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1 Introduction

The quest for polynomial-time algorithms for linear programming took a decisive turn with
Karmarkar’s interior-point method [15], which offered a fundamentally different perspective
from the simplex method. This breakthrough was quickly followed by the independent devel;
opment of primal-dual schemes by Kojima et al. [16] and Megiddo [19], laying the foundations
of what would become a broad and continuously evolving research area. Since then, the thes
ory of interior-point methods (IPMs) has progressed steadily, with research efforts aiming to
reconcile sharp theoretical complexity bounds with strong practical performance on large-scale
problems.

Barrier-function-based interior-point techniques have been studied extensively in the ops
timization literature. Among the most influential contributions is the introduction of self]
concordant barriers by Nesterov and Nemirovskii [20];which extended the reach of IPMs well
beyond linear programming, into nonlinear complementarity: problems (NCP), second-order
cone programming (SOCP), and semidefinite optimization (SDO). Within this general frames
work, the best known worst-case iteration bound for linear optimization (LO) in a wide neigh;
borhood of the central path is O(nlog(n/e)).

A significant refinement of this picture was obtained by Peng, Roos, and Terlaky [22], who
introduced the notion of self-regular (SR) proximity functions. Building on this concept, they|
devised primal-dual IPMs not only for LO but also for SDO, SOCP, and NCP, establishing the
improved iteration bound O(y/nlognlog(n/¢€)), which remains among the strongest results
known for large-update (L-UP) methods. This achievement spurred a search for alternative
kernel functions (K-F) — including non-SR ones — capable of matching or even improving
upon SR-based performance; see, e.g., [4, 5, 12].

Beyond classical logarithmic and trigonometric constructions, recent work has explored a
wvariety of parametric kernel families. Early studies by El Ghami et al. [12] examined logarith-
mic kernel functions and derived complexity bounds for large-update methods. Later, El Ghami
and co-authors [13] were the first to incorporate a trigonometric kernel into a feasible primals
dual IPM, showing that the resulting method solves LO problems with worst-case complexity
O(n**log(n/e€)). This line of work inspired numerous follow-up studies in which trigono-
metric kernels were refined and tested, several of which attained state-of-the-art large-update
complexity. More recently, Bouhenache et al. [7] (2025) proposed an interior-point algorithm
for linear complementarity problems (LCPs) based on a parameterized hyperbolic kernel func;
tion, attaining the best-known bound O(y/nlognlog(n/e€)) for large-update methods. In the
same period, Ibtissam et al. [14] extended parametric kernel functions to the class of Py (k)
horizontal linear complementarity problems (HLCP), reaching the same optimal bound. Lee

and Cho [17] developed an infeasible-interior-point method with full-Newton steps based on

a new family of kernel functions, demonstrating that kernel-based approaches can handle ins
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feasible starting points while retaining optimal theoretical guarantees. Most recently, in 2025
IAmrane and Fateh [2] introduced an efficient parametric kernel function for linear optimization
again achieving the same best-known complexity bound.

Motivated by these developments, the present work proposes a new large-update (L-UP
primal-dual interior-point method (IPM) for LO, based on a novel class of kernel functions
(N-K-F) defined as

0 —1) Kol -1

This family generalizes the kernel function of Peng et al. [22]. For it we establish the iteration;

complexity bounds
(’)<u€nu2£u+‘Zl 10g<2)> and (’)(u%\/ﬁ log<%)>

for the large-update (L-UP) and small-update (S-UP) methods, respectively.

Despite the success of kernel-based IPMs, existing kernel functions share a common struc;
tural limitation: a single parameter is typically responsible for both the local curvature near the
central path and the global growth farfrom it. The self-regular kernel of Peng et al. [22],

22 +-1 zlP—1

attains the best-known complexity O(y/nlognlog(n/e¢)) for L-UP methods, but its steep
growth for x > 1 forces conservative step-size choices and can limit practical performance
Trigonometric kernels, in contrast, grow more mildly but at the expense of reduced curvature
which can weaken the local convergence rate.

Our kernel is designed explicitly to overcome this trade-off. By summing power terms with

2

different exponents w, 2, . . ., u’, it decouples local and global behavior:

« the term with the largest exponent u‘ dominates as # — oo and governs the overall
growth rate;

+ the lower-order exponents u’ (j < /) shape the intermediate region and contribute cur:

vature without inducing excessive steepness.

This multi-exponent construction preserves the essential eligibility properties (non-negativit
strict convexity, exponential decay) and, with a suitable choice of parameters (e.g., u =
logn/2)/%), recovers the best-known O(y/n logn log(n/€)) bound for L-UP methods. Theo-

retically, this shows that self-regularity, while sufficient, is not a necessary condition for optimal

complexity. Practically, the added flexibility opens the possibility of tuning ¢ and w. to problem
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characteristics, potentially yielding larger step sizes and improved computational performance
on specific problem classes.

The remainder of the paper is organized as follows. Section 2 reviews the basic concepts and
presents a generic [PM framework for LO that is used throughout the paper. Section 3 introduces
the proposed kernel function, discusses its properties, and establishes its key technical bounds
Section 4 addresses step-size estimation. Section 5 develops the LO algorithm based on this
kernel and derives its complexity bound. Section 6 presents a comparative study against existing
algorithms, and Section 7 reports numerical experiments. Section 8 concludes the paper.

Throughout the paper, R™ denotes the n-dimensional Euclidean space with inner product
(-,-) and Euclidean norm || - ||. The sets R’} and R’', denote the nonnegative and strictly
positive orthants, respectively. For z,w € R", zu;, denotes the smallest component of z, and
zw denotes the componentwise (Hadamard) product. The matrix Z = diag(z) is the diagonal
matrix whose entries are the components of z, and e denotes the all-ones vector. For functions
f(2),9(2) : Ry, — R% ., we write f(z) = O(g(2))1f f(z) < C1g(z) for some constant
C1 > 0,and f(z) = ©(g(z)) if there exist constants C'5, C's > 0 such that

Ca9(2) < f(2) < C39(2).

2 Preliminaries

'We consider a new primal-dual IPM for solving the LO problem in standard form
min{(c,t) : Mt =0b, t > 0}, (Pr
together with its dual
max{(b,r) : M'r +s=c¢, s>0}, (Du

where ¢t,c,s € R", r,b€ R, and M € R™*" with rank(M) = m.
Polynomial-time IPMs for LO were pioneered by Karmarkar [15], and the methodology|
has since been substantially developed, becoming a standard tool for linear optimization and its
variants [11]. For a comprehensive treatment, see [4, 5, 22, 24, 26].
The existence of a strictly feasible starting point (t°, 70, s%) for problems (Pr) and (Du) is
equivalent to the so-called interior-point condition (IPC), i.e., the existence of (¢°, 70, s%) such
that

Mt =b, t“>0, M 4+s%=¢ s°>0. 3

Finding optimal solutions of (Pr) and (Du) is equivalent to solving the system
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Mt=b, t>0, M'r+s=c¢, s>0, ts=0. 4

The central idea underlying primal-dual IPMs for LO is to replace the complementarity condi;
tion — the third equation in system (4), common to both (Pr) and (Du) — by its parameterized
counterpart ts = pe for a parameter p > 0. This leads to the perturbed system

Mt=b, t>0, Mr+s=c¢, s>0, ts = pe. (5

The central path is the foundational concept underlying [PMs: it'is the continuous trajectory|
of points (¢(u), (1), s(i)), each being the unique solution of (5) for a given x> 0, with
existence and uniqueness guaranteed by the IPC. The components ¢(x) and/(r(u), s(u)) are
called the p-centers of the primal (Pr) and dual (Du) problems, respectively.

The significance of this path for LO was first highlighted by Megiddo [19] and Sonnevend
[25]. Its key property is that, as u — 0, the path converges toa pointsatisfying the complemen
tarity condition, thereby yielding an optimal solution of (Pr) and (Du).

From a theoretical standpoint, the IPC can be assumed without loss of generality, e.g., by
initializing at t = s® = e. In practice, problems lacking such a point can be embedded
into a homogeneous self-dual formulation, a standard technique [24] that introduces auxiliary
variables and constraints to guarantee feasibility.

The task of an IPM is to numerically trace the central path. Starting from a known point —
e.g., (t(1),r(1),s(1)) with ¢(1) = s(1) = e, corresponding to ;. = 1 — the barrier parameter
is reduced by a factor (1 — 6), 6 € (0, 1), to advance along the path. The corresponding search

direction is obtained by solving the Newton system
MAt=0, MTAr+As=0, sAt+tAs=pe—ts. (6

This system has a unique solution (At¢, Ar, As), and a line search determines a step size « that
keeps the new iterate feasible. Repeating this Newton step (the inner loop) continues until the
iterate sufficiently approximates the target p-center (¢(u), (1), s(@)).

Once the current p-centeris adequately approximated, the outer loop reduces the barrier
parameter via p < (1 — 0)u, and a new Newton system is solved toward the smaller target
This cycle of reducing i and re-centering continues until a termination criterion such as nu < e
is met, at which point the final iterate is an e-approximate optimal solution of (Pr) and (Du)
The update after a Newton step of size « is

tr =t+aAt, sy =s+als, ry=1+alAr 7

with0 < o < 1.

To simplify the system, we introduce the scaled vector v and the corresponding scaled dij

rections d; and d:
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7 Al A
v=y/2  q =220 g, =120 (8
7! t S

System (6) can then be rewritten as

Mdt = 07 MTAT + ds == 0, dt + dS == U_l — v, (9
where

— 1

<M:;MV*Z V = diag(v), T .=diag(t). (10

The right-hand side of the last equation in (9) is precisely the negative gradient of the logarithmic
barrier function ®(v), i.e., d; + ds = —V®(v). This allows system(9) to be written more

compactly as

Here the barrier function ®(v) : R}, — R, acts as a proximity function, measuring the

distance between the current iterate and the target p-center:

D(v) = D(t,s; 1) = ng(vi), (12
i=1
with kernel function
2
2 _ 1
o(vi) = Vi Y log v;. (13

We also define the norm-based proximity measure o(v) : R’} | — R by

50),= 5 IVB()] = 3 d; + d]. (14
The kernel ¢(z) in (13) corresponds to the classical logarithmic barrier. In this work, we
introduce a new kernel function g (z), giving rise to a new barrier function ®,(v); both are
formally defined in Section 3. The pair (¢, s) coincides with the p-center (¢(u), s(u)) if and
only if v = e, so ®,(v) measures how close (¢, s) is to the p-center. A threshold 7 > 0 governs
the algorithm’s main loop: if ®,(v) < 7, the iterate is considered sufficiently close to the
center, and an outer iteration is performed by reducing u by the factor (1 — 6), 6 € (0,1)
targeting the new p-center. Otherwise, if ®,(v) > 7, one or more inner (Newton) iterations are
performed via (7) until the proximity condition ®y(v) < 7 is restored. This process continues|
until the termination criterion nu < e is satisfied, yielding an e-approximate solution of the LO
problem.
The parameters 7, 6, and the step size « should be chosen so as to minimize the total number

of iterations. The choice of the barrier-update parameter 6 is particularly important, both theo;

retically and practically: when f is a constant independent of the dimension n. (e.g., # = 1/2)




Guemmaz 7

the algorithm is classified as a large-update (L-UP), or long-step, method; when 6 depends
on n (e.g., 8 = 1/4/n), it is classified as a small-update (S-UP) method. The generic algo-
rithm is summarized in Algorithm 1. For L-UP methods, the best result obtained to date is
O(y/nlognlog(n/e)), long the best known bound for this class [3]; for S-UP methods, the
best known complexity is O(y/nlog(n/e)) [21].

In this work, we introduce a new kernel function (N-K-F) for primal-dual IPMs that yields a
complexity bound for L-UP methods improving on previous results based on lggarithmic kernel
functions. Specifically, the resulting algorithm achieves complexity (’)(uenﬁz1 log(n/€)) for
L-UP methods and O(u% Vnlog(n/e)) for S-UP methods. A more compelling strategy is
to choose u as a function of the dimension n and of ¢ so as to minimize the iteration bound
In particular, taking u = (k’g”) e yields the bound O(y/mlegnlog(n/c)), the best known

complexity for large-update methods, and a notable improvement over the bound previously
established by El Ghami et al. [12] for L-UP methods based on a logarithmic kernel function.

Algorithm 1 Generic Primal-Dual Interior-Point Method for Linear Optimization

Input: Proximity function ®,(v); accuracy parameter € > 0; proximity parameter
T > 1; update parameter 6 € (0,1).

1. Initialization. Set

t0=e, s"=e, uozl, W =e.

2. Outer iteration. While nu > €, execute the following steps.

a. Update the barrier parameter:
uw o+~ (1—0)p.
b. Update the scaling vector:
t-s
o
c. Inner iteration. While ®,(¢t, s; u) > 7, execute the following steps.

Vo

i. Solve system (11) with” ®(v) replaced by ®,(v) to compute the Newton direction|
(At, Ar, As).
ii. Determine the appropriate step size o > 0.

iii. Update the primal—dual variables:
t «— t+ aAt, r < r+alr, s +— s+ als.

3. Return the approximate optimal solution (¢, r, s).
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Interpretation of Algorithmic Parameters 6 and 7

Role of 0 (barrier update parameter). The parameter 0 € (0,1) determines how
aggressively the barrier parameter . is reduced at each outer iteration, i < (1 —
0)u. A small 0 (e.g., 0.01) corresponds to a short-step method: the iterate remains
close to the central path, many outer iterations are needed, but each inner loop
requires only a few Newton steps. A large 0 (e.g., 0.99) yields a long-step (large-
update) method: 1 drops sharply, the iterate may leave anarrow neighborhood of
the central path, and more inner iterations are needed to.restore proximity. The
two extreme values 0.01 and 0.99 are used in Tables 5.and 6 precisely to illustrate

these two qualitatively different regimes.

Role of T (proximity threshold). The scalar 7 >0 .defines.the width of the neigh-
borhood of the ji-center. When the proximity measure ®y(v) exceeds T, inner (New-
ton) iterations are performed; once ®y(v) < 1 the current iterate is regarded as
sufficiently centered and 1 is reduced. A larger T allows the algorithm to operate in
a wider neighborhood, which often reduces the number of outer iterations but may
increase the risk of instability or require smaller step sizes. Following standard
practice, we set T = O(n) for large-update methods and T = O(1) for short-step
methods, this choice directly affects the complexity bounds derived in Section 5.

3 The Properties of the (N-K-F)

This section presents the-new kernel function (N-K-F) introduced in (1) and establishes its
fundamental properties, together with the technical results needed for the complexity analysis

developed in the subsequent sections.

The kernel function (1) generalizes and extends the kernel function proposed by Peng, Roos
and Terlaky [22]. The motivation for this particular form is to allow finer control over the
behavior of the barrier both near and far from the central path. When =z is close to 1 (near the
central path), the behavior of () is shaped jointly by all the terms in the sum: the quadratic
term provides the basic curvature, while the terms with exponents 7 further adjust the curvature
around the p-center. When x is large (far from the central path), the terms 21~ become
negligible and the quadratic term % dominates; however, the largest exponent u’ still governs
the speed of this transition. This means that u and ¢ can be chosen so as to avoid an excessively

steep kernel — which would otherwise force smaller step sizes in the algorithm — and this

added flexibility is expected to translate into improved complexity behavior.
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Relation to Existing Kernel Functions and Non-Triviality of the Generalization

The proposed kernel ¢y () generalizes the self-regular kernel

r?—-1 2P -1

(Pp(x): 9 =+ p—1 ’

of Peng et al. [22] by replacing its single power term with a sum of £ terms. This generalization|
is non-trivial: in a single-parameter kernel, the same parameter simultaneously controls the
curvature near x = 1 and the asymptotic growth as x — o0. /In our.multi-exponent sum
Z§:1 xl_“j, by contrast, the lower exponents u’ (j < /) shape the barrier near the central
path, while the largest exponent u‘ dominates the growth far from it —a decoupling of local

and global behavior that is impossible for any single-term kernel: Indeed, setting p = 2/ in

op(x) gives
L B A |
e N T
which still contains a single power term, whereas our kernel contains ¢ distinct power terms

with coefficients ﬁ, producing an interaction effect that no single-term kernel can replicate
1

For ¢ = 1, the kernel reduces to o1 (z) = £ (2 = 1) — log , the classical quadratic barrier,

For ¢ > 2, the additional terms increase the second derivative at x = 1 to

L
PiL) =0+
j=1

making the barrier “stiffer” near the central path. This added stiffness allows larger reductions
of the barrier parameter p per outer iteration, leading to faster overall convergence. In our
numerical experiments (Table 5), the variant with £ = 2, u = 2 required approximately 19.5%
fewer iterations than the ¢/ =1 variant, while incurring a comparable per-iteration cost. A
similar intent of balancing local curvature against asymptotic growth underlies the kernel of]
IAmini and Haseli [1]. A systematic classification of eligible kernel functions is given by Lesaja
and Roos [18]; our kernel satisfies all four eligibility conditions (C1)—(C4), and for ¢ > 2 its
barrier degree ¢ = ¢ + 1/2 places.itin the class that attains the best-known complexity bound
O(y/nlognlog(n/e)).

It is straightforward to verify that ¢y(x) — oo as z — 0T or z — oo, confirming that o, (z
satisfies the basic requirement of a kernel function. For the analysis that follows, we record its

first three derivatives:

l
©y() zfac—z.’t_“], (15
j=1

l
pr(z) =0+ a1 (16
j=1
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14
cp,é”(x) = —Z (u] + 1) —ul=2, (17
j=1

3.1 Eligibility of the (N-K-F)

The following lemma establishes the eligibility of the kernel function (1).

Lemma 1. Let py(z) be as defined in (1) and let = > 0. Then

oy (z) > ¢, (18
or (z) <0, (19
:1:4,04 (:v) (x) > 0, (20
xgog (z) + QOZ(JI) > 0. (21

\Proof. Properties (18) and (19) follow immediately from (16) and (17), respectively. For (20
and (21), expressions (15) and (16) give

¢
xgog(x) - cp;(x) - Z (1+ uj) ™ >0,
j=1
which proves (20), and

whose right-hand side is positive, which proves (21). O

Property (21) in Lemma 1 is equivalent to the convexity of the composite function x
we(€e”), i.e., to the condition

1
we(Vxi122) < , (pe(z1) + we(x2)), for all z1, 22 > 0. (22

This property is well documented in the literature; see, e.g., [13, 15, 26]. Our contribution here
lies in establishing it, together with the eligibility properties above, for the proposed kernel
function (N-K-F).

Interpretation of Kernel Parameters u and /¢

Role of v and l. The kernel py(x) depends on two parameters: the base u > 1 and
the number of terms ¢ € N\ {0}. These parameters jointly control the asymptotic

growth and the local curvature of the barrier:
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» Asymptotic growth (r — oo). For large x, the dominant term in py(x) is
%, while the sum ) ; 2= /(u! — 1) decays rapidly. The rate at which
the derivative j(z) = lx — >, ™

e approaches the linear function £x is

governed by the largest exponent ut. A larger u* makes the kernel steeper
far from the central path, which forces smaller default step sizes but, when

tuned optimally, still yields the best-known complexity bounds.

e Curvature near x = 1. The second derivative at x = 1 is

¢
Pl =L+ uw =0+

=1

u(ul —1)
uw—1""

This value measures how quickly the proximity grows as-we-move away from
the pi-center. Larger { or larger u increase ¢/ (1), making the kernel “nar-
rower” around the central path; this typically-allows largerreductions of the
barrier parameter per outer iteration, but may call for more conservative step
sizes.

Flexibility. The use of a sum of power terms with distinct exponents u, u?, . . ., u’

provides a flexible mechanism for shaping the kernel between the local and
asymptotic regimes. The lower exponents (ul,j < {) contribute curvature
without causing excessive steepness, effectively decoupling the two regimes
— a decoupling that jis impossible with single-parameter kernels (e.g., self-

regular or trigonometric kernels).

In the numerical experiments we adopted v = 2 and £ = 2 as a compromise:
u = 2 gives moderate growth, and { = 2 adds one extra degree of freedom without
excessive computational overhead. These values illustrate the behavior of the new

kernel while keeping the implementation simple.

We now present a series of technical results required for the convergence analysis.

Lemma 2. For ¢,(x) we have

g(x —1)* < pi(x) < % [@2(96)}2: z >0, (23
¢A@§;[W_DZT?M_U]@—D% z>1. (24

\Proof. For (23), using (18), we have

T t . T t E
o) = [ [ gz [ [ ayae= 517,
1 1 1 1

Iso
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//‘Pe dydt<//90z Y)py (t) dy dt
—/1 ! (Ont) dt

- [ e = 3 [vw)]

"

For (24), since ¢y(1) = cpe( ) =0, ¢,
Taylor’s theorem yields

j C u(u'-1)
() < 0,and (1) = £+ D5 wl = £+ =~

1 nr

pe(x) = pe(1) + (1) (z — 1) + %@Z(l)(w - 1%+ gPr () — 1)?

L1+ L@@ — 1)

2 6
1
< Ser@—1)?
:1 (u—l)ﬁ—i—u(ue—l) (x—l)z,
2 u—1
for some & with 1 < ¢ < z. This concludes the proof. 0

We denote by ¢ the inverse of ¢y(z) for x > 1, and by p the inverse of —%cp;(x) for
x €]0,1], where ¢ : [0, 00[— [1,+oo[ and ¢ : [0,00[—]0,1]. The following lemma makes
use of these functions.

Lemma 3. For ¢,(x) we have

2(u—1)s \/%
1+\/(U_1)g+u(u5_1)§€(5)§1+ 7 s >0, (25
¢ T
Q(Z’) > [22+€:| , z > 0. (26

Proof. To prove (25), set s = pp(x), x > 1, so that ¢(s) = z, x > 1. By (23) in Lemma 2

¢
we(r) > £(x — 1)% hence s:> £(z — 1), which gives z = ¢(s) < 1+ (/2. Similarly, by

(24) in Lemma 2,

SZW(Q:)S;[(u—l)f#—u(uﬁ_l)](m_l)Q, po 1

u—1

so that

B 2(u—1)s
x_g(s)21+\/(u—l)ﬁ—ku(uf—l)'

For (26), let z = —hpi(ﬂ rel0,1],ie., 2z = —(p;(ﬂ By the definition ofcp,/g(ﬂ
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¢ l
2z = —fr + Zx_“j > —f+ ng“é = —(+ fx—uz’
=1 i=1

1

which implies z = o(z) > [#} “" This concludes the proof. O

Lemma 4. Let ¢ : [0, 00] — [1, +00[ be the inverse of ¢;(x) over z > 1. Then

Dy(Bv) < npy (6@ <q)i§bq})>) , veRLFB>1.

\Proof. The result follows directly by combining properties (19) and (20) with the argument

used in Lemma 2.4 of [3]. O
v
Lemma5. Let0 <f < landv, = Vi If ®y(v) < 7, then
Onl + 27 +2v2mnl
Py(vy) <

2(1— 0)

Proof. Since \/1179 > 1 and g(q”‘n(v)) > 1, we have

L(z2-1)
S T

\/11T9§<<DZT(U)) > 1. For x > 1 we also

have py(z)
Applying Lemma 4 with § = \/%, then (25), and using ®,(v) < 7, we obtain

Py(vy) < nge (\/11_;# <¢€T§U)>>

S%n %2_1 :z(ﬁe)([C<®Zv§v>>r—(l_9)>

2

In 2(1)@(1})
< 1 —(1-90
2(19)([+ on ] (1-6)

In 27 T Onl + 21 + 2+/2tnl
< — —_ = .
=51 -9 (2 n+2€n+9> 2(1—0)

This proves the result. OJ
Denote
Onl + 21 4+ 2v2mnl

The value (®/), thus serves as a constant upper bound for the proximity function ®¢(v4

throughout the execution of the algorithm
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4 Step Size Estimation

This section addresses two closely related tasks: determining an appropriate step size «, and
analyzing the resulting decrease of the proximity (barrier) function. A damped Newton step

produces the new iterate via
ty =t+ aAt, ry =1+ aAr, sy = s+ als.

Using (8), this can be rewritten as

At d t
t+:t<€+at>:t<€+az}t>:;(v+adt)a
As ds s
sy=sleta—)=sleta— | ==(v+ads).
s v v

Hence v, = /%% = /(v + ad;) (v + ady). For o > 0, define f(a) = ®(vy) — Pp(v);
w

for a fixed p, f(«) represents the change in proximity between the current iterate and the new
one. From (21) it follows that

(Pr(v + ady) + Pe(v + ady)) ,

N | =

By(vy) = By (W} T addwr ads)) <

so that f(a) < fi(a), where

fila) = % (®(v + ad)tBo(v + ady)) — By(w). (28

Note that f(0) = f1(0) = 0. To examine the behavior of f;(«) near & = 0, we compute its

first two derivatives:

fil@) =30 (#elvr + adi,)ds, + oy(vi + ads,)ds, )
=1

fil(a) - Z (ng (v; + adti)di + @Z(vi + adsi)di) .

=1

Using (8) together with (14), we obtain
/ 1 1
f1(0) = 3 (V®;(v), di +ds) = —§<vq>g(v), Vo, (v)) = —20(v)2.

For brevity we write v; = min(v), 0 = o(v), &, = ®¢(v).

Lemma 6. Let o(v) be as defined in (14). Then

(29
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\Proof. Using (23), we have

. 1
=Y eulv) < 25 (i) = SIVR@)I? = 20(0),
i=1 i=1
s0 o(v) > 1/3®,(v), which completes the proof. O

Remark 1. Suppose ®;(v) > 7, and recall the standing assumptionz > 1. Applying Lemma

6 then immediately gives o (v) > \@ .

Following the same line of argument as Lemma 4.1 in [3]; Lemma 4.2 in [4], Lemma 5.3
in [23], and Lemma 4.6 in [10], we obtain Lemmas 7—10 below, using the fact that ¢, (¢) is a
kernel function and that ), (¢) is monotonically decreasing.

Lemma 7. [3] With f;(«) and o(v) as in (28) and (14), respectively,
f1 (@) < 20%¢, (91— 2d0): (30

By the convexity of f;(a), fi(a) < 0.for every anot exceeding the value at which f (av
attains its minimum, and conversely. As an immediate consequence of Lemma 7, we obtain the

following three results.
Lemma 8. [4] The condition f; () < 0 certainly holds if « satisfies

@2(1}1) — go/é(vl —2a0) < 20. (31
Lemma 9. [23] The maximum step size « satisfying (31) is given by

o =

0o(0) — 0(20). 2
20

Lemma 10. [10] Let & be as in Lemma 9. Then

a> - (33

We can now establish the following lemma.

Lemma 11. Let & be as in Lemma 9 (cf. Lemma 10), and let o be the function introduced
before Lemma 3. Under the condition ®,(v) > 7 for some 7 > 1, we have

1

a>

. uwl +1
0+ Ve._ wi [4oHl]
Z7)=T L ¢ ]
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\Proof. Using Lemma 10 together with (16) and (26), we obtain

1
o2 ————
v (0(20))
B 1
0+ 35w (o(20))
1
- uj+1 :
¢ . w41
435w [407#] o
This proves the claim. O
Let us denote
~ 1
«a (34

B 0 rdgaer L
€+Zj:1“][oz+] ot

Here « plays the role of the default step size, and by Lemma 11, a < @.
Lemmas 12 and 13 below follow from Lemma 3.12 of [22] and Lemma 4.5 of [3], respec+
tively.

Lemma 12. [22] Let g be a twice differentiable convex function with g(0) = 0 and ¢'(0) < 0
attaining its global minimum at some point #* > 0, and suppose its second derivative ¢”(x) is

nondecreasing on [0, z*|. Then

2 (0)
2 )

g(x) < 0<z<z"

Lemma 13. [3] Let @ be the largest step size defined in Lemma 9. If o < @, then
f(a) < —ac?.
The following result plays akey role in the complexity analysis.

Lemma 14. Assume ®y(v) > 1, and let & be as in (34). Then

1 uwf—1

Taevae( g >

Proof. Since ®4(v) > 1, (29) gives

fla) <

o> 4/3P(v) > \/g

Applying Lemma 13 with oo = & and using (34), we obtain

0.2

f(a) < —ao” = — w41

ﬁ+vg_ wi [4oHl]
Z7)=1 ¢ 1
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IN
|

(since 20 > 1)

IN
|

(since w < uz, 20 > 1)

IN

VAN
|
)
2
(=
o
a
IS
+
t
IA
\.l\D
o~
‘+
[\
A
w
&~
I
w
p—

o ut

<« __ 2 -
= 40+ 9t

4

(since w’ < u’ for j < 0)

ut—1
o " . ¢ ¢
1 1 wfo1 )
= Il 2% [Dy(v)] 2u7 (since o > /Py(v)/2)
1 ubo1

u@71
<l P g ol ince 2 2u¢ < \/2).
< Bovar 1+ i) (since 2t = v2)

This concludes the proof. O

5 Complexity Analysis of the Algorithm

Updating  to (1 — #)u and invoking Lemma 5 gives
Onl + 27 4+ 2v/2mnl
q)g(v_,_) < ((I)g)o = 2(1 — 9) = Lg (n, 9,7’) .

To guarantee that ®,(v;) < 7 after each reduction of 1, we must bound the number of inner

iterations needed. Immediately after updating ., the value of ®,(v) is denoted (®,)4; the values
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produced by the subsequent inner iterations within the same outer iteration are denoted (®;),,
k = 1,2,..., K, where K is the total number of inner iterations performed. The decrease

achieved at each inner iteration is given by (35). Following [3], we set

1 =1 w41
R="—"F——""—""-, :1— — EO,].
3620 (1 + ut) K 10,11

2ut 2uft
Lemma 15. Let K denote the total number of inner iterations performed during one outer
iteration. Then

£iq

K< (72[2&%) [(@),) 27 .

N w1
[(@e)o] _ (72\/5&/) [(Dr),] gfel, which proves the
Ky

claim. O
log (%)
0

Multiplying this bound by the bound on the number of inner iterations from Lemma 15 yields

\Proof. By Lemma 1.3.2 of [22], K <

By [24, Lemma I1.17, p. 116], the number of outer iterations is bounded above by

the following upper bound on the total number of iterations:

(7o) (), S 2 LS.

36

Large-update methods

For (L-UP) methods, taking 7 = O(n) and § = O(1) in (&), gives (®¢), = O(n), and
substituting into (36) yields the iteration-complexity bound

(@) (uenujﬁl log (Z)) .

Small-update methods

For (S-UP) methods we take 7 = O(1) and § = © (ﬁ) Substituting these choices directly

into the expression for (®,), used above does not give the tightest possible bound; a sharper
estimate, which we continue to denote (®;), (now specific to this regime), can be obtained as
follows.

_ L_
By (24), ¢y(x) < L {W] (z — 1) for # > 1. Combining this with Lemma 4

(taking 3 = 1/+/1 — 0) gives

1 Dy(v
Bu(vs) < ngpe e (240))
\ I —U \ /

A7

N~

A%
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Sn(u—l(ﬁu—l—ulg ))( 11_9§<<I>gn’u) _1>z
_ (-1l tu(u 1)) (g (I)gv))_ 1_9>2.

2(u—1)(1— 0)

Using (25), we continue:

n((u—1)¢+u(u’—1)) (C (@g(

2(u—1)(1— 0)

n((u—l)ﬁ—i—uu—l 20, (v) ’
= 2(u—1)(1 (( rfé >_ 1_9>

_n((u—1)€+u ut —1
B 2(u—1)(1

V=g

n((u—l)f—l—u(u—l ?

() <0+\/ni)
B ((u—l)f—ku(ug—l)) 2T 2_

T 2u-D-9) (M”/?) S

where in the last two steps we used the identity 1 — /1 —0 =

N
~
|
W
S
~_

no

1\}07 < 0 together with
®,(v) < 7, the latter applied as an upper bound on the initial value (®),,.

With 7 = O(1) and § = ©(1/y/n), we'have #\/n = O(1) and \/27/¢ = O(1), so
@)y = O (u') as n — oc. Since v < 1 and ($p), > 1, we have [(®¢),]” < (P0), = O(u’)
and substituting into (36) together with log(n/€)/6 = ©(y/nlog(n/e)) gives the iteration;

complexity bound
@ (u%\/ﬁlog (%)) .

Remark 2. For ¢ = 1, the analysis above remains valid and yields O (un% log (%)) for the
(L-UP) case, and O (u2\/ﬁ log (%)) for the (S-UP) case.

Remark (Optimal Parameter Choice)

'We now show how to tune u as a function of n and /£ so as to recover the best-known complexity|
bound for (L-UP) methods. Throughout, log denotes the natural logarithm, so that n!/1°¢" = ¢
From the L-UP bound derived above,

O (ugnu;pl log (ﬁ)\ ,
\ €

7
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choose

1
logn\ ¢ logn
uz( g ) , so that ué:%.
Then 1
541 1, 1
n 120gn :n§+logn :\/ﬁ.nl/bgn:\/ﬁ.e’

and substituting into the bound gives

Hence the complexity bound becomes

O <logn -v/n-e-log <Z>> =0 (\/ﬁlognlog (%)) ’

2

which is the best complexity bound currently known for (L-UP) interior-point methods.

Table 1: The properties (19), (20), and (22).

Kernel functions ¢, () op(x)

<p; (z) x—x P lx — E§:1 zv

<p;/ (z) 1+ pz—P~1 {4+ Zﬁzl w1

v; (z) —ppet Do PR S W (u 1) 2
op] () + () 2ot pma? ok Y (w — 1o
2 (x) = oi(w) L (p— D et (L wl)a

6 Theoretical Comparison of Kernel Properties

To assess the practical relevance of the proposed (N-K-F) and its effect on algorithmic behavior.
we compare it with the self-regular kernel of Peng et al. [22] and the resulting performance of]
the corresponding [IPM schemes.

1. ¢p(z), the kernel function introduced by Peng et al. [22]:

2 —-1 zlP—-1

= 1.
2. pe(x), our (N-K-F), as defined in (1):
0(2%—1) a1
Sof(‘r):f_z:ﬁv u>1, ¢ e N\ {0}.

J=1

The comparison is summarized in Tables 1, 2, and 3 below. In what follows, the generic suby

script @ in ¢} (), ¢l (x), ¢’ (x) stands for either kernel (i = p or ¢ = ¢), to avoid repeating the

same expressions twice
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Table 2: The estimated bound terms.
(K-F) ‘Pp(x) 80(’,('%')
¢(s) fors >0 (1+25)%§§(5)§(25+§%}>2 1+ % 5) <1+ 4/2
1
z) forz >0 2) > —1 2 >{L]"’f
) o= 20 ole)> Ly o) > [
27"'%" Onl+274+2/271nl
Ln,6.1) < =ty B (=
a' 1 1 i
1+p wl +1
Lip(io) e wisag
K 1 1
100(p+1) 36fz(1+u2)
~ p+1 u'+1
2p 2u’

Table 3: Complexity findings concerning (L-UP) and(S-UP) algorithms.

Complexity bound ¢, (x) wo(x)
(L-UP) methods ) (pn 2 log (2) ( Up e Z))
(S-UP) methods O (p*/nlog (ﬂ)) O (u?“y/nlog ( )

7 Numerical Tests

'We compare five kernel functions, including the one proposed in this paper, summarized in Ta;
ble 4. For completeness, the table also lists the very recent hyperbolic kernel of Bouhenache et
al. [7]; this kernel is included only for context and is not part of the numerical comparison bex

low, since reproducing it would require implementation details beyond the scope of the present

study.
Table 4: Considered kernel functions.
Kernel function Complexity References
D+ L
pp(w) = 5t + =L O (pn'% 10g () [22]
(L'27 —log o @ n
pq () = T4 2<q"1>1 g¢>1 O (qn's7 log ) [6]
=P =)
or (z) = (7“—‘,—2):15 —(r+3)z—logz+ =,r>2 (’)((r+1)2(r+1> n 20+ log%) [9]
Ya (T) = fa% dta>e / [8]
¢n(z) (hyperbolic kernel, for context only) O(y/nlognlog(n/e)) [7]
@?— —w PLESY
o) = T 5 A s eem o) | o (w5 o () :

1 This kernel function is proposed for the first time in the present work; hence, no external reference applies.
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7.1 Experimental Setup

All numerical experiments were performed on a computer with an Intel Core i7-10750H pro+
cessor (2.60 GHz) and 16 GB of RAM. The stopping criterion is

.fTS

= <1078,
0

where x and s are the primal and dual variables, respectively, and p is the barrier parameter
A maximum of 2000 iterations was imposed for problems of size (m;n) < 100, and 1500
iterations for larger problems, together with a time limit of 3600 seconds (1 hour) per instance.
If the algorithm does not converge within this time limit, the.corresponding entry in the tables
is marked “?”, indicating a timeout. No numerical failures or stability issues were observed; all

timeouts occurred solely because of the high per-iteration cost for the largest problem instances

Default Step Sizes in the Numerical Experiments

The step sizes o, and oy used in Tables 5 and 6 are not free tuning parameters; they are the
analytic default step sizes derived from Lemma 11 (for our’kernel) and the corresponding lemma
for Peng’s kernel [22], namely

1 1
oy T ay = IR

1+p(1—|—40) P £+Z§:1uj<4cr+é> u?

L

These expressions guarantee a sufficient decrease of the proximity function (Lemma 14) and
were used as-is, with no further heuristic adjustment, to obtain reproducible, theory-compliant

numerical illustrations.

Test Problem

'We consider the following problem with n = 2m:

0 ifi£jandj#i+m,
1 ifi=j0rj=14+m,

with ¢(7) = —1, ¢(i +m) = 0, b(i) = 2, and the interior-point starting condition

'We note that for several of the larger, successfully solved instances (e.g. the inner-iteration counts of ¢, and ¢, in|
Tables 5 and 6), the reported totals exceed these nominal iteration caps; this indicates that, in practice, termination|

was governed by the duality-gap criterion above rather than by the iteration cap, which therefore acted only as a

safety bound and was not the binding constraint in those cases
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@) =t%+m)=1, P60 =-2, L6)=1, Li+m)=2  i=1,...,m.

All computations were carried out in MATLAB, with u® = 1, € {0.01,0.99}, ¢ = 10~*
T =mn,and u = 2, ¢ = 2 for the (N-K-F). The step size o was chosen at each iteration to satisfy
0 < a < @, using the default formulas o, and oy given above.

In the result tables, (m, n) denotes the number of constraints and the number of variables
respectively. The column “Iterations (Inr,Outr)” reports the total number of inner (Newton
iterations followed by the number of outer iterations required to reach the optimal solution
while “Time (s)” reports the corresponding CPU time. Note that, since the outer loop depends
only on 6, n, ¢, and MO (not on the kernel), the outer-iteration count is identical across all kernels
for a given (m, n) and 6, as confirmed by the tables below. A summary of the experiments is
given in Tables 5 and 6.

The symbol “?” indicates that the algorithm did not converge within'the 3600-second time
limit (timeout).

Note. For the same configuration ¢, (¢ = 2, u =/2) at problem size (500, 1000), the
CPU time differs substantially between § = 0.01 (Table 5:290.11 s, total iterations 5155 +
1714 = 6869) and 8 = 0.99 (Table 6: 507.14 s; total iterations 11434 4+ 4 = 11438). This
0-dependent difference is consistent with-the roles of 6. discussed in Section 2: small-update
methods ( = 0.01) require many outer iterations but very few inner iterations per outer step
keeping the iterate close to the central path, whereas large-update methods (8 = 0.99) require
very few outer iterations but many more inner iterations to restore proximity after an aggressive

reduction of p, resulting in a higher cumulative costin this instance.

Comments

The results in Tables.5 and 6 reveal several interesting patterns regarding the performance of
the proposed kernel oy (£ = 2, = 2) and its variant ¢, (¢ = 1,u = 3.5), compared to existing
kernels.

Observed trends. For the smallest instances, (10, 20) and (20, 40), all kernels perform rea;
sonably well with comparable computation times. As the problem dimension grows, however.
the differences between kernels become much more pronounced. The variant o, (¢ = 1,u =
3.5) requires somewhat more inner iterations than the self-regular kernel ¢, (p = 3) on the three
smallest instances, but this trend reverses from (50, 100) onward, where ¢, (¢ = 1,u = 3.5
consistently needs fewer inner iterations and less time than ¢, the gap widening as the problem
size increases. The variant ¢, (¢ = 2,u = 2), by contrast, is consistently slower than both ¢,

and @y (¢ = 1) across all instances, reflecting the more conservative step size associated with

¢ = 2; its main advantage lies elsewhere, namely in its robustness on the largest instances, dis:
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Table 5: Comparative analysis of examples for 6 = 0.01

(m,n) Function Iterations (Inr,Outr) ~ Time (seconds)
©p (p=3) (191, 1324) 0.0362
0q(q=2) (9408, 1324) 0.5240
(10,20) or (r=1) (1042, 1324) 0.0949
Ya(a=3) (1,1324) 25.1535
0o (0 = 2,u = 2) (355,1324) 0.0579
o (6= 1u=3.5) (216, 1324) 0.0496
©p (p=3) (289, 1393) 0.0714
g (@=2) (21045, 1393) 1.6124
(20,40) or (r=1) (1751, 1393) 0.2499
va (a=3) (1,1393) 61.2205
e (£ =2u=2) (555,1393) 0.1190
o (0 = 1u = 3.5) (303, 1393) 0.0947
©p (p=3) (332,1415) 0.1497
g (g=2) (27391, 1415) 2.9428
(25,50) or (r=1) (2070, 1415) 0.3524
¢a (a=3) (1,1415) 81.0503
0o (€ =2u=2) (643,1415) 0.1865
o (0 =1u = 315) (340, 1415) 0.1593
©p (p=3) (522, 1484) 03614
©g(q=2) (62737, 1484) 17.895
(50,100) or (r=1) (3479, 1484) 1.0906
¢ (a=3) (1,1484) 261.07
0o (0 =2u=2) (1025, 1484) 0.5122
o (€= 1u = 3.5) (492, 1484) 0.3262
©p (p=3) (835, 1553) 2.1907
wq (¢ =2) (145343, 1553) 327.63
(100,200) on(@=1) (5850, 1553) 12.653
0o (a=3) (1,1553) 525.35
o (0 = 2, = 2) (1652, 1553) 3.7866
wr (€ =1u =3.5) (726, 1553) 1.8244
©pp = 3) (1590, 1645) 23.131
G (a=2) (2,7) ?
(250,500) or (r=1) (2,7 9
o (@=3) (1,1645) 1334.7
0o (0 = 2u = 2) (3147, 1645) 46.813
o (0 = 1u = 3.5) (1243, 1645) 16.462
op(p=3) (2620, 1714) 130.07
g (qg=2) 7,7 ?
(500,1000) or (r=1) 2,7 ?
#a (a=3) 7,7 ?
0o (0 =2u=2) (5155, 1714) 290.11
0o (0 = 1u=3.5) (1891, 1714) 92.320
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Table 6: Comparative analysis of examples for = 0.99

(m,n) Function Iterations (Inr,Outr)  Time (seconds)
wp (P =3) (247,3) 0.0188
wq(@=2) (11231, 3) 0.4454
(10,20) wr (r=1) (1912, 3) 0.1892
©a (a = 3) (1,3) 0.1386
(L =2u=2) (529, 3) 0.0460
we (0 =1u=3.5) (282,3) 0.0278
wp (@ =3) (418,4) 0.0435
pq(@g=2) (25363,4) 1.5245
(20,40) wr(r=1) (3802,4) 0.3845
@a (a = 3) (1,4) 0.3937
pr (0 =2u=2) (1030, 4) 0.2245
we (£ =1u=3.5) (458,4) 0.0570
wp (P =3) (479, 4) 0.0768
pq(@g=2) (33000, 4) 2.8559
(25,50) pr (r=1) (4140, 4) 0.5617
©q (@ =23) (1,4) 0.5042
o (0 =2u=2) (1217, 4) 0.2977
pe (£ =1u=3.5) (512,4) 0.0940
wpp =3) (747,4) 0.2133
pql@g=2) (75556, 4) 17.208
(50,100) or (r=1) (6952, 4) 1.9228
©a (@ =23) (1,4) 2.2999
e (£ =2u=2) (2049, 4) 0.9675
we (0 =1u=3.5) (740,4) 0.3176
wp (P =3) (1189, 4) 2.2764
pq(@=2) (175052, 4) 315.46
(100,200) pr (r=1) (12685, 4) 30.847
@a (@ =13) (1,4) 2.6967
we (b=2u=2) (3452, 4) 8.4463
o (0= 1w="3.5) (1091, 4) 2.3974
op (p=3) (2248, 4) 26.167
g (g=2) (7,7 ?
(250,500) or(r=1) (25155, 4) 343.45
Yo (@ =3) (1,4) 5.0024
e (L =2u=2) (6840, 4) 103.43
we (£ =1u=3.5) (1865,4) 24.383
wp (p=3) (3693, 4) 161.43
g (q=2) (7,7 ?
(500,1000) wr (r=1) (7,7 ?
@a (a = 3) (1,4) 9.0605
0o (6=2u=2) (11434, 4) 507.14
we (£ =1u=3.5) (2837,4) 140.12
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cussed below. The kernel ¢, (¢ = 2) exhibits extremely high iteration counts on the instances
it manages to solve (e.g. 175052 inner iterations for (100, 200) at # = 0.99) and fails to con;
verge within the time limit on the two largest instances, (250, 500) and (500, 1000), indicating
poor scalability. The kernel ¢, (r = 1) behaves reasonably on small instances but becomes
increasingly expensive at scale, reaching 25155 inner iterations for (250, 500) at = 0.99, and
times out altogether on (500, 1000).

When the proposed method is preferable. Our kernel functions are particularly advanta;
geous on medium-to-large instances. For example, at (500, 1000) with 6 = 0.99 (Table 6)
¢ (0 = 1,u = 3.5) completes in 140.12 seconds with 2837 inner iterations, against 161.43
seconds and 3693 inner iterations for ¢, (p = 3). The kernel ¢, (a"= 3) is notable in that
it requires only a single inner (Newton) iteration in total across the entire run, regardless of
problem size or § — its outer-iteration count matches that of the other kernels (e.g. 1324 at
0 = 0.01, 3 at & = 0.99 for (10,20)) — yet its computation time still grows steadily with
problem size (from 0.1386 s at (10, 20) to 9.0605 s at (500, 1000) for § = 0.99), suggesting
that the per-outer-iteration cost, rather than the iteration count itself, dominates its running time
Our kernel achieves a more balanced trade-off between the number of inner and outer iterations
which translates into competitive overall performance, particularly for the £ = 1 variant.

Cases with limited advantage. On the smallest instances, (10, 20) and (20, 40), the differ;
ences between kernels are modest, and the simpler kernel ¢, remains a fully adequate choice;
here o, (¢ = 1) offers no clear iteration-count advantage, and yy (¢ = 2) is noticeably slower
The added flexibility of the multi-parameter kernel is most useful at larger scale; for small or
moderate problems where extreme accuracy is not required, the extra parameter £ mainly adds

tuning effort without a clear practical benefit over the simpler £ = 1 variant.

Scalability and robustness. A key observation is the robustness of the proposed kernel
family: while ¢y fails to'converge at (500, 1000) and on parts of (250, 500), and ¢, times out
at (500, 1000), both variants of ¢, successfully solve every test instance within the time limit
with computation time growing only moderately with problem size. Among the two, the £ = 1
u = 3.5 variant offers the best overall practical performance, consistently outperforming ¢y, in
both iteration count and computation time on medium-to-large instances, while the £ = 2, 4 = 2
variant trades additional iterations for the broader theoretical flexibility of the multi-exponent]

construction.

We note that the kernel ¢, is analytically defined for » > 2 in [9], whereas the experiments here use » = 1; this

parameter choice falls outside the range covered by the original analysis and should be interpreted as an empirical

comparison point rather than a theoretically guaranteed regime
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8 Conclusion

In this work, we introduced a novel multi-parameter kernel function py(x) that generates ef;
fective search directions and improves the theoretical complexity of primal—dual interior-point
methods for linear optimization. By summing power terms with geometrically spaced expo;

2 ..., u’, the proposed kernel decouples the local curvature near the central path

nents u, u
from the asymptotic growth far from it — a structural flexibility unattainable with singles

parameter kernels. Both large-update (L-UP) and small-update (S-UP) variants were rigor
ue 1
ously analyzed, yielding complexity bounds of O <u£n2u+Z log (%)) and O (u*\/nlog (2))

logn
2

O (\/ﬁ log (n) log (%)) result, confirming that self-regularity-is sufficient but not necessary

respectively. With the optimal tuning u = ( )7, these bounds_recover the best-known|
for optimal complexity. The numerical experiments support these theoretical findings, show-
ing that the proposed kernel — particularly the ¢ = 1 variant — is competitive with, and often|
more efficient than, classical kernels on medium-to-large instances, while remaining robust on
problems where some existing kernels fail to converge within the allotted time.

Limitations: The present analysis is restricted to standard-form linear optimization undet]
the interior-point condition (IPC). Extensions to infeasible starting points, degenerate problems
or problems with special structure remain unaddressed. The selection of u and ¢ is currently
guided by theoretical bounds rather than by adaptive or data-driven strategies, and the inter
action between ¢ and u in determining step-size conservatism — visible, for instance, in the
slower performance of the / = 2 variant relative to £ = 1 in our experiments — warrants
further investigation.

Future Directions: Natural extensions include: (i) generalization to semidefinite optimizas
tion (SDO) and second-order ¢one programming (SOCP); (7i) development of infeasible-start
variants compatible with homogeneous self-dual embeddings; (iii) adaptive parameter-selection|
strategies for v and ¢ based on problem structure; (7v) integration with preconditioning tech
niques for large-scale sparse LP; and (v) theoretical and empirical analysis for non-symmetric

cones.
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