To ensure the validity and reliability of the results, three robustness checks were conducted.

(i) Data normalization. The model was re-estimated using both min—max and z-score nor+
malization. The relative efficiency rankings of the 32 centers remained largely consistent across
normalization methods, confirming that the results are not driven by the scale of the raw data.

(ii) Model specification. A comparison with a conventional two-stage VRS DEA model
(without HD technology) revealed that the proposed HD model yields more conservative and
realistic efficiency estimates, particularly for centers with structurally interdependent inputs
and outputs. This is consistent with the theoretical expectation that HD technology—by im;
posing proportionality constraints on weakly disposable variable groups—restricts the feasible
production set and reduces the likelihood of artificially inflated efficiency scores.

(iii) Bootstrap analysis. A bootstrap procedure with B = 1,000 resamples was applied

to construct 95% confidence intervals for the efficiency scores. The intervals were narrow for
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Table 8: Intermediate measures data of healthcare centers (HC17-HC32).

Center 27 25 2V 2V 25W W

HC17 353 122 82 17 153 337
HC18 391 276 402 3 95 232
HC19 122 132 171 17 394 121
HC20 201 273 113 21 130 134
HC21 144 144 100 19 412 " 131
HC22 313 467 256 28 251.. 440
HC23 393 192 485 24 441 241
HC24 77 10 322 19 196 315
HC25 314 375 255 5 423 %, 322
HC26 17 56 186 28 38 85
HC27 346 328 3427 26 308 17
HC28 74 425 108 29 151 360
HC29 138/ 423 226 7108 317
HC30 369 283 /49 10 435 354
HC31 429 99 347 5 319 338
HC32 331 216 66 9 495 312

most efficient centers, indicating high statistical reliability, while wider intervals were observed
for HC20, suggesting that its efficiency estimate warrants unit-specific investigation.
These analyses collectively confirm that the reported efficiency scores are robust to alter;

native data scaling and model specification choices.

4.4 Frontier Projections and Managerial Implications

Leveraging the frontier projection formula (9), we derive quantifiable improvement targets for]
each inefficient center. The following cases are illustrative.

HC20 (fTHP = 0.3904). This center exhibits the most severe overall inefficiency, at:
tributable primarily to Stage 1. In Stage 1, it must increase the number of outpatients (z{

by approximately 156 percent and the number of diagnostic procedures (25 ) by approximately

98 percent, suggesting severe underutilization of available clinical staff and diagnostic equips
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Table 9: Output data of healthcare centers (HC1-HC16).

Center yf 5 ¥ oy W W

HC1 10 38.06 35 21.14 95 35
HC2 73 93.04 114 82.67 229 163
HC3 169 9844 92 §89.72 85 231
HC4 19 16.05 11 2495 43 21
HCS 451 74.14 128 71.01 254 22
HC6 342 7029 96 79.60 1.471 67
HC7 367 8695 31 98.83 485 277
HCS8 32 9893 39 7049 243 239
HC9 392 9032 65 (82.69 445 58
HC10 216 81.09 25 "76.69 262 195
HC11 34 1870 20 29.57 59 34
HC12 495 96.16 179 ~.84.47 267 306
HC13 466 91.793 147 7094 265 272
HC14 371 .80.60 102 9590 117 284
HCI15 53 16.82. 12 21.09 17 11
HC16 353 78.62 172 8538 396 122

ment. In Stage 2, it needs to increase the number of successfully treated patients (yf ) by 161
percent and reduce the average waiting time (y;fV ) by 62 percent, pointing to inefficiencies in
treatment protocols and patient flow management. Recommended interventions include a com
prehensive review of patient scheduling systems, strategic reallocation of MRI/CT and X-ray
machine usage, and targeted campaigns to increase outpatient uptake.

HCI (9P = 0.4022). In Stage 1, HC1 should aim to raise outpatient volume (27) by 58
percent and inpatient admissions (2} ) by 49 percent. In Stage 2, it must increase the hospital
bed turnover rate (y}) by 60 percent and reduce the number of formal complaints (y2"') by
48 percent. Recommended actions include cross-training of nurses and general practitioners
to improve operational flexibility, and the implementation of a structured patient feedback and
complaint resolution system.

HCI1 (THP = 0.9122). Although HC11 is nearly efficient overall and fully efficient in

Stage 1, its Stage-2 deficiency warrants attention. Specifically, it should focus on increasing pa;

tient satisfaction scores (35) by approximately 9 percent and reducing reported medical errors
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Table 10: Output data of healthcare centers (HC17-HC32).

Center yf w5 ¥ oy SV W

HC17 156 74.68 50 99.67 432 130
HC18 259 7295 168 7505 277 217
HC19 20 87.56 113 94.66 379 242
HC20 9 11.26 6 17.03 184 194
HC21 264 90.29 148 83.47 68209
HC22 438 77.53 74 7425 250 85
HC23 399 79.63 9 71.82 77 313
HC24 369 9558 102 9095 469 60
HC25 437 93.61 19 7759 . 336, 201
HC26 15 17.03 7 12,18 145 173
HC27 422 90.20 137 83.97 132 68
HC28 367 81.50 56 83.20 294 202
HC29 193 9185 10 96.84 317 108
HC30 38 18.79 /26 28.78 45 25
HC31 463 71500 63 80.48 448 424
HC32 35 17.00 21 26.00 55 32

y65 W) by approximately 8 percent through targeted clinical governance and quality improve-

ment programs.

4.5 Spearman Rank Correlation Analysis

To assess the consistency of the efficiency rankings across stages, we computed Spearman rank
correlations among the Stage-1, Stage-2, and overall efficiency scores. The results are presented
in Table 12.

The results reveal a very high correlation between Stage-2 and overall efficiency scores
(p = 0.9960, p < 0.01), indicating that overall system performance is predominantly deter;
mined by Stage-2 outcomes—that is, the quality and effectiveness of the clinical care process
The moderate correlation between Stage-1 and overall efficiency (p = 0.4640, p < 0.05

suggests that while diagnostic and resource utilization performance contributes to overall effis
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Table 11: Efficiency scores of 32 healthcare centers under HD technology (bold: inadmissible raw Stage-1 score
corrected by Algorithm 1).

Center TP g2THD  gIUD  Cepeer I-THD g2-THD  gTHD

HC1 0.8199 0.4906 0.4022 HC17 1.0000 1.0000 1.0000
HC2 1.0000 1.0000 1.0000 HC18 1.0000 1.0000 1.0000
HC3 1.0000 1.0000 1.0000 HCI19 1.0000.1.0000 1.0000
HC4 0.9392 0.8920 0.8378 HC20 0.3904 1.0000~ 0.3904
HCsS 1.0000 1.0000 1.0000 HC21 1.0000 1.0000/ 1.0000
HC6 1.0000 1.0000 1.0000 HC22 (1.0000-+1.0000 1.0000
HC7 1.0000 1.0000 1.0000 HC23 1.0000 1.0000 1.0000
HCS8 1.0000 1.0000 1.0000 HC24  1.0000 1.0000 1.0000
HC9 1.0000 1.0000 1.0000 HC25° 1.0000 1.0000 1.0000
HC10 1.0000 1.0000 1.0000/ HC26 0.8579 1.0000 0.8579
HC11 1.0000 0.9122 0.9122 HC27 1.0000 1.0000 1.0000
HC12 1.0000 1.00001.0000 HC28 = 1.0000 1.0000 1.0000
HC13  1.0000 1.0000 1.0000 HC29 1.0000 1.0000 1.0000
HC14 1.0000 1.0000° 1.0000 HC30 0.9347 0.7601 0.7105
HC15 1.0000 1.0000 1.0000 HC31 1.0000 1.0000 1.0000
HC16 1.0000 1.0000 1.0000¢ HC32 0.9366 0.8261 0.7737

ciency, it is a less dominant driver than Stage-2 performance. The relatively low Stage-1/Stage;
2 correlation (p,/= 0.4740, p < 0.01) confirms that the two stages capture structurally distinct
dimensions of healthcare production, underscoring the importance of the two-stage decompo-

sition for meaningful performance diagnosis.

5 Limited Discriminating Power and Super-Efficiency Extension

5.1 The Discriminating Power Problem Under HD Technology

A well-known consequence of adopting more flexible production technologies in DEA is a

reduction in discriminating power: as the feasible production set expands, more DMUs are pro;

jected onto the frontier and declared efficient. Since HD technology is a proper subset of VRS
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Figure 2: Comparison of stage-level and overall efficiency scores across 32 Iranian healthcare centers.

Table 12: Spearman rank correlations among Stage-1, Stage-2, and overall efficiency scores for 32 healthcare

Stage 1 Stage 2 Overall

Stage I  Correlation coefficient ~ 1.0000 0.4740™"  0.9960™

Sig. (two-tailed) 0.0090  0.0110

N 32 32 32

Stage 2 Correlation coefficient 0.4740""  1.0000 0.9960"

Sig. (two-tailed) 0.0090 0.0000

N 32 32 32

Overall Correlation coefficient  0.4640"  0.9960 1.0000
Sig. (two-tailed) 0.0110 0.0000

N 32 32 32

*Significant at the 0.05 level (two-tailed). " Significant at the 0.01 level (two-tailed).
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technology—it imposes additional proportionality constraints on weakly disposable variable
groups—the HD production possibility set is contained within the VRS set. As a result, efti;
ciency scores under HD technology are always greater than or equal to their VRS counterparts
and the number of efficient units under HD is at least as large as under VRS. In the present
application, 25 out of 32 healthcare centers (78%) are declared fully efficient under HD tech
nology, which limits the ability of the model to discriminate among top-performing centers and

to produce a meaningful performance ranking.

Two complementary strategies are employed to address this limitation: variable selection
based on pairwise correlation analysis, and a super-efficiency extension of the HD model.

5.2 Variable Selection via Correlation Analysis

Highly correlated input, intermediate, or output variables introduce redundancy into the DEA
model and inflate the number of efficient DMUs by effectively granting additional degrees
of freedom to the multiplier weights. To identify and remove such redundant variables, we
computed the Pearson correlation matrix among all 18 variables (6 inputs, 6 intermediate mea
sures, 6 outputs). Variable pairs exhibiting a correlation coefficient exceeding |r| = 0.85 were
flagged as candidates for removal, with the less theoretically relevant variable in each pair being
dropped from the model. This step yielded'a more parsimonious model specification that retaing
the essential structure of the two-stage network while reducing collinearity-driven inflation of

the efficient frontier.

5.3 Super-Efficiency Model Under HD Technology

To rank the 25/centers identified as. efficient under HD technology, we extend Model (2) to a
isuper-efficiency formulation. In standard DEA, the super-efficiency model excludes the DMU|
under evaluation from the reference set, thereby allowing its efficiency score to exceed unity

and providing a continuous ranking among otherwise indistinguishable efficient units Ref1.

The super-efficiency envelopment model under HD technology for DMU,, is obtained from
Model (2) by replacing the constraints that involve DMU,, in the reference set with the restricted
summation Z?Zl j0» While retaining the HD disposability structure for all remaining DMUs

Formally, the super-efficiency model is:

SE
o

3\ 1 1 1 32 2
NSRS AT R Y

2 NSE n2=SE
S UTU
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For DMUs that are HD-inefficient, Model (10) returns the same score as Model (2) (i.e.
65F < 1). For HD-efficient DMUs, it returns a super-efficiency score #5E > 1, with higher val;
ues indicating greater distance from the frontier formed by all temaining peers. The corrective
IAlgorithm 1 applies to Model (10) in exactly the same manner as to Model (2): if the resulting
Stage-1 score exceeds unity in an inadmissible sense (i.e., the overall score is below Stage-2
score), the correction procedure is applied.

Definition 4. Among all HD-efficient DMUs, DMU,, dominates DMUj, if 65F > H_EE. The
super-efficiency scores from Model (10) thus induce a complete ranking of all efficient units
complementing the binary classification of Model (2).

Together, the correlation-based variable selection and the super-efficiency extension restore
meaningful discriminating power to the HD framework, enabling both a refined ranking of top;

performing centers and a more parsimonious model structure for practical deployment.

6 Conclusion

This paper addressed two fundamental and interrelated limitations of existing two-stage netj
work DEA models under variable returns to scale. The first is the theoretical inconsistency|
between efficiency score decomposition and frontier projection, which arises from synergistic
scale effects across stages and undermines both the interpretability and the practical validity of
standard models. The second is the universal assumption of strong disposability, which is opera;
tionally unrealistic in multi-stage production systems where inputs, intermediate measures, and
outputs are structurally or statistically interdependent—as is common in healthcare, education
and financial services. To resolve both issues simultaneously, we developed a novel two-stage
network DEA model under hybrid disposability (HD) technology, extending the selective dis;
posability framework of Mehdiloo and Podinovski [23] from single-stage to two-stage network]

settings. The proposed model accommodates selective strong and weak disposability for sub;

sets of closely related variables within and across stages. We formally established consistency
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between efficiency score decomposition and frontier projection under HD technology, proved
dual equivalence between the envelopment and multiplier forms, and demonstrated that the re;
sulting projections are Pareto-efficient. A corrective two-step algorithm was proposed to handle
cases in which the raw Stage-1 efficiency score exceeds unity—a condition that is theoretically]
inadmissible under VRS—and its finite convergence and uniqueness were established. The
practical relevance of the framework was demonstrated through an empirical application to 32
Iranian healthcare centers. The two-stage network structure captures the sequential nature of]
healthcare delivery: Stage 1 transforms human, capital, and financial resources into intermedi;
ate clinical outputs, while Stage 2 converts these intermediates into final health outcomes. The
HD classification of variables—with MRI/CT devices and ultrasound/X-ray machines grouped
as jointly weakly disposable, and pharmaceutical and operational expenditures as selectively
disposable—yields efficiency scores and frontier projections that are both theoretically sound
and managerially actionable. The stage-level decomposition revealed that overall inefficiency
in HC1 and HC20 is driven primarily by Stage-1 resource underutilization, whereas HC30 and
HC32 suffer from inefficiencies in both stages. Spearman rank correlations confirmed that
overall performance is predominantly determined by Stage-2 outcomes, underscoring the critiy
cal importance of clinical care quality as the primary driver of healthcare system efficiency.

ILimitations

Despite its contributions, the proposed framework has several limitations that should be ac+
knowledged.

(i) Classification of disposability groups. The assignment of variables to strong, weak, of]
selective disposability subsets requires domain expertise and is subject to judgment. In thig
study, classifications were guided by the operational logic of healthcare systems, but a system
atic sensitivity analysis with respect to alternative variable groupings would further strengthen

the findings.

(ii) Deterministic setting. The model is formulated under deterministic conditions. In prac+
tice, input and output data in healthcare systems are often subject to measurement error, missing
observations, and stochastic variation. Efficiency estimates derived from noisy data may be less

reliable, particularly for centers near the efficient frontier.

(iii) Cross-sectional analysis. Efficiency evaluations are conducted at a single point in time
and do not account for productivity change over multiple periods. Dynamic efficiency trends

and Malmquist-type productivity indices are therefore outside the scope of the current model.

(iv) Generalizability. The empirical findings are based on 32 Iranian healthcare centers

While the theoretical framework is fully general, the specific efficiency estimates and improves
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ment targets may not generalize directly to healthcare systems operating in different institu

tional, regulatory, or cultural contexts.

Directions for Future Research

Several promising avenues for future research emerge from this work.

Dynamic network DEA under HD technology. Embedding the HD framework into dynamic
network DEA models would enable the analysis of intertemporal efficiency change and pro-
ductivity growth through Malmquist-type indices, capturing carry-over effects of intermediate

variables across periods.

Parallel and mixed network structures. Many real-world organizations operate with stages
that function concurrently rather than sequentially.<Extending the HD framework to parallel
and mixed network topologies—where some stages share inputs or outputs—would broaden its

applicability to multi-departmental hospitals, universities, and financial institutions.

Stochastic and robust formulations. Integrating stochastic programming or robust optimizas
tion techniques into the HD model would provide efficiency estimates that are more reliable un
der data uncertainty, enabling risk-adjusted performance benchmarking in environments with

imperfect or incomplete information.

Non-radial and directional distance functions. Combining HD technology with slacks;
based measures (SBM) or directional distance functions (DDF) would allow simultaneous and
non-proportional adjustment of all inputs and outputs, offering richer performance assessments

that are not constrained by radial contraction paths.

Data-driven disposability classification. Future work may explore machine learning or data;
driven approaches—such as clustering, graphical lasso, or copula-based dependence modeling—-
to automate the identification of disposability structures for large-scale datasets, reducing de

pendence on expert judgment and enhancing the scalability of the HD framework.
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