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2 Clique and Pell-Lucas Collocation for Volterra—Fredholm Integral Equations

1 Introduction

Integral equations appear pervasively across engineering and the applied sciences. In stochastic
analysis, for instance, stochastic integral equations serve as a natural framework for character:
ising random disturbances [19]. A broad class of problems in mathematical physics admits an|
integral-equation formulation, and it is well known that initial value problems (IVPs) can be
transformed systematically into equivalent integral equations [4]. The rigorous study of such
equations was consolidated during the twentieth century through advances in functional analy;
sis and the calculus of variations [2]; indeed, integral equations of the second kind can be traced
to Liouville’s 1837 treatment of the Sturm—Liouville eigenvalue problem [2].

Because the majority of integral equations with genuine physical content resist closed-form|
analysis, a substantial body of numerical methodology has-developed around them. Costarelli
and Spigler [3] constructed a sigmoidal-function approximation.for-Volterra integral equations
of the second kind, and collocation strategies for integral equations have since been pursued
by numerous researchers [1, 6, 9, 10, 16, 17]. Within the Volterra—Fredholm subclass specifi;
cally, Dhari, et al. [5] employed a linear programming formulation; Negarchi and Nouri [11]
adopted Miintz—Legendre polynomials; Nemati [13] developed a Legendre collocation scheme;
and Wang and Wang [18] proposed-a Lagrange collocation approach. Amin et al. [14] applied
the Haar wavelet method to the same class of equations. More recently, Fermo at al. [7] intro-
duced a global method for second-kind Volterra—Fredholm equations, while Salim et al. [15]
combined weighted residual techniques with a non-polynomial spline function. Negarchi and
Nouri [12] obtained approximate solutions through Bernstein polynomials in conjunction with|
a least-squares procedure.

The two polynomial bases employed in the present work each possess attributes that justify
their selection. Clique polynomials have been applied successfully to functional differential
equations by Mohammad et al. [8] and by Yildirim and Yiizbasi [20], consistently producing
results that converge to the analytical solution. Pell-Lucas polynomials, meanwhile, were em;
ployed by Demir et al. [4] to solve integro-differential equations and have been shown to offer
faster convergence relative to other collocation bases, thereby reducing the number of compuy
tations required to attain a prescribed accuracy [21]. In addition, the Clique polynomial basis
exhibits a structural flexibility that extends its applicability beyond more specialised alterna
tives. These complementary strengths motivate the combined investigation undertaken here.

The present paper develops a collocation method, based on both Clique and Pell-Lucas
polynomials, for the numerical solution of Volterra—Fredholm integral equations of the second
kind with a proportional delay.

The remainder of this paper is organised as follows. Section 2 develops the general mathes

matical formulation of the collocation method, encompassing the derivation of the fundamental

matrix_equation and its reduction to a linear algebraic system. Section 3 introduces the operas
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tional matrices for the Pell-Lucas and Clique polynomial families, which form the core building
blocks of the discretisation. Error estimation techniques — comprising the Lo norm, the L
norm, the absolute error, and the root mean squared error (RMSE) — are described in Section 4
while a convergence analysis based on an upper bound for the residual function is established in
Section 5. Four numerical examples that validate the proposed method and benchmark its per;
formance against results available in the literature are presented in Section 6. The step-by-step
computational procedure is summarised as a structured algorithm in Section 7, and concluding
remarks on the performance, limitations, and potential extensions.of the method are given in

Section 8.

2 Mathematical Formulation

This section establishes the mathematical formulation of the problem and derives the fundamen;
tal matrix relations underpinning the method. The Volterra—Fredholm integral equation of the

second kind is given by
A(e) y(z) + Bla)y(h(r)) = fa) + I/ + 17, (1

where
h(z)

b
= / Qi Y y(h®Nae, T =0 [ Qo t)y(t) dt.

a
Here, A(z), B(z), f(z), Q1(x,t), and Q2(z, t) are known continuous functionsona < z, t <
b, and h(z) is a linear function. The parameters'A; and A2 are physically meaningful eigen;
values. When h(x) is a monomial.of degree one, equation (1) is referred to as a second-kind
integral equation with a proportional delay [13].

The solution y(=) is approximated by a truncated polynomial series yx (x) of the form

N
yn(x) = e Selx), 2
k=0

where { Sy (x)}4_, is a prescribed basis of special polynomials and {cj}%_, are unknown co-
efficients to be determined. The row vector of basis polynomials is written as

S(x) = [So(x) Si(x) Sa(x) - Swlx)]. 3
This vector admits the factored representation

S(z) = X(z) €, (4

where
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X(z)=|1 = 22 --- 2V , (5
1x(N+1)

is the monomial row vector, and € is the (N + 1) x (N + 1) operational matrix associated
with the chosen polynomial family. Combining (2) and (4), the approximate solution takes the

compact matrix form

yn(z) = X(z) QC, (6
where
c_ T
- [CO ez N vk
Substituting (6) into (1) yields
A(z)X(2) QC + B(z) X(h(x)) QC = f(z)+IL/ +1°, (7

with
b h(x)
I = )\1/ Qi(x, t)X(h(t))QCdt, I'= AQ/ Qo(x, 1) X(t) QCdt.

Since h(x) is the linear function

direct evaluation of (5) at h(x) gives

X(h(a) & [Uga /(B - (B)N] ©
Factoring the powers of x from (9) and simplifying, one obtains

X(h(x)) =X(z)D and X(h(t)) = X(t) D, (10
where D is the diagonal scaling matrix

D = diag(1, 8', 8%, ..., BY). (11
Substituting (10) into (7) produces

A(z)X(z) RC + B(z)X(z)DQC = f(z) + 7 + 17, (12
with

b h(zx)
17 :Al/ Qi(z,t)X(t)DQCdt, I° :Ag/ Qa(z, 1) X(t) QCdt.

To convert the kernel functions Q1 (x,t) and Q2(x,t) into matrix form, they are approxis

mated by truncated two-variable Taylor series following the procedure in [4]:

Quiz,t) =X(@) K X () and  Qo(z,t) = X(2) Ko XL (£) (13
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where

. . P+q().
K= [k0], k=200 oy N =12 (4

e plg! OxpOte

Inserting (13) into (12) transforms equation (1) to
A(z) X(z) QC + B(z) X(z)DQC = f(z) + I/ + I?, (15
with )
ﬂ:A{/X@ﬂQXWﬂMUDQC%
ah(m)
IW:&/) X(z) Ko XT(t) X(t) Q C dt.
Extracting all factors independent of ¢ from beneath the integral signs gives
A(z) X(z) QC + B(z) X(z) DQC =/f(z) 17 + I?, (16
where

II' =\ X(z) Ky (/b XL (t) X(t) dt) DQC,

a

IW:MX@MQ</M@XHQMQﬁ)QC

Evaluating these integrals entry by entry yields the matrix M = [m;;] with

b pititl _ g+l
mﬁz/t”uﬁ: — , 4,7=0,1,...,N, (17
a i+7+1

and the z-dependent matrix V() = [vj;(x)] with

h(z) | h i+j+1 _ itj+1
%@g:/' pii e, ()T Z a0 N (18
a 1+ + 1

Substituting (17) and (18) into (16) produces the algebraic equation

A(x)X(2) Q2C+ B(z) X(2) DQC = f(z) + M X(z) KiMDQC+ X2 X(z) K2 V(2) Q C.
(19
The collocation points are now introduced. The standard equally spaced points are

(b—a)
N

T, =a-+ 1, (20

while the Chebyshev—Gauss—Lobatto points are

a+b b—a %)
A

nE T C“( ) i=0.1,....N. @l
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Applying either (20) or (21) to equation (19) at each node x; generates the linear system
(22
To write (22) in compact matrix form, the following fundamental matrices are introduced:
A = diag( A(zo), A(z1), ..., A(zn)),
B= dlag(B<x0)7 B(xl)v SRR B(xN>)7

V(zo)
v: V(-'L'l) c R(N-l-l)QX(N—i-l)
V(zn)
X(xO) 1 g 1}(2) cee x(])V
KQ = diag(KQ, KQ, B ., KZ) c R(N+1)2><(N+1)2’
NA+1

X = dlag(X(.%'()), X(I‘l), chey X(I‘N))
The system (22) then reduces to the fundamental matrix equation
APQC+BEDOQC=F+ M PKiMDQC+ 2 XK, VQC. (23

The matrices A, B, D, ®, K, Ky, and M are each of dimension (N + 1) x (N + 1). Isolating
F in (23) yields

[A® +BSD= (M @K MD + ), XK, V)| 2C = F. (24
Defining the composite matrix
W= [A®+BED - (M PKMD + 1 XK, V)|0,

equation (24) takes the concise form
WC=F. (25

Provided rank(W) = N + 1, the system (25) is uniquely solvable, giving
C=WlF, (26

where C in (26) collects the polynomial coefficients of the series (2). The desired approxiy

mate solution to equation (1) is thereby determined completely by the polynomial collocation

procedure
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3 Operational Matrices for Pell-Lucas and Clique Polynomials
3.1 Pell-Lucas Polynomials

The Pell-Lucas polynomials are defined by the three-term recurrence relation

Qn(x) =2z anl(l’) + anQ(l')a

n>2,

with initial values Qo(z) = 2 and Q1 (z) = 2z [4].

The truncated Pell-Lucas polynomial series is expressed in matrix form as

Q) = |Qo(x) Qi(x) Qa(x) Qn () -

IX(N+1)

The corresponding operational matrix relation is

()
0/ ] vy

Q(z) = X(2) L,
where L7 takes the form
) 0 0 0 0
0 211 1 0 0 0
1\0
2 /1 2 /2
20Z 0 222 0 0
i) 2(0)
LT = 13 (2 33 /3
0 2 2<1> 0 2 3<0> 0
N+1 N+3
N+ 1\ N1 2 \&2 N
when N is odd, and
[ 9 0 0 0 0o |
1/1
217
0 1(0) 0 0 0
2 /1 2/2
20Z 222
{6 T { () B :
LT = 3/2 3/3
21 237
o250 0 90

Q27

(N+1)x (N41)
28

(N+1)
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when N is even. The expressions in (27) and (28) were established by Duygu et al. [4]. In|
the Pell-Lucas collocation scheme, the matrix €2 appearing in (24) is set equal to L as defined

in (27) or (28), according to whether NV is odd or even, respectively.

3.2 Clique Polynomials

'Y1ldirim and Yiizbag1 [20] introduced the Clique polynomials via the recurrence relation
Cri(2) = (14 2) Cula),

with Cp(z) = 1 and C;(z) = 1 + z. The Clique polynomial series is expressed in matrix form

) ()l
o e

My = 0 ) <2> (]%) , 29
0o o (3)

C

and X(x) is as defined in (5). When Clique polynomials are employed, €2 in (24) is taken as

My from (29). All remaining matrices in the formulation are unchanged; the sole modification

between the two methods is the substitution of the appropriate operational matrix €2.

4 Error Estimation

Four measures are employed to assess the accuracy and consistency of the numerical solution
the root mean squared error (RMSE), the Lo norm, the L, norm, and the absolute error. Since
the true solution y(x) is approximated by yx (), a residual function E'r(z) necessarily arises

defined pointwise by
Er(z) = y(z) — yn(2).

t the collocation nodes, this residual takes the values
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Egr(z;) = y(x;) —yn(zi), ©1=0,1,...,N, (30
and satisfies Er(z) — 0 as N — oo. The absolute error is
AE(z) = |ERr(z)], 31
from which the L., norm follows as
Lo = ls%%ﬂ AE(z;). (32

The RMSE and L norm are defined, respectively, by

RMSE = (33
5 Convergence Analysis
Substituting the approximate solution yy (z) into equation (1) gives
Alz) yn(z) + B(@) yn (h(2)) — f(2) =17 = I" = Ry (x), (34

where
b h(zx)
= / Ki(x, ) yn (b)) dt,  T° =X / Ko (e, t) yn (1) d.

The quantity Ry (x) is the residual incurred by the approximation; it satisfies Ry (z) — 0 as
N increases without bound [22].

Theorem 1. Let Rjy(z) be an integrable residual function on [a, b], and let Ry denote the upper
bound of | Ry| with respect.to V. Then the absolute residual is bounded according to

|RN(t)‘ S abfa = RN, t e [a,b], (35

so that the pointwise error does not exceed the normalised area under the absolute residual

curve.

Proof. The argument follows the approach of Oguz and Sezer [22], originally stated on [0, b];
here the interval is extended to [a, b], the natural domain of the approximating polynomials

Both the Pell-Lucas and Clique polynomials are continuous on R, as is true of all polynomials

and continuity of yx () then implies continuity of Ry () on [a, b]
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Applying the triangle inequality for integrals yields

b b
/ R (z) da g/ Ry (2)] dz. (36

Since R is continuous on [a, b], the mean value theorem for integrals guarantees the existence
of a point ¢ € [a, b] such that

b
/ Ry (z)dz

Taking absolute values on both sides of (37) gives

/a " R(o) da

By ()] = e (38

and applying (36) to the numerator of (38) yields

Ry(t) < 2o —— =Ry, t€lal],

which completes the proof. 0

6 Numerical Results

Example 1. Consider the Volterra—Fredholm integral equation [11]

h(zx) 1
vl u(3Y=FRa n [ @ )y se [aty(3) i

where h(z) = 5, A1 = 1, Xo.= 1,

1 33 .5 11 7
f@)=—1mo+ 35" — 5w’

and the exact solution is y(z) = 22°.

The numerical results for Example 1 are displayed in Tables 1-2 and Figures 1-2. Table 1
compares the Pell-Lucas and Clique polynomial approximations with the exact solution and
the results reported in [11]. Table 2 provides a direct comparison of the error measures for
both methods. All computations were performed in Maple 2024 at 32-digit precision, with the

exception of Figure 2, for which the default Maple precision was used
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Table 1: Comparison of the exact solution with collocation methods for Example 1.

Point Exact Pell-Lucas Clique  Method in [11]
x; y(z;) N =20 N =20 N =20
0.0 0 —8.63 x 10720 0 0.00000
0.1 0.00002 0.000020 0.000020 0.000018
0.2 0.00064 0.000639 0.000639 0.000598
0.3 0.00486 0.004860 0.004860 0.004813
0.4 0.02048 0.020480 0.020480 0.020431
0.5 0.06250 0.062500 0.062500 0.062434
0.6 0.15552 0.155520 0.155520 0.155462
0.7 0.33614 0.336140 0.336140 0.336224
0.8 0.65536 0.655360 0.655360 0.655085
0.9 1.18098 1.180980 1180980 1.180420
1.0 2.000000 2.000000 2.000000 1.999538

cation points for Example 1.

Table 2: Comparison of error measures for the Pell-Lucas and Clique polynomial methods using standard collo

Error  Pell-Lucas Pell-Lucas Pell-Lucas Clique Clique Clique
N=5 N =10 N =30 N=5 N =10 N = 3(
Lo 2.09x 1077 1.19 x 1071  1.67 x 10726 1.26 x 10~2 5.80 x 10710  2.80 x 1072
Lo 2.00 x 1077 1.12x 107  4.22x 10727 7.96 x 10~* 5.20 x 107'%  1.00 x 107>
RMSE 8.56 x 1078  3.59 x 10716 3.01 x 10727 3.79 x 10~* 1.75x 107 5.03 x 103

—=0.25

—=0.50

Y20(x)

—=0.75

-1.00

-1.25

le-26

le-28

— Y20(x)

—1.50 4

0.84

0.6

o(x)

0.4

0.2

0.0

1= yaot0)

0.0

0.2

0.4

0.6

standard collocation points with N = 20.

0.8 1.0

0.0 0.2

0.4 0.6 0.8

IFigure 1: Absolute errors of the Pell-Lucas (right) and Clique polynomial (left) solutions for Example 1 using
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1002

10708 ¥ —¢— Standard Collocation Points

—#— Chebyshev Collocation Points

1004 F

10
10'06 L
o 10'07 L
10'08 L
1079

10710

10'11 L

10'12

Figure 2: Upper bound errors of the Pell-Lucas solutions under standard and Chebyshev—Gauss—Lobatto collo
cation points for Example 1. The quantity Ry in the figure denoteés Ry. Computations were performed in Maple
2024 at default precision.

Example 2. Consider the Volterra—Fredholm integral equation [13]

2x 1
2y (z) 4+ ey(2z) = f(x) + M\ / " Thy(t) dt + )\2/ e* 2y (2t) dt,
0 0

where h(z) = 2z, \; = 1, A2 = —1,
flz)= - — # cos(2) + 2e°* cos(2z) — Te” ?sin(2)
+ z?sin(z) + e” sin(2z) — 2e** sin(2z),

and the exact solution is g(z) = sin(x).

The numerical results for Example 2 are presented in Table 3 and Figures 3—4. Table 3
compares the error measures for both methods under Chebyshev—Gauss—Lobatto collocation
points. All computations were performed in Maple 2024 at default precision.

Example 3. Consider the Volterra—Fredholm integral equation [15]

T 1
y(z) = f(z) + /\1/0 (@ +t)y(t)dt + A2/0 (x —t)y(t)dt,
where \1 = 1, Ao = 1,

5 3 2
fla)=—fa"+22° - 322 - 304+ 13

and the exact solution is y(z) = 223 + 1
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Gauss—Lobatto collocation points for Example 2.

Table 3: Comparison of error measures for the Pell-Lucas and Clique polynomial methods using Chebyshev—

N = 20 using Chebyshev—Gauss—Lobatto collocation points:

Error Pell-Lucas Pell-Lucas Pell-Lucas Clique Clique Clique
N=5 N=15 N =45 N=5 N=15 N =45
Lo 4.46 x 1072 2.018 x 107'° 555 x 107 919 x 1072 223 x107'" 555 x 10716
Loo 358 x 1072 9.97x 107 147 x107%  6.63x 1072 9.96 x 107 1.47 x 1074¢
RMSE 1.823x 1072 5.047 x 107** 729 x 107*7 3.75x 1072 5.59.x 107 819 x 107%7
B e i Pt

Figure 3: Pell-Lucas and Clique polynomial solutions plotted against the exact solution for Example 2 with

7.%1074
- 0 L
6.x 1074 10
10*"*
5.x10°74
102
4.%x107 10°
g Z10*
3.x1074 =
10°
2.%10774 10
- T
1.x 107 10
10®
0 0.2 0.4 0.6 0.8 1 109

—— Standard Collocation Points
—#%— Chebyshev Collocation Points

[— R (x1] — Absolure error]

panels denotes RN.

Figure 4: Left: residual and absolute error functions of the Clique polynomial solution for Example 2 at N = 12
Right: upper bound errors for selected values of N via the Clique polynomial method. The quantity Ry in both|




14 Clique and Pell-Lucas Collocation for Volterra—Fredholm Integral Equations

The results for Example 3 are presented in Table 4 and Figures 5-6. At N = 4, the Clique
polynomial collocation method yields

ya(z) = — 1.03773166127075 x 10~"3(z 4 1)* 4 2.00000000000063 (z + 1)
— 6.00000000000138 (z + 1) + 6.00000000000133  + 5.00000000000086.

The leading coefficient of the quartic term converges to zero, and after straightforward algebraic
simplification the remaining terms reduce to a cubic polynomial that converges to the exact
solution. The Pell-Lucas collocation method at the same truncation order gives

ya(z) = 7.55328323462513 x 1070 2 + 4.98217787888186 x 1015 22
+2.99999999999999 23 — 2.22044604925031x 10716 2 + 1.0,

in which the coefficients of 4, 22, and x each converge to zero, again leaving a cubic polyno-
mial that converges to the exact solution. All computations were performed in Maple 2024 at
default precision.

Table 4: Comparison of the exact solution with numerical methods for Example 3.

Point Exact Pell-Lucas Clique Method in [15]

x; y(x;) N =4 N=4 N =10
0.0 1.000000 1.00000 1.000000 1.0089
0.1 1.002 1.002 1.002 1.0417
0.2 1.016 1.016 1.016 1.0204
0.3 1.054 1.054 1.054 1.0566
0.4 1.128 1.128 1.128 1.1291
0.5 1.250 1.250 1.250 1.2491
0.6 1.432 1:432 1.432 1.4262
0.7 1.686 1.686 1.686 1.6682
0.8 2.024 2.024 2.024 1.9848
0.9 2.458 2.458 2.458 2.3924
1.0 3.000000 3.00000 3.00000 2.3924

Example 4. Consider the Volterra—Fredholm integral equation
sin(z) y(z) + cos(z) y(%) = f(z) + M / (x+1t)y(t)dt

-1

1
+ A2 / cosh(z — t) y(%) dt,
-1

where h(z) =% A\ =1 )Xo =1 and
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f(z) = sin(zx) 4 cos(z) sin(%)
1
2

(—cos(3) + 2sin(3))e! ™ (cos(3) + 2sin(3))e 177

- 5 * 5
(—cos(3) — 2sin(3))e*™!  (cos(3) — 2sin(3))e” !
5 + 5)

—3cos(Z) z+sin(%) + (z — 1) cos(1) + sin(1)],
with exact solution y(x) = sin(x).

The Pell-Lucas and Clique polynomial results for Example 4 are presented in Tables 5—6
and Figures 7-8. All computations were performed in Maple 2024 at 16-digit precision.

le-16 le-15
2.00
2.04
175
1.50
1.5
1.25
g % 100
s10 =
0.75 4
054 0.50
0.25
0.04 0.00 4
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x x

[Figure 5: Absolute errors of the Pell-Lucas (right) and. Clique polynomial (left) solutions for Example 3 using
standard collocation points with N = 4.

8.%:10777

7.x10°%2

1 DUU
1001 —— Standard Collocation Points

102 —#— Chebyshev Collocation Points

6.x 107

5.%x 107324

4.%x10°3

L]

3.%x107%2 4 “”
2. 1077

1.x 10731

T T T T T
0 02 04 0.6 08

— /0]

|— Absolute error

[Figure 6: Left: residual and absolute error functions of the Clique polynomial solution for Example 3 at N = 4
computed in Maple 2024 at 32-digit precision. Right: upper bound errors for selected values of N via the Pell
Lucas method, computed at default precision. The quantity Ry in both panels denotes R .
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Table 5: Comparison of the exact solution with collocation methods for Example 4.

Ty

Point

Exact

y(;)

Pell-Lucas
N=5

Clique
N =5

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.000000000000000

0.198669330795061
0.295520206661340
0.389418342308650
0.479425538604203
0.564642473395035
0.644217687237691
0.717356090899523
0.783326909627483
0.841470984807897

0.0000107370512543  0.0000107370512590
0.0998334166468282  0.0998468911448919  0.0998468911448950

0.198685473618088
0.295539467971529
0.389441533834613
0.479453687838613
0.564676984489856
0.644261197042898
0.717414498373704
0.783413141852810
0.841611142218513

0.198685473618087
0.295539467971526
0:389441533834606
0.479453687838600
0.564676984489836
0.644261197042878
0.717414498373677
0.783413141852787
0.841611142218487

cation points for Example 4.

Table 6: Comparison of error measures for the Pell-Lucas and Clique polynomial methods using standard collo

Error  Pell-Lucas  Pell-Lucas Pell-Lucas Clique Clique Clique
N =4 N =38 N=16 N =4 N=38 N =16
Lo 1.68 x 107* 215 x 1076 128 x 1071 428 x 1073 215 x 1076 5.28 x 107}
Loo 1.40x 107%  1.68 %1075 5.04 x 1072 3.36 x 1072 1.68 x 1076 2.06 x 10~1
RMSE 6.86 x 107° 7.19 x 10=7.3.11 x 10712 191 x 1073 7.19x 1077 1.28 x 107}

yix)

N = 15.

yix)

—a— Pell-Lucas solution
-

sin(x) (Exact solution)

-2n =32 -n -nr2 4 2
x

3n2 2n -2n =32

IFigure 7: Pell-Lucas and Clique polynomial solutions plotted against the exact solution for Example 4 with
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o.x10™"
8. x 10"
7.% 107" 4
6.x10°114 10° ¢ ; .
; —— Standard Collocation Points
107 g
5. %107 102*\ —#— Chebyshev Collocation Points
4.x10"4
x 103 L
=
3.x101 o 104t
2. x A0 10% ¢
1.x10°14 10°;
107 ¢
0 T T T
-1 —05 0 0.5 1 108 :
[— o) Absolute error | 2 3 4 5 6 7 8
N

IFigure 8: Left: residual and absolute error functions of the Clique polynomial solution for Example 4 at N = 12
computed in Maple 2024 at 32-digit precision. Right: upper bound errors for selected values of NV via the Pell
Lucas method, computed at default precision. The quantity Ry in both panels denotes R .

7 Algorithm

The method developed in Section 2 is distilled into Algorithm 1 below. The procedure is self;
contained and lends itself to direct implementation in any symbolic or numerical computing
environment: it walks through the assembly of the system matrix W, the solution of the resulting
linear system for the coefficient vector C, and the iterative increase of the truncation order NV
until the approximate solution y (x) meets the prescribed accuracy criterion.
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Algorithm 1 Polynomial collocation method for Volterra—Fredholm integral equations

Input: The truncation order N; the interval endpoints a and b; the eigenvalues A1 and A2; and the functions A(x)
B(z), f(x), h(z), Q1(x,t), and Q2(z, t).
Step 1. Define the collocation points as either the standard equally spaced nodes

(b—a)i

T =a+ N ;

or the Chebyshev—Gauss—Lobatto nodes

1 m ;
T =g (a+b)+(b—a)cos<ﬁ)], i=0,1,...,N.

Step 2. Using the collocation points from Step 1, compute the matrices A, B;:®; D, F, and X.

Step 3. From the kernel functions Q1 (z,t) and Q2(x,t), compute the coefficient matrices K; and Ko via the
truncated Taylor expansion (14).

Step 4. Using K» from Step 3, form the block-diagonal matrix Ks.
Step 5. Compute the entries of M using the formula
bi+j+1 _ ai+j+1

. 4,j=0,1,...,N.
itg+1 y’

mi g =

Step 6. Compute the entries of V(z) using the formula

(h(x))ﬂ—j-kl _ ai+j+1
i+g5+1

vij(x) = , i,5=0,1,...,N.

Step 7. Evaluate V(x) at each collocation point to assemble the stacked matrix V.
Step 8. Select the polynomial basis (Pell-Lucas or Clique) and set its operational matrix €2 to L (equations (27)~
(28)) or My (equation (29)), respectively. Then compute the system matrix

W= [A® +BD — (A PK:MD + X, XKz V)| 2.

Step 9. Solve the linear system WC = F for the coefficient vector C.

Step 10. Substitute the computed coefficients co, c1, . . ., cn into the series

yn(x) =) ek Sk(x)

k=0
to obtain the approximate solution.

Iteration. Repeat Steps 1-10 for increasing values of NV until either |y(z) — yn(z)| or |[Ry ()] is sufficiently
small for all z € [a, b].
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8 Conclusion

This study has presented a polynomial collocation method for Volterra—Fredholm integral equay
tions of the second kind with a proportional delay, employing two distinct polynomial bases
Pell-Lucas and Clique polynomials. Analysis of the computed error tables confirms that both
bases yield highly accurate approximations, offering a competitive alternative to the more con;
ventional orthogonal polynomial families used in the literature. Direct comparison with existing
methods — see Examples 1 and 3 — demonstrates that the present approach achieves superior
accuracy at comparable or lower truncation orders. The framework is general in structure: to ap;
ply a different polynomial basis one need only substitute the.corresponding operational matrix
(2, leaving all remaining matrix relations unchanged. A further-advantage is that upper bound
errors can be estimated from the residual of the approximate solution alone, without knowledge

of the exact solution, thereby providing an independent means of validating the method.

Several conclusions may be drawn from the numerical experiments. The choice of collocas
tion points has no appreciable effect on solutionraccuracy: the standard equally spaced nodes
and the Chebyshev—Gauss—Lobatto nodesproduce results that are, in practice, indistinguishable
when measured by the reported error norms. Under Chebyshev—Gauss—Lobatto discretisation
moreover, the Pell-Lucas and Clique methods converge at nearly identical rates. A practical re;
mark regarding implementation is also warranted: when computations are carried out in Maple
increasing the working precision substantially reduces truncation errors and is strongly recom

mended for high-order approximations, as was done throughout this study using Maple 2024.

ILimitations

The method is not without limitations. Because the approximating functions are polynomials
achieving higher accuracy requires increasing the truncation order N, which enlarges all syss
tem matrices and raises the associated computational cost. In this regime, Chebyshev—Gauss—
Lobatto points are preferable, as they suppress the Runge phenomenon that afflicts high-degree
polynomial interpolation on equally spaced nodes. A secondary limitation concerns the up;
per bound error computation: evaluating integrals of absolute-value functions becomes increass
ingly expensive as N grows, and this cost may be non-negligible in large-scale implementations
Furthermore, because the method relies on a global polynomial representation, its performance
may deteriorate for solutions that exhibit sharp gradients or localised behaviour over the domain
[a, D]

T T
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Future Work

Several directions for future research present themselves naturally. The method can be extended
to nonlinear Volterra—Fredholm integral equations, wherein the nonlinear terms are cast in maj
trix form through the same polynomial collocation procedure under the assumption that the
series satisfies the governing equation. An analogous extension to linear and nonlinear integro;
differential equations is equally straightforward, as the differential operator can be replaced
by its matrix representation within the present framework. Beyond these immediate general;
isations, the method may be applied to two-dimensional integral equations and to fractional
integro-differential equations, both of which arise frequently in mathematical physics and en;
gineering. The development of adaptive strategies for selécting the truncation order N and the
collocation point distribution, with the aim of minimising.computational cost for a prescribed
accuracy, also merits investigation. Finally, a rigorous.theoretical analysis of the convergence
rate as a function of the regularity of the solution‘and the choice of polynomial basis would

further consolidate the mathematical foundations of the method.
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