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1 Introduction

The differential Riccati equation (DRE) is a nonlinear matrix differential equation that appears
in many areas of control and estimation theory [1, 17]. Such problems become particularly
challenging in large-scale or ill-conditioned settings arising in modern control applications [8].
A general continuous-time DRE can be expressed as{

Ẋ(t) = AT X(t) +X(t)A−X(t)BR−1BT X(t) +Q,

X(t0) = X0, t ∈ [t0, tf ],
(1)

where A ∈ Rn×n is large, sparse, and nonsingular; B ∈ Rn×s has full rank with s ≪ n;
R ∈ Rs×s is symmetric positive definite; and Q ∈ Rn×n is symmetric positive semidefinite.
The initial condition X0 is a given low-rank symmetric matrix.

Several numerical schemes have been developed for the efficient integration of (1). Early
efforts employed implicit Runge–Kutta methods—known to preserve key structure and behave
well for stiff problems in this context [11]—and later widely used BDF discretizations for DREs
[2, 3]. Although these methods are accurate, the large matrix operations required at each step
make them impractical for high-dimensional systems. To overcome this difficulty, projection-
based and low-rank techniques were introduced, taking advantage of the fact that the DRE
solution often has low numerical rank. Representative examples include the low-rank Alternat-
ing Direction Implicit (LR–ADI) method and the family of Krylov subspace projection methods
[4, 5, 13, 21], which achieve high efficiency for both algebraic and differential Riccati equations.
A recent review on numerical methods for large-scale low-rank differential matrix equations is
provided in [15]. More recently, learning-based approaches have been proposed to enhance it-
erative solvers and preconditioning strategies, including neural preconditioners and data-driven
Krylov methods [9, 10, 18].

Within this context, the Extended Block Arnoldi–Backward Differentiation Formula (EBA–
BDF) method [14] provides a projection-based integrator that combines an extended Krylov
subspace with a BDF discretization to obtain low-rank approximations. Its numerical stability
and efficiency are well established. However, the choice of the Krylov subspace dimensionm
remains a practical parameter that directly controls the balance between computational cost and
approximation accuracy.

In typical implementations,m is selected through empirical tuning or repeated solver runs.
This trial-and-error process becomes increasingly expensive for large-scale problems, where
each additional Arnoldi step contributes to both memory usage and orthogonalization cost. Au-
tomating this choice is therefore not only a matter of convenience, but also a way to reduce
unnecessary computational overhead.

Previous studies on adaptivity in Krylov solvers have mainly focused on a posteriorimech-
anisms that adjust the subspace dimension during the iteration. Examples include adaptive
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rational Krylov methods [13] and residual-based restart strategies that dynamically expand or
restart the subspace. Related approaches include learning-based techniques for improving iter-
ative solvers, such as neural preconditioning methods [16]. In contrast, estimating a suitable
subspace dimension before integration begins provides a complementary perspective. An ac-
curate a priori estimate can reduce over-iteration and improve solver initialization, particularly
in settings where repeated simulations are required.

To address this limitation, we introduce a lightweight data-driven pre-solver that predicts
the Krylov subspace dimension prior to integration. The predictive component operates inde-
pendently of the numerical solver and does not modify the EBA–BDF algorithm itself. Instead,
it provides an informed initial value form based on operator descriptors, allowing the projection
process to start closer to an efficient regime.

The framework focuses on estimating the Krylov subspace dimension before the integration
stage, rather than adjusting it during the iteration. This perspective complements existing adap-
tive Krylov methods by shifting part of the computational effort to an offline prediction step.
In this way, unnecessary subspace expansions can be avoided when a suitable initial dimension
is available.

To the best of our knowledge, the a priori prediction of the Krylov subspace dimension has
not been studied specifically in the context of the EBA–BDF low-rank integrator. Existing ap-
proaches either adapt the subspace dimension during the iteration or attempt to approximate the
solution itself using data-drivenmodels. Here, the learning component is restricted to predicting
the subspace size, while the numerical solver remains unchanged.

The training data are generated from EBA–BDF(2) simulations covering different matrix
sizes, diffusion coefficients, and conditioning levels. Each instance provides descriptors such
as matrix dimension, Frobenius norm, condition number, spectral radius, and solver tolerance.
These quantities are used as input features for a Random Forest regressor [7], which learns the
relationship between operator properties and the required subspace dimension.

The results show that the predictor provides accurate initialization in diffusion-dominated
settings, where Krylov convergence tends to be more regular, while reduced accuracy is ob-
served in convection–reaction regimes with stronger spectral irregularities. This observation
aligns with the theoretical arguments presented in Section 2.1, particularly regarding the depen-
dence of Krylov convergence on spectral structure.

The main contributions are summarized as follows:

• We introduce a learning-assisted framework for estimating the Krylov subspace dimen-
sion in EBA–BDF solvers before integration.

• A dataset of differential Riccati problems is constructed from multiple operator families
with varying spectral characteristics.
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• A Random Forest regression model is trained on physically interpretable features and
evaluated across different regimes.

• The validity domain of the approach is analyzed, showing reduced accuracy for spectrally
irregular operators.

• The predictive component is solver-agnostic and does not alter the numerical core of the
EBA–BDF method.

This approach provides a practical way to initialize projection-based solvers for large-scale
differential matrix equations.

The remainder of the paper is organized as follows. Section 2 reviews the EBA–BDF algo-
rithm and the data-collection process and presents the regression design and feature selection
strategy. Section 3 reports the numerical experiments and evaluates the model under various
spectral regimes. Section 4 discusses strengths and limitations, while Section 5 concludes the
paper and outlines future work.

2 Methodology

2.1 Background on the EBA–BDF Method

The Extended Block Arnoldi–Backward Differentiation Formula (EBA–BDF) method, intro-
duced in [14], combines projection onto an extended block Krylov subspace with an implicit
BDF time integrator. For large-scale differential Riccati equations, where the full matrix so-
lution cannot be formed or stored, this projection structure is what makes the method compu-
tationally viable. Throughout this work, we employ the second-order variant, referred to as
EBA–BDF(2), while the term EBA–BDF is used in the general context without reference to a
specific order.

Consider the differential Riccati equation

Ẋ = AT X +X A−X BR−1BT X +Q, X(t0) = X0.

To enable a low-rank formulation, we assume that Q admits a factorization Q = CT C, where
C ∈ Rs×N , s≪ N , has a small number of rows. In the numerical experiments, we set R = I

for simplicity, and represent the initial condition in factorized form as X0 = Z0 Z
T
0 . Rather

than solving this equation directly in RN×N , the EBA–BDF method seeks an approximation in
the extended Krylov subspace

Ke
m(A,CT ) = span{CT , ACT , . . . , Am−1CT , A−1CT , . . . , A−(m−1)CT }.
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Afterm Arnoldi steps, let Vm denote the orthonormal basis of this subspace and define
Tm = V T

m AVm. The approximate solution takes the form

Xm(t) = Vm Ym(t)V T
m ,

where Ym(t) solves the reduced equation

Ẏm = Tm Ym + Ym T T
m − YmBmBT

m Ym + CT
mCm,

with Bm = V T
m B and Cm = C Vm.

From a computational standpoint, the primary bottleneck is not time integration itself, but
rather the construction and orthogonalization of the Krylov basis. The subspace dimension m

dictates this cost: a value that is too small results in poor approximation accuracy, whereas
an excessively large value inflates both memory requirements and increased orthogonalization
overhead. In large-scale applications, even a slight overestimation ofm can significantly esca-
late runtime — a challenge that motivates the present study.

In typical implementations, m is selected through trial-and-error or adaptive enlargement,
each requiring repeated solver executions. We propose that this overhead can be bypassed: by
obtaining a reliable estimate ofm prior to integration, the solver can be initialized directly at an
efficient subspace dimension. To achieve this, we introduce a data-driven pre-solver that pre-
dictsm based on inexpensive algebraic and spectral descriptors ofA such as its norm, condition
number, and spectral radius.

This predictive layer does not alter the EBA–BDF algorithm itself. All stability and conver-
gence properties of the original method are preserved; the predictor acts solely as an initializa-
tion mechanism. The same idea extends naturally to other projection-based integrators, since
dependence on the Krylov dimension is a structural feature shared across this class of methods.

Theoretical rationale. The rationale for learning m from spectral descriptors rests on three
known properties of Krylov projection methods, which we recall from the literature to motivate
the feature design in Section 2.3.

1. Residual–error relation. Let Xm(t) = VmYm(t)V T
m denote the EBA–BDF approxi-

mation and Em(t) = X(t) − Xm(t) represent the approximation error. According to
Theorem 5.3 in [14], the error Em satisfies the following differential equation:

Ėm = (AT −XBBT )Em + Em(A−BBTX) + EmBBTEm +Rm,

where Rm is the projection residual. For small ∥Em∥, the quadratic term becomes negli-
gible, implying that the evolution of Em is driven primarily by Rm. Consequently, con-
trolling ∥Rm(Tf )∥F serves as a reliable surrogate for the approximation error, justifying
the stopping criterion ∥Rm(Tf )∥F ≤ tol employed in Algorithm 1.
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2. Monotonicity with respect to m. Because the extended Krylov spaces are nested,Ke
m ⊂

Ke
m+1, increasingm cannot degrade the approximation quality [12, 21]:

∥Rm+1(Tf )∥F ≤ ∥Rm(Tf )∥F .

However, the rate of improvement varies considerably across problem regimes, which is
precisely what makesm difficult to predict from a single descriptor.

3. Regime-dependent convergence. When the spectrum of A is well clustered along
the negative real axis—as in diffusion-dominated problems—the residual exhibits near-
geometric decay with respect to m [12]. For convection–reaction dominated systems,
nonnormal effects produce less regular convergence, and matrices with similar global de-
scriptors may require markedly different Krylov dimensions [21]. This observation is the
key motivation for our approach: sincem cannot be inferred from a single scalar such as
∥A∥F or ρ(A), a richer feature representation capturing spectral clustering, conditioning,
and nonnormality jointly is needed.

Note that if mpred ≥ mtrue, the stopping criterion is met without restarts; the predictor
should therefore be understood as a tool for reducing adaptive corrections, not as a replacement
for the underlying solver.

Remark. The descriptors used here characterize A alone. In principle, the Riccati dynamics
— particularly the quadratic term — can also influence the effective spectral properties gov-
erning convergence. Incorporating such problem-specific information represents a promising
direction for improving predictive accuracy in nonnormal and strongly nonlinear regimes.

2.2 Data Generation and System Characterization

The dataset is constructed by running the EBA–BDF(2) solver on a collection of differential
Riccati systems under varying configurations. For each run, the minimal number of Arnoldi
iterations m required to satisfy the stopping criterion is recorded as the target variable. In
the numerical setting, n0 denotes the number of grid points along each spatial dimension and
N = n2

0 the total system dimension, so that A ∈ RN×N ; this corresponds to the variable n

used in the general formulation of Section 1.
Rather than working with random matrices, we deliberately focus on two physically moti-

vated operator classes: (i) convection–diffusion–reaction systems and (ii) diffusion-dominated
systems. This choice is driven by the fact that these two classes exhibit fundamentally different
spectral structures — well-clustered spectra in the diffusion-dominated case versus nonnormal,
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irregularly distributed spectra in the convection–reaction case —which in turn produce qualita-
tively different Krylov convergence behavior. Covering both regimes ensures that the training
data reflects the full range of difficulty the predictor is expected to handle.

Within each class, spatially varying coefficients are defined using constant, oscillatory, or
linear profiles, and the resulting operators are discretized by second-order finite differences.
Low-rank factors B ∈ RN×s and C ∈ Rs×N , s ≪ N , are generated with fixed random seeds
to ensure reproducibility.

For each configuration, the following descriptors are recorded: grid resolution n0, time step
h, tolerance tol, Frobenius norm ∥A∥F , condition number κ(A), spectral radius ρ(A), and the
resulting Krylov dimension m. The variable PDE_ID is a categorical indicator encoding the
operator class (diffusion-dominated or convection–reaction). The spectral radius and condition
number directly govern convergence rate, while ∥A∥F captures overall operator scaling — to-
gether they provide the information that classical Krylov theory identifies as most relevant to
subspace size selection.

The dataset comprises approximately one hundred instances. Although modest in size, each
sample corresponds to a complete large-scale Riccati solve; the dataset is therefore better un-
derstood as a structured collection of numerical experiments than as a conventional statistical
sample. This distinction matters for how generalization should be interpreted: the model is
not interpolating between random draws, but extrapolating across physically distinct problem
regimes.

The train–test split reflects this structure. Rather than a random partition, we use disjoint
parameter configurations: the test set contains combinations of (h, tol) and grid sizes n0 that are
entirely absent from training. This design deliberately forces the model to generalize across dis-
cretization regimes, providing a more demanding and meaningful evaluation than interpolation-
based splits would allow.

Data sampling. Two representative subsets are used in the experiments:

1. Diffusion-dominated systems:

n0 ∈ {30, 40, . . . , 100}, h ∈ {5× 10−3, 2× 10−3, 1× 10−2}, tol ∈ {10−5, 10−6}.

2. Convection–reaction systems:

n0 ∈ {30, 50, 70, 80, 100}, h ∈ {5× 10−3, 1× 10−2}, tol ∈ {10−5, 10−6}.

These ranges span both moderate and relatively stiff regimes, ensuring coverage of the spectral
scaling and discretization granularity relevant to practical large-scale problems.
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Remark on offline training. All generated systems are used exclusively for training. This
offline supervised setup is well-suited to benchmark studies and repeated simulations over a
fixed problem family. Its main limitation is the assumption that the training distribution is
representative: in time-varying settings such as moving-horizon control with drifting dynamics,
the learned mapping may no longer be reliable, and a lightweight online adaptation layer would
be needed. We discuss this direction further in Section 5.

Algorithm 1 Data generation for learning-assisted Krylov iteration prediction

Input: Operator families F ; grid resolutions N ; step sizes H; tolerances T ; maxi-
mum Krylov dimensionmmax; random seeds.

Output: Dataset D of pairs (x, mtrue).

1. Initialize D ← ∅.

2. For each F ∈ F and n0 ∈ N :

a. Construct A and generate low-rank factors B, C.

b. For each (h, tol) ∈ H × T :

i. Compute the feature vector

x =
(
n0, h, tol, ∥A∥F , κ(A), ρ(A), PDE_ID

)
.

ii. Run EBA–BDF(2); incrementm until

∥Rm(Tf )∥F ≤ tol or m = mmax.

iii. Setmtrue ← m.

iv. Append (x, mtrue) to D.

3. Standardize features (see Section 2.4) and finalize D .

Figure 1 summarizes the three-stage workflow of the proposed framework and clarifies
how the learning component interacts with the numerical solver. In the first stage, spectral
and discretization-based descriptors are extracted from A before any integration is performed.
These features are then passed to the trained RandomForest regressor, which outputs a predicted
subspace dimensionmpred. In the final stage, this prediction is used to initialize the EBA–BDF
solver directly, bypassing the trial-and-error phase that would otherwise be required.
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Feature Extraction
n0, h, tol, ∥A∥F , κ(A), ρ(A)

Random Forest
Regressor

Predicted Dimension
mpred

EBA–BDF Solver
initialized withmpred

features output

initialize
Spectral & discretization

properties of A

Figure 1: Workflow of the learning-assisted prediction framework: spectral and discretization features are ex-
tracted from A, passed to the Random Forest regressor, and the predicted Krylov dimensionmpred is used to initial-
ize the EBA–BDF solver.

2.3 Feature Extraction and Target Definition

The target variable for the regression model is the number of Arnoldi iterationsm required by
EBA–BDF(2) to satisfy the convergence criterion. All remaining descriptors extracted from
each simulation are treated as input features. The feature set is not constructed exhaustively;
instead, we focus on quantities that are inexpensive to compute prior to integration and that bear
a direct connection to classical Krylov convergence theory.

Basic parameters. The grid resolution n0, time step h, and tolerance tol encode the discretiza-
tion level and accuracy requirement. These variables are included because m is empirically
sensitive to both: finer tolerances systematically require larger subspaces, and coarser grids
may alter the spectral scaling of A in ways that affect convergence.

Spectral descriptors. To characterize the operator, we include the Frobenius norm ∥A∥F , the
induced 1- and∞-norms, the spectral radius ρ(A), the condition number κ(A), and the trace
of A. These quantities capture complementary aspects of spectral structure: ∥A∥F and ρ(A)

reflect overall scale, κ(A)measures sensitivity to perturbations, and the trace provides a coarse
summary of eigenvalue distribution.

We also include composite featuresN ρ(A), ρ(A)/κ(A), and ∥A∥F /N , which encode inter-
actions between problem size and spectral scaling, whereN = n2

0 is the total system dimension.
These combinations are motivated by classical Krylov convergence bounds [6, 20], which re-
late the required subspace dimension to the spectral distribution of A: quantities closely linked
to eigenvalue clustering — such as spectral radius, conditioning, and operator scaling — are
precisely those that govern residual decay rates in projection-based solvers.

Nonnormality. Spectral scale alone does not fully determine convergence behavior. Matrices
with similar norms may exhibit markedly different Krylov convergence due to nonnormality, a
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phenomenon well documented in convection-dominated problems [21]. To capture this effect,
we include the indicator

ηA =
∥ATA−AAT ∥F

∥A∥2F
,

whichmeasures deviation from normality and serves as a proxy for eigenvector non-orthogonality.
In our experiments, ηA is systematically larger for convection–reaction operators and correlates
with the cases wherem is hardest to predict — confirming that nonnormality captures transient
effects not explained by eigenvalues alone. Table 1 reports representative values for each oper-
ator family.

Table 1: Representative values of the nonnormality indicator ηA for each operator family.

Family Operator n0 N ηA

Example 1 Diffusion-dominated 40 1600 4.74× 10−4

60 3600 1.62× 10−4

80 6400 7.38× 10−5

Example 2 Convection–reaction 30 900 1.01× 10−3

50 2500 3.59× 10−4

70 4900 1.74× 10−4

Sparsity. A sparsity measure — the fraction of zero entries in A — is included to reflect
discretization structure. While its direct influence on m is secondary compared to spectral de-
scriptors, it helps the model distinguish between operator families with different stencil patterns,
particularly at coarser resolutions where sparsity levels vary more noticeably.

Feature selection. The final feature set is determined through a combination of correlation
analysis and permutation-based importance measures. This step removes redundant descriptors
and stabilizes the learning process — a necessary precaution given the moderate dataset size.
The retained features collectively allow the model to distinguish between diffusion-dominated
and convection–reaction regimes and to generalize across variations in discretization parame-
ters and problem size.

Physics-informed convergence proxy. Beyond global descriptors, we adopt a residual-decay
perspective to further ground the feature set in Krylov theory. In projection-based solvers, the
required subspace dimension is directly linked to how rapidly the projected residual decreases
with m: operators with well-clustered spectra yield fast, near-geometric decay, while nonnor-
mal operators produce slower and less predictable reduction [20]. The selected features —
particularly ρ(A), κ(A), and ηA — jointly encode the factors that govern this decay, providing
a physically grounded basis for the regression task.
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2.4 Preprocessing and Regression Setup

All input features are standardized to zero mean and unit variance prior to training. This step
is necessary because the selected descriptors span several orders of magnitude — for instance,
κ(A) can reach 106 while ηA remains close to zero — and without normalization the learning
process would be dominated by large-magnitude features regardless of their predictive rele-
vance.

The target variable m is treated as continuous during training and rounded to the nearest
integer at evaluation. Model performance is assessed using the coefficient of determination
(R2) and the mean absolute error (MAE). We additionally report Acc(|∆m| ≤ 1),∆m =

mpred −mtrue, the proportion of predictions deviating by at most one iteration from the ref-
erence. This tolerance-based metric is practically meaningful: a one-step deviation in m has
negligible impact on solver efficiency, whereas larger errors can trigger unnecessary subspace
growth or premature termination.

Model selection. We compared three candidate models — linear regression, shallow neural
networks, and Random Forests — on a held-out validation subset. Linear regression failed
to capture the nonlinear interactions between spectral descriptors and m, particularly in the
convection–reaction regime. Shallow neural networks were sensitive to initialization and hy-
perparameter choice, producing unstable results at the available dataset size of approximately
100 instances. Random Forests, by contrast, handled nonlinear feature interactions robustly,
required minimal tuning, and provided interpretable feature-importance scores that could be
linked back to Krylov convergence theory. We therefore adopt the Random Forest regressor
implemented in Scikit-learn [19].

The iteration count m is kept in its original scale. Normalizing m with respect to N was
tested but found to obscure the direct relationship between conditioning, tolerance, and sub-
space size, making the model harder to interpret and validate against theoretical expectations.

Train–test separation. The split strategy is designed to assess genuine generalization rather
than interpolation. Training and test sets are constructed from disjoint combinations of (h, tol)
and grid sizes n0: the model is never evaluated on parameter combinations it has seen during
training. This is a stricter requirement than a random split, and reflects the intended deployment
scenario where m must be predicted for problem configurations that differ from those used to
build the dataset.

Generalization is evaluated on two test sets, with deterministic EBA–BDF(2) solutions serv-
ing as reference values:

• Test Set 1 (convection–diffusion; unseen (h, tol)).
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(h = 8× 10−3, tol = 2.5× 10−6), n0 ∈ {40, 60, 80, 100},

and
(h = 3× 10−3, tol = 4× 10−6), n0 ∈ {30, 50, 70, 100}.

• Test Set 2 (convection–reaction; unseen grid sizes).

(h = 5× 10−3, tol = 10−5) with n0 ∈ {40, 60, 90}.

3 Training and Computational Setup

All experiments were conducted on a standard workstation (Intel Core i7 CPU, 24 GB RAM)
running Python 3.11 with the scikit-learn library [19]. The training phase of the Random
Forest regressor required only a few seconds compared to the runtime of the deterministic EBA–
BDF(2) integrations, indicating that the additional cost of the learning component is small.

Throughout the experiments, the Krylov subspace dimension is denoted by m. The refer-
ence valuemtrue corresponds to the number of Arnoldi iterations obtained from the deterministic
solver, whilempred denotes the predicted value.

3.1 Example 1. Variable-Coefficient Convection–Diffusion–Reaction Riccati Problem

This benchmark considers a two-dimensional convection–diffusion–reaction system with spa-
tially varying convection terms, designed to evaluate the robustness and generalization capa-
bility of the proposed framework. The continuous model is governed by a variable-coefficient
convection–diffusion operator defined on the unit square Ω = (0, 1)2:

∂t x(t, ξ) = ν∆x− αx+ β(ξ) · ∇x+ b(ξ)T u(t), x|∂Ω = 0, (2)

where ξ = (ξ1, ξ2), ν = 10−2 is the diffusion coefficient, and α = 5 is the reaction
rate. Here u(t) = [u1(t), u2(t)]

T ∈ R2 and b(ξ) = [b1(ξ), b2(ξ)]
T denote the control input

and the spatial actuator profiles, respectively. The divergence-free convection field β(ξ) =

[β1(ξ), β2(ξ)]
T is defined as

β1(ξ) = sin(πξ1) cos(πξ2), β2(ξ) = cos(πξ1) sin(πξ2),

which vanishes on the boundary. This choice is consistent with the imposed homogeneous
Dirichlet boundary conditions and avoids artificial boundary layers.
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A second-order finite-difference discretization on a uniform grid of size n0 × n0 yields a
sparse systemmatrixA ∈ RN×N , where the total system dimension isN = n2

0. The discretized
operator takes the form

A = νL+Dβ − αI,

where L denotes the discrete Laplacian andDβ represents a finite-difference approximation of
the convective term, implemented consistently with the moderate advection regime considered
here. The low-rank input and output matrices are B ∈ RN×2 and C ∈ R2×N , chosen with
Gaussian random entries to generate representative control and observation directions. The
spatial discretization leads to a linear time-invariant system of the form

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t),

from which the associated differential Riccati equation is obtained.
This leads to the differential Riccati equation

Ẋ(t) = ATX(t) +X(t)A−X(t)BBTX(t) + CTC, X(0) = Z0 Z
T
0 ,

where Z0 ∈ RN×r. This equation was integrated over t ∈ [0, 1] using the low-rank EBA–
BDF(2) method. For each grid resolution, deterministic solutions were computed for multiple
timestep (h) and tolerance (tol) combinations, forming the supervised dataset used to train the
regression model.

Generalization performance. The model is evaluated on previously unseen parameter com-
binations (h, tol) = (8 × 10−3, 2.5 × 10−6). Table 2 compares deterministic and predicted
subspace dimensions.

The predicted values closely match the deterministic references across all matrix sizes,
achieving R2 = 0.9856 and MAE = 4.5 iterations. Notably, the predictor adapts to changes
in both matrix size and discretization parameters without requiring problem-specific tuning,
suggesting that the learned mapping captures the dominant spectral factors governingm.

Table 2: Comparison of deterministic and predicted Krylov subspace dimensions under generalization parameters
(h = 8× 10−3, tol = 2.5× 10−6).

Matrix Size (N ) mtrue mpred Ttrue (s)
1600 (40× 40) 148 152.92 264.69
3600 (60× 60) 60 65.24 12.87
6400 (80× 80) 60 64.00 15.50
10000 (100× 100) 60 64.00 15.63
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Figure 2: Parity plot of predicted and true Krylov subspace dimensions under (h = 8×10−3, tol = 2.5×10−6).

Computational efficiency. The prediction time is approximately 50ms, which is negligible
compared to the deterministic solver runtime, confirming that the learning component intro-
duces no significant computational overhead.

To further assess robustness under stricter solver parameters, a second experiment was con-
ducted with (h, tol) = (3× 10−3, 4× 10−6). Table 3 reports the corresponding results.

Table 3: Comparison of deterministic and predicted Krylov subspace dimensions under (h = 3 × 10−3, tol =
4× 10−6).

Matrix Size (N ) mtrue mpred Ttrue (s)
900 (30× 30) 236 255.48 3334.39
2500 (50× 50) 68 75.44 53.49
4900 (70× 70) 56 60.48 28.13
10000 (100× 100) 60 64.00 34.89

This apparent inconsistency is explained by the fact that, for the smallest grid (30 × 30),
the required Krylov dimension is relatively large compared to the system size (m/N ≈ 0.26),
placing this case outside the low-rank regime where EBA–BDF operates most efficiently. This
effect is specific to low-dimensional settings, where the EBA–BDF method operates outside its
optimal regime.

The predictive accuracy remains comparable under stricter discretization parameters, with
R2 = 0.9795 and MAE = 3.25 iterations. We observe that the model generalizes consis-
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tently across previously unseen parameter settings, suggesting that the learned mapping is not
restricted to specific discretization regimes.

Figure 3: Parity plot of predicted (mpred) and true (mtrue) Krylov subspace dimensions under h = 3×10−3, tol =
4× 10−6.

Across both parameter regimes, the predictor maintains R2 > 0.97, confirming that the
learned mapping between spectral descriptors and m remains stable under parameter changes
— including strictly unseen discretization settings.

3.2 Example 2. Two-Dimensional Convection–Diffusion–Reaction Riccati Problem

This example considers a two-dimensional convection–diffusion–reaction system in which ad-
vection dominates the dynamics, leading to a more challenging spectral structure for Krylov-
based solvers. Although a weak diffusion term is present, the spectral behavior is primarily
governed by the interplay between reaction and persistent convective drift, leading to moder-
ately stiff dynamics and nonnormal operator behavior.

The governing PDE is defined on the unit square Ω = (0, 1)2 as

∂tx(t, ξ) = ε∆x− αx+ β · ∇x+ b(ξ)Tu(t), x(t, ξ)|∂Ω = 0, (3)

where ξ = (ξ1, ξ2) ∈ Ω,∆ = ∂ξ1ξ1+∂ξ2ξ2 is the Laplacian, and∇ = [∂ξ1 , ∂ξ2 ]
T is the gradient

operator. The output functional is defined as

y(t) =

∫Ω c1(ξ)x(t, ξ) dξ∫
Ω c2(ξ)x(t, ξ) dξ

 ∈ R2.
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The coefficients are chosen as ε = 10−2 (diffusion), α = 2 (reaction rate), and the con-
vective velocity vector is set to β = (0.5, 0.5)T , representing a diagonal flow. Compared
with Example 1, this configuration maintains the same dimensionality structure but exhibits
increased spectral stiffness due to advection dominance. As a consequence, the resulting sys-
tem matrix exhibits pronounced nonnormality, which is known to slow down and irregularize
Krylov convergence.

A second-order finite-difference discretization on a uniform grid of size n0× n0 yields the
semi-discrete system

ẋ(t) = Ax(t) +B u(t), y(t) = C x(t),

where the state dimension is N = n2
0. The system matrix A = εL+D

up
β − α I combines the

discrete Laplacian L, the upwinded advection operatorDup
β (implemented to ensure stability in

the advection-dominated regime), and the reaction term.
The input matrixB ∈ RN×2 represents point controls located near ξ(1) ≈ (0.25, 0.25) and

ξ(2) ≈ (0.75, 0.75). The output matrix C ∈ R2×N is defined by the discretized spatial weight
functions:

c1(ξ) = sin(πξ1) sin(πξ2),

c2(ξ) = exp
[
−80

(
(ξ1 − 0.5)2 + (ξ2 − 0.5)2

)]
,

representing a spectral mode and a Gaussian window centered at the domain center (0.5, 0.5),
respectively.

The corresponding differential Riccati equation

Ẋ(t) = AT X(t) +X(t)A−X(t)BBT X(t) + CT C, X(0) = Z0 ZT
0 ,

where Z0 ∈ RN×r. This equation was integrated over t ∈ [0, 1] using the low-rank EBA–
BDF(2) method.

Training and Validation Setup. To rigorously evaluate the model’s ability to generalize to
unseen problem dimensions, the training and testing datasets were generated using disjoint sets
of grid resolutions. The supervised training data was constructed from simulations with spatial
grid resolutions n0 ∈ {30, 50, 70, 80, 100}, using timesteps h ∈ {5 × 10−3, 1 × 10−2} and
tolerances tol ∈ {10−5, 10−6}. Each deterministic run required at most mmax = 80 Arnoldi
vectors. The predictive performance was then tested on a separate set of unseen grid sizes
n0 ∈ {40, 60, 65, 75, 90}, which corresponds to matrix dimensions not present in the training
phase.
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Predictive performance. Table 4 reports deterministic and predicted iteration counts for un-
seen grid sizes.

The predicted iteration counts closely follow the deterministic references, with deviations
typically limited to one or two Arnoldi steps. The regression model achieves R2 ≈ 0.74 and
MAE = 1.8.

The reduced accuracy compared to Example 1 is consistent with the increased spectral com-
plexity of the operator. Nevertheless, the predicted subspace dimensions provide a reasonable
initialization for the solver.These findings show that nonnormality and spectral irregularity in-
fluence Krylov convergence, in line with classical theory.

Table 4: Comparison of deterministic and predicted Krylov subspace dimensions for unseen grid resolutions (h =

5× 10−3, tol = 1× 10−5).

Matrix Size (N ) mtrue mpred Ttrue (s)
1600 (40× 40) 28 29 2.82
3600 (60× 60) 28 32 2.97
4225 (65× 65) 32 32 3.22
5625 (75× 75) 32 34 2.97
8100 (90× 90) 40 38 10.72

Prediction time (≈ 50ms) remains negligible compared to the deterministic solver runtime,
confirming that the learning component introduces no significant computational overhead.

4 Results and Discussion

This section evaluates the performance of the proposed learning-assisted framework, in which a
Random Forest regressor is used to estimate the Krylov subspace dimensionm required by the
EBA–BDF(2) integrator. The main objective is to assess whether the predicted values provide
a reliable and practically useful initialization across different problem settings.

4.1 Predictive Accuracy and Generalization

Across all benchmark problems, the predicted iteration counts closely match the deterministic
references and follow the same scaling with respect to problem size. The close match across
both examples confirms that the model identifies the dominant factors governingm.

For the diffusion-dominated configurations of Example 1, high accuracy is obtained (R2 =

0.9856), and remains stable under more restrictive solver parameters (R2 = 0.9795). From a
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practical standpoint, this level of accuracy is sufficient, since small deviations in m have only
a marginal impact on the overall computational cost.

In the convection–reaction setting of Example 2, the predictive accuracy decreases (R2 ≈
0.79), reflecting the increased spectral complexity and stronger nonnormality of the operator.
In this regime, Krylov convergence becomes less regular and cannot be fully characterized by
global spectral descriptors alone.

Nevertheless, the predicted dimensions provide a reasonable solver initialization — an out-
come that reflects the well-known sensitivity of Krylov convergence to nonnormality and spec-
tral irregularity.

To assess generalization, the model is evaluated on discretization parameters and grid sizes
that are not included in the training set. The consistent performance across unseen configura-
tions demonstrates that the learned mapping between spectral descriptors and m generalizes
beyond the training distribution — across both discretization parameters and problem size.

4.2 Convergence Behavior and Efficiency

In all test cases, the residual norm decreases monotonically asm increases, consistent with the
monotonicity property of extended Krylov subspaces. In diffusion-dominated problems, the
observed decay is close to geometric, which aligns with the convergence behavior discussed in
Section 2.1.

The prediction time is approximately 50ms, which is negligible compared to the determin-
istic solver runtime.

Since the prediction time is negligible compared to the solver runtime, the additional over-
head of the learning component remains minimal.

4.3 Feature Analysis and Physical Interpretation

Feature-importance analysis indicates that the prediction ofm is primarily influenced by spec-
tral and conditioning-related quantities of the matrix A, such as ∥A∥F , ρ(A), and κ(A), while
discretization parameters (h, tol, n0) play a secondary role.

This observation is consistent with classical Krylov theory, where spectral scaling and
conditioning determine how efficiently the subspace captures the dominant system dynamics.
Diffusion-dominated operators, which exhibit smoother spectra, typically require smaller sub-
spaces, whereas convection–reaction systems tend to require larger values ofm due to increased
nonnormal effects.
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The alignment between the learned feature ranking and classical Krylov theory is not co-
incidental: the model assigns highest importance to precisely those quantities — ∥A∥F , ρ(A),
κ(A) — that analytical convergence bounds identify as primary drivers of subspace growth,
effectively acting as a nonlinear surrogate for classical convergence theory without requiring
problem-specific calibration.

Limitations. The proposed approach relies on global spectral descriptors of the matrix A.
While these quantities are effective in diffusion-dominated settings, they may fail to capture
localized spectral features and transient growth phenomena that arise in strongly nonnormal
operators.

This limitation becomes particularly evident in the convection–reaction regime of Exam-
ple 2, where matrices with similar spectral descriptors require different Krylov dimensions due
to increased nonnormality — for instance, in Example 2, the 60 × 60 and 90 × 90 grids share
similar ρ(A) values yet require mtrue = 28 and mtrue = 40, respectively. Such discrepancies
highlight the influence of nonnormality beyond what is captured by global descriptors.

In such settings, the relationship between spectral descriptors and the required Krylov di-
mension may change over time, which in turn limits the reliability of a purely static offline
predictor.

In addition, the current framework is based on an offline supervised learning setup, where
the training data is generated from a predefined family of problems. While suitable for re-
peated simulations, this limits applicability in scenarios where system parameters evolve over
time, such as moving-horizon control problems with time-varying dynamics. In such cases, a
lightweight online or adaptive learning mechanism would be required.

Finally, the model does not explicitly incorporate analytical properties of the Riccati equa-
tion or known error bounds for Krylov approximations. Incorporating such physics-informed
features, for example through classical Krylov error bounds (e.g., see [6, 20]), represents a
promising direction to improve robustness, particularly in stiff or highly nonnormal regimes
where purely data-driven descriptors may be insufficient.

5 Conclusion and Future Work

This work presented a learning-assisted pre-solver for estimating the Krylov subspace dimen-
sion m required by low-rank EBA–BDF integrators prior to time integration. The central con-
tribution is the demonstration that m can be reliably inferred from a compact set of spectral
and algebraic descriptors — namely spectral radius, conditioning number, and degree of non-
normality — whose relevance is firmly grounded in classical Krylov convergence theory. In
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diffusion-dominated regimes, the proposed predictor attains R2 > 0.97, while predictive accu-
racy decreases to R2 ≈ 0.79 in convection–reaction settings, where pronounced nonnormality
induces spectral irregularities that global descriptors alone cannot fully resolve.

From a computational standpoint, the offline training cost is incurred once. Thereafter, pre-
dictions introduce negligible overhead (≈ 50ms), confirming that the learning component adds
no significant computational cost.The primary benefit is the automation of subspace dimension
selection: the predictor eliminates the need for manual tuning ofmmax, providing an informed
initialization without requiring repeated solver runs.The numerical core of EBA–BDF remains
unchanged throughout.

A key finding of this study is that classical Krylov convergence theory and data-driven mod-
eling are complementary rather than competing paradigms. The spectral quantities that analyti-
cal bounds identify as the primary drivers of subspace growth coincide with those assigned the
highest importance by the Random Forest model. This alignment provides principled justifica-
tion for physics-informedmachine learning as a viable and interpretable strategy for automating
parameter selection in large-scale matrix equation solvers.

Future Work. Three directions merit further investigation. First, predictive accuracy in
stiff and highly nonnormal regimes could be substantially improved by incorporating physics-
informed features such as the Péclet and Damköhler numbers, which characterize transport- and
reaction-dominated dynamics more precisely than global spectral descriptors. Second, aug-
menting the feature set with residual-based indicators extracted from the early stages of the
Arnoldi process — consistent with classical Krylov error estimates [6, 20] — would enable the
model to refine its predictions using partial solver information, thereby enhancing robustness
without compromising the lightweight character of the framework. Third, and most broadly,
extending the approach toward online adaptation — wherein the predicted m serves as an in-
formed initial estimate that is progressively refined during time integration — would consider-
ably widen its applicability to time-varying settings, including moving-horizon optimal control
problems with drifting system dynamics.
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