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Abstract. This study develops and analyzes a four-compartment predator—prey
model incorporating disease dynamics and optimal control. The first prey
population follows logistic growth and is susceptible to infection, whereas the
second prey population remains disease-free and exhibits greater competitive
ability. The model incorporates an epidemic process within the first prey
population and considers two control measures: reducing disease transmission
and treating or removing infected individuals. We investigate the resulting
system theoretically to assess the effects of these interventions on disease
prevalence, prey persistence, predator dynamics, and ecosystem stability. In
particular, stability analysis, sensitivity analysis, and optimal control theory are
employed to characterize the model dynamics and identify the most influential
parameters. The results indicate that the carrying capacity (k), infection rate
(7), and disease-induced mortality rate (1) play major roles in determining the
persistence of infection. Moreover, the optimal isolation (u;) and treatment
(u2) strategies substantially reduce disease prevalence, increase the healthy
prey population, and promote predator stability compared with the uncontrolled
scenario. Numerical simulations further demonstrate the effectiveness of the
proposed control strategies in mitigating infection and maintaining ecological
balance. These findings demonstrate that the model provides a unified frame-
work for examining the interactions between heterogeneous prey populations,

disease transmission, predation, and targeted control interventions.
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2 Optimal Control of a Predator—Prey Eco-Epidemic Model

1 Introduction

The mathematical modeling and analysis of dynamic phenomena, particularly the spread and
control of infectious diseases, have become important areas of research in biomathematics, with|
significant contributions to our understanding of disease transmission and control [5, 13]. For
instance, [60] investigated a multi-group epidemic model and examined optimal strategies for

controlling an infectious disease.

Predator-prey interactions are central to ecosystem stability and biediversity conservation
'When prey species become infected with a disease, the system dynamics become markedly more
complex: disease modifies prey growth and mortality rates, alters contact and predation-access
patterns, and thus affects not only the prey population but also the predator, and overall commu;
nity structure. This has motivated the development of eco-epidemiological models, in which|
ecological interactions (such as predation and competition) are coupled with epidemiological
processes (such as disease transmission and recovery)/to yield richer insights into population|

dynamics, disease control, and ecosystem management [4, 9,14].

Early eco-epidemiological models generally considered a single prey population divided
into susceptible and infected classes.alongside a predator species. A notable example is the
study by Mukhopadhyay and Bhattacharyya, which introduced predator switching behavior be;
tween susceptible and infected prey, highlighting how predator preferences can modify disease
dynamics within prey populations [17].< Similarly, Greenhalgh et al. developed a model in;
corporating a ratio-dependent functional response, allowing predators to distinguish between|
healthy and infected prey, further enriching the understanding of predator-prey-disease interac;
tions [10].

More recent research has expanded the framework by incorporating fractional-order dy;
namics, spatial diffusion,/Allee effects, fear effects, prey refuge, and migration to capture more
realistic ecological complexities:. For. instance, an eco-epidemiological model accounting for
the impact of/fear on prey demonstrated how predator-induced fear alters infection dynamics
and prey behavior [10]. Further advancing the field, the application of optimal control theory|
to an eco-epidemiological reaction-diffusion model was explored, introducing spatial interven
tions such as isolation and treatment to optimize disease control while preserving ecosystem|
stability [12, 16, 19].

Despite significant advances, several important gaps remain in the eco-epidemiological
modeling literature. Many existing models assume symmetric disease effects or focus on a
single prey species, which limits their ecological realism in natural systems where multiple
prey species compete, with only one species harboring infection while others remain diseases

free [10, 17]. Moreover, although optimal control methods have been applied in some eco;

epidemiological settings, few studies comprehensively integrate multiple prey populations
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asymmetric disease structuring, and dual intervention strategies, such as transmission reducs
tion and treatment, within a unified control framework [7, 22].

In this study, we address these limitations by developing a predator-prey model comprising
two prey populations: one infected (subdivided into susceptible and infected classes) and the
other disease-free yet competitively superior. We introduce two time-dependent control vari;
ables aimed at (i) reducing disease transmission among the infected prey population and (ii
treating or removing infected individuals. Employing Pontryagin’s Maximum Principle, we es;
tablish the existence of optimal controls and conduct rigorous stability analysis, complemented
by numerical simulations and parameter sensitivity investigations.

The novelty of our work lies in the integration of dual prey populations, heterogeneous iny
fection dynamics, and dual intervention mechanisms, all within a cohesive eco-epidemiological
and optimal control framework.

The subsequent sections of this paper are structured as follows:.Section 2 details the mathe;
matical formulation of the predator-prey model, elucidating key assumptions and equations. In
Section 3, the quality behavior of the model is discussed: Section 4 deals the sensitivity analy+
sis of the infectious population of model respect to parameters of model. In Section 5 presents
the existence of optimal controls and derives the necessary conditions using Pontryagin’s Maxij
mum Principle; Section 6, the numerical methods used for simulations are outlined, along with

the model parameterizations. Section 7 is devoted to conclusion of the paper.

2 Description of Model

In this section, we construct a.prey-predator model to look at the effects of predation. We
assume that the following hypothesis holds. for our model.

(i) The first prey population, denoted'as s (t), grows logistically with an intrinsic growth
rate of r and an environmental carrying capacity of k. Mass-action is assumed between|
susceptibles and infecteds in.the first prey.

(ii) The infectious population of the first prey, denoted as I(¢).

(iii) The second prey population, denoted as s5(t), is assumed to experience a constant growth|
rate. This prey species is considered stronger than the first and remains free of infectious
disease. As a result, the predator preferentially targets the first prey, thereby providing
an indirect advantage to the second prey-an assumption that underpins this dynamic.

(iv) The predator population, denoted as x(t), is assumed to grow exponentially with a nega;

tive growth rate. Additionally, predators are not affected by infection when consuming
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infected prey. Mass-action is assumed between the predator population and the prey pop+

ulation.

Figure 1, illustrates the interactions among three prey groups s1, I, so and a predator x. This
diagram highlights the processes of predation, disease transmission, and the predator’s impact

on prey populations.

ngl‘

[Figure 1: Schematic diagram showing the interactions among healthy preys (s1, s2), infected prey (I), and the
predator ().

Considering the above assumptions, we apply the following dynamic model for predator

and prey populations:

I
% =rs;(1— 81;_ ) —bisiz —ys11,
dl
i v811 — bolx — pl,
d
42 = A — asy — bgsox + 1sq, (1
dt
dx
E = —Ax + e1b1s1x + esbalx + ezbssox,
with initial conditions:
51(0) >0, I(0) >0, s2(0) >0, z(0) > 0. 2

Description of parameters are given in Table 1
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Table 1: Definitions and descriptions of the parameters for model (1).

Parameter Description

Logistic growth rate of the first healthy prey population
Environmental carrying capacity

Infection rate of the first prey population

Mortality rate of the first infected prey

Constant growth rate of the second prey

Natural mortality rate of the second prey

~ 0 B r 2 > =

Intensity of the indirect effect
A Natural mortality rate of the predator
bi, i=1,2,3 Predation rates of the first susceptible, infected, and second prey by predators

e;, 1=1,2,3 Conversion efficiencies

3 Qualitative Behavior of the system
3.1 Existence, Uniqueness, Positivity, and Boundedness of Solutions

Theorem 1 (Existence and Uniqueness). Consider system (1) with a nonnegative initial condij
tion
(51(0), 1(0),82(0), 2(0)) € RY.

Then there exists a unique solution

(Sl(t)71(t)v Sg(t),x(t)),

defined on a maximal interval [0, 7") with 7' > 0. Moreover, the solution depends continuously|
on the initial condition.
\Proof. System (1) can be written in the compact vector form

dY
— =F(Y

X ),
where Y = (s1,1,52,2) € R* and F = (f1, fo, f3, f1) is defined by

Il
J1(Y) =rs; (1 - 812_ ) —bisix —ys11,

fo(Y) = vs1I — bolw — pul,
f3(Y) = A — ausg — bzsox + Isq,

fa(Y) = —dx -+ e1bysyx + esbo [z + e3bgsox

JE
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Since each component f;(Y) is a polynomial function of the state variables, it follows that
F € C*'(R*). Hence, F is locally Lipschitz continuous on R*.

Therefore, by the Picard—Lindel6f theorem (Cauchy—Lipschitz theorem)[20], for any initial
condition Y(0) = Yo € R4, there exists a unique local solution Y(t) defined on some interval
[0,7) with T > 0. Moreover, the solution depends continuously on the initial data. This
completes the proof. O

Theorem 2 (Positivity). All solutions of system (1) starting in Ri remain non-negative for all
t>0.

\Proof. On the hyperplanes of region 2 we have

51s;=0 = 0, 3
I|7=0 = 0, (4
S9|sy=0 = A +1s; >0, (5
&|p=0 = 0. (6

By choosing the initial condition from region €, relations (3) to (6) show that the hyperplanes
corresponding to the state variablesled the phase trajectories into region {2 and it is not possis

ble for any of the state variables to become negative. U

Since s1(t), I(t) < Ni(t) < K and s2(t) < Sy for all t > 0, we obtain the following
estimate:
elblsl(t) + 62()2[(75) < max{elbl, eng}K.

Define
M= max{elbl, egbg}K + e3b3Ss.

Then, for all ¢ >0, the function p(t) = —\ + e1b1s1(t) + eabal(t) + e3bzsa(t) satisfies
p(t) < M — A\

From the fourth equation of system (1), Cé—f = p(t)xz(t), direct integration yields

z(t) = z(0) exp < /0 t p(7) dT> < z(0)eM=Nt vt > 0.

If A\ > M, then M — X\ < 0, which implies that 2(¢) < z(0) for all ¢ > 0. Moreover, in this
case x(t) decays exponentially to zero as ¢ — oo. Consequently, x(¢) is uniformly bounded on

[0, 00). This completes the proof of uniform boundedness of all solutions.

Theorem 3 (Uniform Boundedness). All solutions of system (1) initiating in Ri are uniformly|
bounded for all £ > (O
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Proof. Let N1(t) = s1(t) + I(t). Adding the first two equations in (1):

dN7 N T
WSTSI <l_k> ST’Nl—%NlQ

dN-
For Ni(tgp) > k, we have d—tl < 0, which means N; decreases. Therefore, Ni(t) <
Ni(to), forall t > tg. Then the N; will be bounded.
If N1(tg) < k, then N1(t) < k for all t > to. Therefore

Ni(t) < max{Ni(tp),k} = K.

Then the state variables s1, and I are boundedness.
From the third equation and the boundedness of s1, I we have:
d d
%SA—OZSQ—FZK = %—F@@SA—%—ZK.

This is a first-order linear differential inequality. Using the integrating factor e, we obtain:

d
—(59€™) < (A + 1K )e™.

dt
Integrating yields:
A+ K
sa(t)e — 55(0) < ML (ot _ 1),

o

Then ALK
s9(t) < 82(0)e™ " & * (1—e o),

o

Therefore:

A+ IK

Q
Therefore, the state variable sy is boundedness.

s2(t) < max{s2(0), b= S, forallt> 0.

Since s1(t), I(t) < Ni(t) < K and sa(t) < S, we have:
elblsl(t) + 62b2[(t) < max{elbl, ezbg}K.

Define
M= max{elbl, eng}K + e3b3Ss.

Then for all ¢ > 0:
p(t) =—-A+ elblsl(t) + 62()2[(15) + 63[)382(t) < M — ).

From ‘é—f = p(t)x(t), we obtain:

z(t) = x(0) exp </Otp(7') d7'> < :U(O)e(M*/\)t.

If \ > M, then M — \ < 0, which implies that z:(¢) < z(0) for all ¢+ > 0. Moreover, in this

case x(t) decays exponentially to zero as ¢ — oo. Consequently, x(¢) is uniformly bounded on

[0, 00). This completes the proof of uniform boundedness of all solutions [
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3.2 Equilibrium Points of the System

In this section, we determine the equilibrium points of the model and derive the conditions for
their existence. To this end, we set the right-hand sides of system (1) equal to zero and solve

the resulting algebraic system. Six nonnegative equilibrium points are obtained, namely,
E, =(0,0,s5,0), FE3=(s7,0,s5,0), FE35=/(0,0,s5,z%),
Ey = (s],0,85,2%), FE5=(s7,1%,55,0),
and the coexistence equilibrium
Es = (s1, 1", s5,2%).
The corresponding existence conditions for these equilibrium points are given below.
(i) Existence of £y = (0,0, s3,0)

Let s; = 0,1 = 0 and x = 0. Solving the system (1) gives: A — ass = 0. Then

A

we have s5 = —. Therefore, the equilibrium point £; = (0,0, —,0) is established
! e

unconditionally.

(if) Existence of Ey = (s7,0,55,0)

Let I = 0 and z = 0. So, solving the system (1) gives: rsi(1 — %) = 0and A —
A+ 1k
asg +1s; = 0. From this we have s7 = kand 535 = + . Thus, the equilibrium point
a
A+ 1k
Ey = (k,0, + ,0) always exists.

(iii) Existence of E3 = (0,0, s5, z*)

Let s; = 0 and I = 0. Solving the system (1) results:

A —asy —bysor =0 and (=X + egbgse) = 0.

A Aesbs — a)
Therefore, the equilibrium point E53 = (0, 0, , €303 — @ ) exists provided,
63()3 )\bg
Aegbs — a) > 0.

(iv) Existence of Fy = (s7,0, s3,2%)

Let I = 0. Then, system (1) takes the following form:

s
S1 (r (1 — i) —ethix) =0,

A — 8o — bgsox + 151 = () (7
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x (=X 4+ e1b1sy + egbssa) = 0.

By straightforward calculations, we obtain:

S9 =

r (1 31> A —e1bisy
) _

xr = ——
e1b1 e3bs

Substituting these expressions into the second equation of (7), we derive:

aA rA

rey o aerkby  r(eibik+ \)
- l A——— =0. 8
]436381 + < €3b3 + elblegk‘ + o1 + ( 6353 61b1€3 (
We can rewrite equation (8) in the quadratic form:
As? + Bsy +C =0, 9
where
rei aerkby  r(eibik + A) o A
k‘63’ * ( e3bs e1biesk u 7 ( esbs e1bies

Here, A < 0, B > 0, and C will be negative provided that

a\ rA
— +

A —_—.
< €3b3 6351

(10

Let the roots of equation (9) be s7; and s7,. Then,

C
>0,/ s1812 = 1< 0,

* * B
S11t 812 =~

where it is assumed that s7; > s7,.
If condition (10) holds; both s7; and s7, exist. Otherwise, only s}, exists as a valid root

(v) Existence of E5 = (s7,1",53,0)

At the predator-free equilibrium, we set x = 0 in system (1). This reduces the system to

@(L—“;I>—yn =0,

(ys1—p)I =0,
A—ass+1s; =0.

From the second equation, since I # 0 at this equilibrium, we obtain s = B Substitut:
v

ing s7 into the first equation and solving for I yields:

I" = (Ade 4 g2}
AN ALY
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Substituting s7 into the third equation and solving for sy gives:

A +IsT

. Ay +1lp
S5 .
o ay
Thus, the equilibrium point is explicitly given by: In this case, we have

By = (" r(vk—p) Ay +lu
Yk +r) ay

0).
This equilibrium point exists if,
vk > .

(vi) Existence of Eg = (s}, I*, s5, z*)

The coexistence equilibrium is obtained by setting the right-hand sides of system (1) to

zero,Therefore, we have:

I
r(l—slz; )— bix—~l =0,
¥$1— box — =10,
A — sy — b3ssx+1s; =0, (11

—\ + e1b151 + eabol + e3bzsy = 0.

In this case, the expressions for x, I;.and so are derived from the second, first, and last

equations of system (11), respectively, and are given by:

P ey
b2 ’
;_ ((—ys1 + u)by +rbo)k — rbas;
bo(vk + 1) ’
o — (—627’[)2 + ((’ysl — p)es — slvel)bl + 7)\)145 + r(—b16181 + boegsy + )\) .

(vk + 7)esbs

Substituting these values in
A — sy — bysox +1s; = 0,
gives:
As? + Bs; +C =0, (12

where,

)
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1
B=— - - ,
ba(vk + 7)esbs {((k(le?, + reg)y + r(les + pez))ba — kXy

+ ( — pby(er — 2e9)k — )\T)’)/ — elrubl)bg
+ bg( — egrby + (k(61 —ey)y+ elr)bl>a] ,

(—abg + pbs) ((ubrez + rbaeg — YAk — Ar)

+ A.
bg(’yk + T‘)egbg

C=-

To determine the existence of this equilibrium point, By considering (12) For any real

equilibrium to exist, the discriminant must be non-negative:

B? —4AC > 0.

. . 4 . . B
The point Eg corresponds to a positive root of this equation. the sum of the roots is ——

A

and their product is %

B
-——>0 =. AB<O.
I > <

Thus, the necessary conditions for the existence of Eg are:

B2 —4AC >0, AB < 0. (13

Under condition (13), the sign of AC' determines the number of positive roots: if AC' > 0

there are two positive roots, and if AC' < 0, there is exactly one positive root.

3.3 Local stability of the free-disease equilibrium points

The Jacobian matrix J of system (1) with respect to the variables (s1, I, s, ) is:

2 I
r1-— 51+ — b=l —ﬁ—'ysl 0 —b1s1
k k
J— I vs1 — b — 0 byl
l 0 - — ngU —b382
erhix eabox esbsx —A+ e1b1sy + eabol + e3bsso

A
(i) The Jacobian matrix at the equilibrium point E; = (0,0, —, 0) has eigenvalues :
«

€3b3A — A\«

—Q, —H, T,
(%

Since r > 0, this equilibrium point is always unstable
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A+1k
(if) The Jacobian matrix evaluated at the equilibrium point Ey = (k, 0, L, 0) possesses|
o

negative eigenvalues, provided that the following conditions are satisfied:

p >k,
Ao > (akblel) + (k?lbgeg) + (Abgeg). (14

(iii) The eigenvalues of the Jacobian matrix at the equilibrium point

A A€3b3—0z/\
Es = (0,0
3 ( ) ’€3b37 )\bg )7

are given by:

Oé)\bl + )\Tbg Y 4 A€3blb3
1= ’

Abs
)\2 _ Oé)\bg — )\bg,u — Aegbgbg
Abs ’
-B+4/C
N34 = ;

where
B =Aegbs,  C/= B? —4B)* + 4a)? = 4a)\? — 4\*Aesbs + A%e3b3,

Then, the equilibrium point Fj3 is locally asymptotically stable if the following condition

holds:

alby + Arbg < Aesbibs,

adby — Absp — Aesbabs < 0,
For the eigenvalues Ag34 = _B%@, Two cases arise based on the sign of C. If
C > 04the eigenvalues are real and given by A3 = _B;\\@ and \y = _BQ_)\\@

The eigenvalue )4 is always negative provided B > 0, since —B — v/C < 0. For )3 to
be negative, we require —B + v/C < 0, which simplifies to v/C' < B or equivalently
C < B?. Thus, for C > 0, the conditions B > 0and C' < B? ensure both eigenvalues

are negative.

(iv) For the equilibrium point E4 = (s7, 0, s4, z*) Jacobian matrix is given:

J(E4) = 0 v¥s1 — box — 1 0 0
l 0 —bzx —a —b3so

€1 h17’ thn/)" PQbQ’)" 0
AN S = z o

7
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By assuming

Jii =

Jo22
J34
Ju3

rs1
k,’ )
Ys1 — bex — My

—b3zs2,

63b3.%'.

rsi

Ji2 = —? - YS1,
J31 = l7
Ju1 = e1biz,

J(Ej) is obtained as:
M A3+ ADNE 4 AQN + A,

where

Al = —J11 — Jog — Js3,
Ay = JinJeg + JiJss — Jiadur + Jaadsg — Jzadus,

provided the following conditions hold:

Al>0, i=1,--

3.4 Local Stability of the Disease-affected Equilibrium Points

(v) The Jacobian'matrix evaluated at the equilibrium point

After straightforward calculations, the characteristic equation of the Jacobian matrix

Al = —J11Jadss + Ji1Jsadus + JiaJea s +JiaJszJan — JazJs1Jan,
W= —J11Jodssdas + J31J1adag Joe — JraJaaJ33 a1

By Routh-Hurwitz criterionn] 1 ], the equilibrium point £ is locally asymptotically stable

4, and AY(ALAL — AL AL) — A2 > 0.

r(vk — Ay +1
Bs =L, 4 M), TE ),
v y(vk+r) oy
takes the form:
My My 0 My
My M- 0 M
J(Es) = 21 22 24 ,
Mz 0 Msg Msy
0 0 0 My
where
s1+1 781 —781
Myi=r(1——-)— — —~I Mio = —
11 7“( 2 ) 2 YL, 12 2 VS,
M4:—f)191 Mf)lz'\/f Moo:'ys*l—,u

Jia = —bis1,
J33 = —bgl‘ —
Jao = eabaw,

(15

(16
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(vi) For the equilibrium point Es = (s}, ", s5,2*) we have:

May = —bal, M3z =1, Ms3 = —a,
Ms4 = —bzss, Myy = e1b181 + eabod + egbgso — A.

Through straightforward computation, the characteristic equation of the Jacobian matrix
J(Es5) can be expressed as:

P(\) = M 4 BiA3 + BoA? + B3\ + By, (17
where

By = —Myq — M3z — Moy — M,

By = My1Mag + My M3z + My Mag — Mia Moy + Moo Mgs + Moo Myy + Mz Maa,

B3 = =M1 MagMs3 — Myy Mag Myy — My M3z Mag + Mia Moy Mss + Mg Moy Myy
— Moo M33 My,

By = MyqM3z3(Mi1 Mg — My Moay).

Applying the Routh-Hurwitz criterion [1], to the equilibrium point Ej is locally asymp+
totically stable if and only if the following conditions hold:

B1 >0, B3>0, B;>0, By (B3B3 — B1By) — B3 >0. (18
These conditions translate into the following constraints on the parameters M;;:

— Myy — M3z — May — M1 > 0,

— My Moy Mgz — Mg Moo My — My Mz My + Mio Moy Mg + Mig Moy May
— Moo M3z Myq > 0,

Mg Mgz (M1 Mo = Mo Ms1) > 0,

By (ByB3 =B B,) — B > 0.

The last inequality represents a complicated algebraic condition that ensures all eigen;
values have negative real parts. Due to its length and complexity, it is not expanded
explicitly here, but it must be satisfied for stability.

Juu Jiz 0 Jus
J(Eg) = Jor 0 0 Jy
Js1 0 Jzz Jaa |

7/11 740 7/13 ()

7
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where

rsi1 —T81
— Ji2 = s J1a = —b1s1, Jor =71,

Jog = —bal, J31 =1, J33 = —b3r — q,

J34 = —b3zso, Ju = e1bx, Jyo = eabo, J43 = e3bzw.

Computing the characteristic equation of J(E) yields:
A4 DN+ DoN2 + DA+ Dy =0, (19
where

Dy = —Ju — Jss,

Dy = Jidsz — JigJa1 — JiaJar — JaaJag — J3aduz,

Dy = JiJaadaa + Jindsadas + Jr2JoaJ3s — JiaJoaJar — Jiad21Ja2
—  Juds1Jag + JiaJszzJa — Jaa 33 du3 + JaaJ33 a2

Dy = JudadsaJus — JinJoadgzdas + Jiad21J3aJa3 — Ji2J2a 31 a3
+  JieJaadsz I — Jrador J32Jag + J1aJ21J33 2.

The characteristic polynomial of the Jacobian matrix at Ej is given by (19). Applying
the Routh-Hurwitz criterion, the necessary and sufficient conditions for local asymptotic

stability of Ejg are:
Dy >0, D3>0, Dy>0,/ Di(DyD3— D1Dy)— D3 > 0. (20

Substituting the expressions for [; in terms of the model parameters .J;;, these stability

conditions translate into the following explicit constraints:

—Jii=J33.> 0,

Ji1Jaa 3243 = Ji1J2a 33 a2 + Ji2Jo1 34 Ja3 — J12J24J31 a3
+ Ji2JaaJs3Ja1 — Jrada1J32Ja3 + J1aJa1 33 Ja2 > 0,

Ji1Jaa 3243 — J11J2a 33 a2 + J12Jo1J34Ju3 — J12J24J31 a3
+ Ji2JoaJs3 a1 — JiaJorJ32Jag + J1aJ21J33s2 > 0.

D1(DyD3 — D1Dy) — D% > 0.

The last inequality represents a complicated algebraic condition that guarantees all eigen;

values have negative real parts. In view of its complexity, it is not explicitly expanded

here; however, it must be satisfied to ensure stability.
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3.5 Global Stability

To analyze the global stability properties of the endemic equilibrium, we construct an appropri

ate Lyapunov function. The analytical framework is developed as follows:

Theorem 4. Consider system (1) and assume that 0 < e; < 1 fori = 1,2, 3. Let
E* = (s],I%,s5,2%)

be an endemic equilibrium of system (1) with strictly positive components.. If
KL es

4dr ey’

then E* is globally asymptotically stable in the interior of the feasible region
Q={(s1,],s2,2) Ry 151 >0, I >0, s3>0, 2 >0}.
\Proof. Let

E* = (51,17, s5,2)

be the endemic equilibrium satisfying

s7 >0, I* >0, s5 >0, z* > 0.

Consider the following Lyapunov function:

1
V(s1,1,s2,7) = <31 —ST—STIH%) + Ry <I—I*—I*lnl*>
51

+ R (82—s§—s§1nsz> + R3 (x—x*—x*ln%),
% T

where R, Ro, and Rj3 are positive constants to be determined later.

Differentiating V' with respect to ¢ along the solutions of system (1) gives
dv sT\ dsy I*\ dI
R ) DS O niicd 1— )=
dt ( 51> dt+R1< I>dt
3\ dso ™\ dx
Ro(1-2)=24+Rg(1-"—)—=.
T ( 52) dt T ( x > dt

Through straightforward computation, it results:

dVv r . N
pria i Gl s7)? — Roa(sz — 53)°

r * *
| PRy =) (s = s - I

+ (Rgey — )by (sy — sy)(x — 2*)
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+ (Rgea — Ry)by(I — I*)(z — o)
+ (R3€3 — Rg)b3(82 — sé‘)(w — x*)
+ Ral [(s2 — s3)(s1 — s1)].-

To eliminate the cross-terms involving (x — z*), we choose the constants as follows:

1
Ry = —, R1:€£’ R2:ej-

€1 (&) €1
Since 0 < e; < 1, we have R; > 0 for all . With this choice, R3e; — 1 =0, Rzes — R =0
and Rses — Ry = 0, so all terms containing (z — x*) vanish. The derivative simplifies to:

dv r % €3 * * * *
o :—%(51—31)2—6—104(82—52)2—%14 (s1 —sp)d —17) (21

+ B*(s1 — s7)(s2 — 53),

where

A*:7<62_1>_;, B= 3y

€1

Applying the Young’s inequality

A* N 1 X
A*(s1—s])(I = T7) < | 5 | (61(81 — s+ a([— I )2> ,
B (s~ si)(on — 55) < g (ealon - 5D + o2 - 3)°)
where €1,€2 > 0in (21) we obtain:
dVv T N . L ((s1 =802 (I—1%)?
— < —E(51—31)2—a(52—52)2+A < 5 L+ 5
o (((s2585)° (517 51)°
B .
+ ( > ot
Choosing €1 = ﬁ and.ey = |BQ‘*T|/<; to balance the coefficients of (s; — s“{)z, we have:

dv r 5 (es Bk s A%k )
— < ——(s1 =8~ | =2 — — 83)° — I— 1. 22
dt — 2]{:(81 51 (ela 4r (52 = 53) 4r ( ) (

Since %:k > 0, the coefficient of (I — I*)? is negative, and the coefficient of (s; — s7)?

is also negative. Thus, a sufficient condition for % <O0is:

> le €3
a>— - —,
4dr ey

Under this condition, % < 0. Therefore, By LaSalle’s invariance principle, £* is globally]

asymptotically stable in ) (]
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4 Sensitivity Analysis

To identify the most influential parameters affecting disease dynamics in the predator-prey syss
tem, a global sensitivity analysis was performed using Latin Hypercube Sampling (LHS) com;
bined with the Partial Rank Correlation Coefficient (PRCC) method [15]. This well-established
approach provides a comprehensive assessment of how parameter variations, both individually]
and through their interactions, influence the steady-state infected population (/*). The LHSH
PRCC framework has been widely used in epidemiological and ecological models due to its

efficiency and robustness for exploring complex and nonlinear parameter spaces.

Table 2: PRCC values for the parameters of model (1).

Parameter A r k l o} A o
PRCC 0.1037 0.5873 0.9461 0.0668 0:1237 0.1061 -0.9271
Parameter by by b3 2% el es es
PRCC 0.1472  0.1335 0.1221 0.8963 0.1096 0.1230 0.1013

Global Sensitivity Analysis: PRCC of Model Parameters on I*
I I I I I [ [

[ Other Parameters
[ Most Influential Parameters|

0.5

-0.5

Partial Rank Correlation Coefficient (PRCC)

| | | | |
> < A N o > N o 0 o A o~ e e

[Figure 2: Global Sensitivity Analysis: PRCC of parameters on the steady-state infected population (I*). The
figure highlights'the primary targets (v, i, k) for potential intervention strategies to control disease spread.

The results in Table 2 and Figure 2 indicate that carrying capacity & (PRCC = 0.9461
and disease transmission rate v (PRCC = 0.8963) are the most influential positive parameters
affecting I*. Increases in k or y substantially elevate the infected population at equilibrium. The
prey growth rate r also contributes positively (PRCC = 0.5873), though its effect is moderate
compared to k and ~.

Conversely, the disease-induced removal rate p has a strong negative effect (PRCC =
—0.9271), highlighting its crucial role in reducing the prevalence of infection in the syss
tem. Other parameters, including environmental and predator—prey interaction coefficients
by, bo, bs ey, es, es, A v, \), exhibit relatively minor effects (PRCC ~ 0.1-0.15)
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These findings are consistent with previous local (OAT) sensitivity analyses, confirming
that v and p are key parameters for disease management. The global analysis additionally
accounts for parameter interactions and system nonlinearity, providing a robust and compres

hensive understanding of model sensitivity.

5 Optimal Control Formulation

In this study, we consider two time-dependent control strategies: wy(¢) representing isolation|
management, and u(t) representing treatment administration. ‘These controlsiare implemented
as piecewise continuous (PC) functions over the time interval [0, 7]y with the admissible range
0 < wuy(t),us(t) < 1forallt e [0,T)].

(1) The isolation control u;(t) € [0, 1] modulates disease transmission by reducing the term
~vS11 to (1—wuq(t))yS1I. Here, the factor (1 —uj(¢)) quantifies the residual transmission
risk, where u;(¢) = 0 corresponds to no isolation (natural transmission), and u; (t) = 1
corresponds to perfect isolation (complete suppression of transmission). The control thus

captures isolation efficacy on a continuous spectrum.

(2) The treatment control us(t) /€0, 1] enhances the recovery rate by transferring infected
individuals I back to the susceptible class S; at rate uz(¢)I, while simultaneously re;
ducing the infected population. The extremes u2(t) = 0 and ug(t) = 1 correspond to
no treatment and maximal treatment intensity, respectively, with uo(¢) representing the

treatment efficacy.

(3) Collectively, the controls u;(t) and.us(t) influence the disease dynamics by reducing
transmission and accelerating recovery, respectively. Both controls belong to the admis;
sible set

Z/{:{(ul,uz) GPC[O,T] \Oguz(t) <1, WVte [O,T]}, (23
ensuring biological feasibility throughout the epidemic horizon.

Consequently, the system dynamics under control become

d I
51 _ 7S] <1 _at > —bysie — (1 —wuy)s11 + ual,

dt k

dl

E = 'y(l — ’LL1)51[ —bolx — pul — usl,
dsa

= A —asyo — bysox + Isy, (24

dt
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dz
dt

The objective is to minimize both the infected population and the costs associated with

= -z + e1b1s1x + egbolx + egbgsox.

control implementation via the cost functional

T
min J = {Al(t) + % (Biui(t) + Bous(t))| dt, (25
0

u,u2
where A, B1, Bo > 0 are weight parameters and 7' > 0 is the fixed terminal time.

Theorem 5. By Fleming and Rishel’s theorem [8, 18], the existence of optimal controls

u}, u3) € U is guaranteed because:

1. The control set U/ is convex and closed;
2. The state system is bounded above by a linear function;
3. The integrand of J is convex in the controls;

4. The state variables remain non-negative on [0, T'|.

\Proof. It is clear that the linear combination of them. is piecewise, also the limit of a sequence
of piecewise functions is piecewise, too. Therefore I/ is convex and closed.

The integrand of the cost functional J is a polynomial function of the controls u; and us
(typically quadratic with positive coefficients, e.g., u? + u3). Polynomials of piecewise con:
tinuous functions are piecewise continuous, and since the quadratic form is convex on R?, the
integrand is convex in (u1, ug) over the convex set U.

The non-negativity and boundedness of the state variables in the original dynamics (1) have
been established in Theorems 2 and 3. Because the admissible controls uq, us are bounded
and non-negative, the right-hand side of the state equations grows at most linearly in the state
variables. Consequently, the state variables in the costate system (24) are also non-negative and
bounded.

All conditions of the Fleming-Rishel theorem are therefore satisfied, guaranteeing the ex-

istence of optimal controls (u},u3) € U. [

Applying Pontryagin’s Maximum Principle (PMP), the Hamiltonian  associated with the
controlled system (24) is

4
H = AI(t) + % (Biui () + Bau3 (1)) + > () fi(t), (26
=1
where

s1+1
fi=rs1 (1 _ 2 - \ —bysix — (1 —uy)s1 + uol,
N K—)
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fo=v1 —uq)s1l —bolx — pl — usl,
f3 = A — asy — bgsox + s,

fi=—=Ax 4+ e1bisix + eabolx + esbssox,

and \;(t), 7 = 1,...,4, are the adjoint variables satisfying the necessary conditions:

2 I
N = —[Al (r (1 s > — bz — (1 - u1)1> + Ay(1 —up)l + Mgerbix|,

k
rs
Ny = — {A + M\ <7?1 — (1 —uy)s1 + u2> + A (v(1 —wup)sy =bow —p —ug) (27
+ Aslsg + >\4€2b2$] ,
)\g = — [)\3(—04 — b3$) + )\4631)31'] ,

Ny = — [=he1bis1 — Aaeabal — Azesbssa + Aa(—A+e1bisi+ eabal + e3bgsa)].
The transversality conditions are given by
Xi(T)=0, ©=1,2,34.

The characterization of optimal controls uj(¢) and u5(%) is

ui(t) = min {1, max {0, Y (OI) (221(1» — ) }} ) (28
w5(t) = min {1, max {0, 1) (AQ(tBL Au(t)) }} . (29

6 Numerical Simulation

For the numerical simulation of the disease-affected predator-prey model, the ode45 function in
MATLAB was employed. This function is based on the fourth-fifth order Runge-Kutta method
(RK45), which provides high accuracy for solving nonlinear first-order differential systems and
allows automatic step-size control. The control variables, isolation (u;) and treatment (us)
were applied dependent on the infected population to simultaneously evaluate their effects on|
healthy, infected, and predator populations.

The parameter values employed in this manuscript are drawn from the references given in
Table 3, and their specific numerical values are reported in Table 4. These values are selected
to simultaneously satisfy the local stability conditions derived in Section 3 and to remain within|
biologically plausible ranges, consistent with standard eco-epidemiological literature [2, 3, 8
11, 18,21]
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Table 3: References for the biological interpretation of model parameters.

Parameter Interpretation Reference(s)

rk, A« Growth rates, carrying capacity, inflow, and mortality [2]

v, L Infection rate and disease-induced mortality, [21]
b;, €; Predation rates and conversion efficiencies [3]

I, A Indirect effect strength and predator mortality [11]
A, By, By Cost-functional weights [8, 18]

Table 4: Parameter values used for the equilibrium points F1—Eg of model (1).

Parameter Eq Es Eg Ey FEs FEg

A 1000 0.375. 0.5 04 024 05
T 0.02 1.2 0.5 1.2 025 0.6
k 2000 0.2 02 02 06 1.5
l 50 090 09 05 07 02

a 10 0,60 050 02 09 03
A 001 055 02 06 1.0 02
w 2 080 08 04 04 0.1
bi 1 1.0 08 09 07 02
by 1.2 1.2 1.1 12 08 02
bs 0.1 040 050 0.7 040 03
v 0 040 040 040 090 1

el 0 0.70 0.70 0.70 0.70 0.6
es 0 0.70 0.70 0.70 0.70 0.3
e3 0 0.70 0.70 0.70 0.70 0.7
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6.1 Numerical Simulation of the Equilibrium Point E;

This section presents numerical simulations of the predator-prey model around the infectious
equilibrium point E5 = (s}, ™, s3,0). The parameter values used are those listed for E in the
fifth column of Table 4.

The initial condition vector is set to [s1, I, so, 2] = [0.7,0.1,0.8,0.1], and the simulation is
performed over the time interval [0, 40].

Figure 3 illustrates the time evolution of the infected prey population I, susceptible prey s;
susceptible secondary prey so, and predator population x for both controlled and uncontrolled
cases. Results confirms the local stability behavior near E5 and demonstrates in absence of]

predator population.

Interpretation of Figure 3: In the uncontrolled case (blue dashed-line), the infected prey pop;
ulation [ initially increases from 0.1, overshoots slightly, and converges to I* =~ 0.107 after
t =~ 20; under optimal controls (red solid line), I rises more slowly, peaks near 0.09, and stabi;
lizes at a value approximately 10% lower than the uncontrolled equilibrium, demonstrating the
effectiveness of combined isolation and treatment. ‘The susceptible first prey s; starts at 0.7
uncontrolled, it declines to s7 ~ 0.67, while under control itremains higher throughout, settling
near 0.69 due to reduced infection pressure and return of treated individuals to the susceptible
class. The secondary prey sq, being disease-free and competitively superior, remains largely
unaffected, with both trajectories converging to.s5 ~ 0.95, indicating regulation primarily by
its own growth parameters rather than by infection status. The predator population x decays to
zero in both scenarios (consistent with the predator-free equilibrium Ej), with slightly faster
decay under control due to reduced prey biomass. Overall, Figure 3 confirms local stability
near E’5 and shows that the applied controls successfully reduce infection without destabilizing
the system or inducing predator persistence. Importantly, the optimal control strategy achieves
a substantial reduction in the total cost functional 7 defined in (25), decreasing it by approx;
imately 84.0% compared with the uncontrolled scenario, which highlights the economic and

biological efficiency of the dual interventions even when the predator is absent.

6.2 Numerical Simulation of the Equilibrium Point g

'We performed numerical simulations of the predator-prey dynamical system at the infectious
equilibrium point Ej to illustrate the effect of controls in presence of disease population. The
parameter set corresponding to Fjg is given in the sixth column of the Table 4. The initial

conditions were set as:

[s1, 1, 52, 2] = [0.3,0.1,0.4,0.2]
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0.8 Wi 0.15 0.8
ith Control
\ — = = Without Control - = With Control With Control
— — = Without Control Without Control

0.6 0.1 ~
o Nl oo adooal - Sl & 0.6
04r So___=="" 0.05 S
0.2 0 0.4
0 10 20 30 40 0 10 20 30 40 0 10 20 30
Time Time Time
o1 Predator Optimal Controls 150 Cost Comparison (84.0% reduction)
! 1 u, (Isolation)
=== With Control
— — = Without Control ° u, (Treatment) = 100
= 0.05 ‘g 0.5 8
O 50
—
0 0 0
0 10 20 30 40 0 10 20 30 40 With Control Without Control
Time Time

Figure 3: Dynamics of the system near the predator-free endemic equilibrium F5 under optimal control, compared

with the uncontrolled case.

Simulations were conducted over the time interval [0, 80] both without control and with time;

dependent piecewise controls u (t) and ug(t).

Figure 4 compares the trajectories of infected prey I, susceptible prey s;, susceptible sec;
ondary prey so, and predator population x under controlled and uncontrolled dynamics. This
numerical approach demonstrates the effects of controls on infectious prey and predator popu
lations, providing insight into potential management strategies for disease spread in ecological

Systems.

Interpretation of Figure 4: In the uncontrolled case (blue dashed line), the infected prey
population I exhibits damped oscillations and converges to a positive endemic equilibrium|
I* ~ 0.18; after controls activate at £ = 10 (red solid line), the infected population declines
sharply, dropping by approximately 25% within 20 time units and stabilizing at a significantly
lower level, reflecting the synergistic effect of reducing transmission (u;) and removing in
fected individuals (u2). The susceptible first prey s; starts at 0.3 and increases noticeably
under control compared to the uncontrolled trajectory due to two factors: reduced infection|
transmission leaves more susceptible individuals, and treated individuals re-enter the s; class
which contributes to stabilizing the predator population by providing a healthier prey base. The
secondary prey so, being disease-free and competitively superior, remains stable in both scenar;
ios, but under control shows a slight increase (approximately 5 — 8%) because the predator’s
pressure on s; and [ shifts the predator’s diet slightly, indirectly benefiting so as an impor;
tant ecological consequence of disease management. The predator population x persists at a
moderate equilibrium in the uncontrolled case; under control, it initially dips slightly due to
reduced infected prey availability but then recovers and stabilizes at a level comparable to o]
slightly higher than the uncontrolled case, indicating that control strategies do not harm the

predator but instead promote a healthier predator-prey balance by sustaining the susceptible

prey base. Regarding the control profiles (inset), both 1, and us are active primarily during
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the early intervention period (from ¢ = 10 to approximately ¢ = 30), after which they decay
to lower values; isolation (u;) peaks near 0.7, while treatment (ug) peaks near 0.5, suggest;
ing that a combination of moderate isolation and treatment is sufficient to achieve long-term
disease reduction without incurring excessive control costs. Furthermore, the optimal control
reduces the overall cost functional 7 by approximately 94.2% relative to the no-control case
confirming the strong synergistic benefit of combining isolation and treatment in the presence
of a persistent predator. Overall, Figure 4 demonstrates that the optimal control strategy effec
tively reduces infection prevalence, enhances healthy prey populations, and maintains predator]
persistence, providing strong evidence that targeted interventions ‘can mitigate disease impacts
while preserving ecosystem structure.

Susceptible Prey

Infected Prey

15 1

= With Control "‘
= = = Without Control ;N

— 0.5

-

05F — e K
\ e
N -

\ ~hN

== With Control
= = = Without Control
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Time

Predator

80 0

Time
Optimal Controls

’
1 = s \\/ith Control
Al — — = Without Control o
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60 80 0

20
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600 Cost Comparison (94.2% reduction)
400 .
0

200
With Control Without Control

IFigure 4: Dynamics of the system near the coexistence equilibrium Eg under optimal control, compared with the

uncontrolled case.

7 Conclusion

This study explored the dynamics of a predator-prey system comprising two prey species and
one predator, incorporating an infection in one of the prey populations and two time-dependent
control interventions. Through analytical and numerical methods, we investigated the exiss
tence and stability of all possible equilibrium points, including free-disease and endemic states
Theoretical analysis confirmed that the system remains bounded and exhibits global asymptotic
stability under specific parameter conditions, verified through Lyapunov-based criteria and sim
ulation results. The sensitivity analysis revealed that the carrying capacity (k), infection rate
7), and disease-induced mortality (y) are the most influential parameters governing infection
persistence. This finding suggests that environmental resource control and reduction of disease

transmissibility are critical for ecosystem health. The optimal control analysis demonstrated

that combining isolation (u1) and treatment (uo) effectively reduces infection prevalence, end
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hances healthy prey populations, and stabilizes predator density compared with single or uncon;
trolled scenarios. From a biological perspective, the results highlight how disease transmission
can significantly alter interspecies balance, yet well-designed control measures can restore eco
logical stability. The integration of stability analysis, sensitivity assessment, and optimal con
trol provides a comprehensive framework linking theoretical predictions to practical ecosystem|
management.
Limitations and Future Work — While the proposed model offers valuable insights into predator;
prey dynamics under dual disease interventions, several limitations warrant acknowledgment
The use of mass-action incidence s I assumes homogeneous mixing and may not capture sati
uration or behavioral effects; future work will explore more general incidence functions. The
absence of spatial or diffusion effects despite being highlighted as.a motivational gap-restricts
the model’s applicability to heterogeneous environments, and incorporating reaction-diffusion|
or patch-structured frameworks is a natural extension..Moreover, the parameter sets, although
drawn from literature, lack validation against real field or experimental data, underscoring the
need for empirical calibration. Planned extensions also include fractional-order dynamics and
stochastic perturbations to account for memory effects and environmental noise, as well as incor:
porating Allee effects or prey refuge, thereby enhancing ecological realism and the robustness

of control recommendations.
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