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1 Introduction

Fractional stochastic calculus offers a natural framework for capturing randomness andmemory
effects in complex systems. Combining fractional calculus with stochastic processes such as
Brownian motion and white noise makes it possible to describe accurately systems that exhibit
long-term dependence and uncertainty [4]. Fractional stochastic differential equations (FSDEs)
incorporate both memory and uncertainty effects, and they work well precisely where classical
differential equations fall short in capturing uncertainty and long memory. When white noise is
present, FSDEs are generally interpreted in infinite-dimensional probability spaces and are of-
ten formulated using Caputo derivatives [2]. These equations have found applications in several
fields: in biology, to describe disease propagation and population dynamics under stochastic
impacts [20, 23]; in finance, to capture long-memory features of market dynamics [1, 11]; and
in physics, to model turbulence and thermal memory effects [7, 21].

To solve FSDEs, a variety of numerical techniques have been developed, such as Adomian
decomposition, spectral methods, finite elementmethods, and finite differencemethods [12, 14].
Finite difference schemes stand out for their simplicity, flexibility, and ease of implementa-
tion on structured grids. Explicit finite difference method (FDM) schemes are computationally
simple and easy to implement, although they come with a conditional stability requirement.
They also suit real-world FSDE applications well, since they can be readily adapted to higher-
dimensional problems and to random disturbances [24]. Moghaddam et al. [14] reviewed in
detail the development of FDM, spectral, and meshless approaches for fractional stochastic
partial differential equations, including both additive and multiplicative white noise cases.

Other researchers have proposed various discretization approaches for FSDEs. Singh et
al. [19] introduced a cubic B-spline-based collocation technique that solves the fractional
diffusion-wave equation with higher precision and lower computational cost. Chukwuyem et
al. [3] addressed time-fractional stochastic wave equations using the Crank–Nicolson finite ele-
ment method (CNFEM), which offers a stable and reliable numerical framework. By combining
finite difference schemes with Python-based visualizations, Ghode et al. [6] developed a compu-
tational framework for solving time-fractional wave equations. Singh andMehra [18] proposed
difference schemes for stochastic space-fractional diffusion equations with additive space–time
white noise using the Wong–Zakai approximation and a shifted Grünwald–Letnikov formula.
Hoult and Yan [8] proposed a numerical scheme for Caputo-type stochastic fractional differ-
ential equations with integrated multiplicative noise, approximating the noise by a piecewise
constant function. Li et al. [10] developed a finite difference method for Caputo generalized
time-fractional diffusion equations, extending the L1 scheme in time and using central differ-
ences in space. Mojad et al. [15] employed a Crank–Nicolson finite difference scheme for
space–time fractional stochastic traveling wave equations with additive white noise, where the
noise is independent of the solution. Unlike this additive case, multiplicative noise couples
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directly with the solution, which introduces additional challenges and motivates the present
work.

In the present work, we employ an explicit FDM to solve the TFSTWE driven by multi-
plicative space-time white noise. The TFSTWE considered here, together with its initial and
boundary conditions, is given by

CDα
t V(x, t) = K2 ∂

2V(x, t)
∂x2

+ σ V(x, t) Ẇ(x, t),

0 < x ≤ L, 0 < t ≤ T , 1 < α ≤ 2, (1a)

V(x, 0) = Ψ1(x), (1b)

Vt(x, 0) = Ψ2(x), (1c)

V(0, t) = 0, (1d)

V(L, t) = 0. (1e)

The term CDα
t V(x, t) denotes the Caputo fractional derivative of orderα ∈ (1, 2] of the stochas-

tic process V(x, t). The functions Ψ1(x) and Ψ2(x) are known initial data, assumed to be
bounded and continuous on [0,L], which ensures the existence of a unique solution to the model
(1). Here, σ denotes the noise amplitude, and L, K, and T are positive constants. The term
Ẇ(x, t) is a space-time white noise defined on a filtered probability space (Ω,F , {Ft}t≥0,P),
where Ω is the sample space of all possible outcomes, F is the complete σ-algebra of events,
and the filtration {Ft}t≥0 satisfies the usual conditions of right-continuity and completeness.
Throughout this paper, Ẇ(x, t) is a generalized Gaussian process with zero mean and the delta-
correlated covariance structure

E
[
Ẇ(x, t) Ẇ(s, y)

]
= δ(x− s) δ(t− y),

where δ(·) denotes the Dirac delta function. This is the distributional derivative of the Brownian
sheet and corresponds to space-time white noise.

The remainder of this paper is organized as follows. Section 2 introduces the essential
definitions and lemmas from fractional stochastic calculus. Section 3 describes the proposed
numerical scheme in detail. The mean-square stability and the error of the first time step are
analyzed in Sections 4 and 5, respectively, together with a discussion of the difficulties at later
time levels. Section 6 presents a numerical example implemented in Python, in which the
behavior of the solution is illustrated graphically to show how the dynamics of the system are
affected by both random perturbations and the fractional order. The results are discussed in
Section 7, and Section 8 concludes the paper.



Co
rre
cte
d p
ro
of
s4 Explicit Scheme for Fractional Stochastic Waves

2 Preliminaries

This section reviews the essential definitions and lemmas from fractional stochastic calculus
that are used in the subsequent analysis.

Definition 1. Let w be a continuous real-valued function defined on [0,∞). For a fractional
order α > 0 such that n − 1 < α ≤ n with n ∈ N, the Caputo fractional derivative [9] is
defined by

Dα
t w(t) :=


1

Γ(n− α)

∫ t

0
(t− ζ)n−α−1w(n)(ζ) dζ, if n− 1 < α < n,

w(n)(t), if α = n ∈ N,

where w(n) denotes the classical derivative of order n of w. The Euler gamma function Γ(·) is
defined for p > 0 by

Γ(p) :=

∫ ∞

0
e−xxp−1 dx.

Definition 2. A stochastic difference scheme is said to be stable in the mean-square sense [16]
if there exist positive constants ϵ and δ and non-negative constants λ and v such that

E
∥∥Un+1

∥∥2
∞ ≤ λ evt E

∥∥U0
∥∥2
∞

for all t = (n + 1)∆t, where E[·] is the mathematical expectation operator on the probability
space (Ω,F ,P). The time step ∆t and the space step ∆x must satisfy 0 < ∆x ≤ ϵ and
0 < ∆t ≤ δ. A difference scheme is called unconditionally stable if no restriction is imposed
on the relation between∆x and∆t; otherwise, it is called conditionally stable.

Definition 3. A stochastic difference scheme Lm
i Sm

i = Gm
i that approximates a stochastic

differential equation (SDE) LS = G at time t = (m + 1)∆t is said to be convergent in the
mean-square sense [13] if

E ∥Sm
i − S∥2∞ → 0 as i∆x → x, m∆t → t, ∆x → 0, ∆t → 0.

Lemma 1 (Sun and Wu [22]). Let bj = (j + 1)2−α − j2−α for j = 1, 2, . . . and α > 0. Then

1. bj > 0 (positivity);

2. bj > bj+1 (monotonically decreasing);

3. bj+1 − bj < bj − bj−1 (convexity).

Lemma 2 (Young’s inequality). For real numbers x, y and any ϵ > 0,

(x+ y)2 ≤ (1 + ϵ)x2 +
(
1 +

1

ϵ

)
y2.
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Proof. By Young’s inequality [17], xνy1−ν ≤ νx + (1 − ν)y for x, y > 0 and 0 ≤ ν ≤ 1.
Setting ν = 1

2 gives √
xy ≤ x+y

2 . Substituting x → ϵx2 and y → y2/ϵ yields |xy| ≤
ϵ
2x

2 + 1
2ϵy

2. Hence

(x+ y)2 = x2 + 2xy + y2 ≤ x2 + 2|xy|+ y2 ≤ (1 + ϵ)x2 +
(
1 +

1

ϵ

)
y2.

Lemma 3 (Jensen’s inequality). Let w1, w2, . . . , wm ≥ 0 be weights satisfying
∑m

j=1wj = 1,
and let x1, x2, . . . , xm be real numbers. Then

( m∑
j=1

wj xj

)2
≤

m∑
j=1

wj x
2
j .

Proof. By Jensen’s inequality [5], for any convex function f ,

f
( m∑
j=1

wj xj

)
≤

m∑
j=1

wj f(xj).

Since f(x) = x2 is convex, the result follows immediately.

3 Numerical Scheme

This section presents the explicit difference approximation used to solve the TFSTWE. To de-
velop the numerical scheme for the proposed model (1), we use the following notation. Let
C = {tn = n∆t | ∆t = T /M, n = 0, 1, 2, . . . ,M} be a set of uniformly distributed points
in the interval [0, T ]. Likewise, let D = {xi = i∆x | ∆x = L/N , i = 0, 1, 2, . . . ,N} be a
set of uniformly distributed points in the interval [0,L]. The quantity Vn

i denotes the numerical
approximation of the exact solution V(xi, tn) at the mesh point (xi, tn).

3.1 Approximation in Time

According to Definition 1, CDα
t V(x, t) can be written as

CDα
t V(x, t) =


1

Γ(2− α)

∫ t

0
(t− s)1−α ∂2V(x, s)

∂s2
ds, 1 < α < 2, x > 0,

∂2V(x, t)
∂t2

, α = 2.

At the mesh points (xi, tn), i = 1, 2, . . . ,N − 1 and n = 1, 2, . . . ,M− 1, the time-fractional
derivative for 1 < α < 2 is
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CDα
t V(xi, tn) =

1

Γ(2− α)

∫ tn

0
(tn − s)1−α ∂2V(xi, s)

∂s2
ds.

Using the substitution property
∫ a
0 f(x) dx =

∫ a
0 f(a− x) dx, which holds for any continuous

function f defined on [0, a], and splitting the integration interval into the subintervals [tj , tj+1],
we obtain

CDα
t V(xi, tn) =

1

Γ(2− α)

∫ tn

0
s1−α ∂2V(xi, tn − s)

∂s2
ds

=
1

Γ(2− α)

n−1∑
j=0

∫ tj+1

tj

s1−α ∂2V(xi, tn − s)

∂s2
ds

=
1

Γ(2− α)

n−1∑
j=0

∫ tj+1

tj

s1−α

×
(V(xi, tn − tj+1) + V(xi, tn − tj−1)− 2V(xi, tn − tj)

∆t2

+O(∆t2−α)
)
ds

=
1

Γ(2− α)

n−1∑
j=0

(V(xi, tn − tj−1) + V(xi, tn − tj+1)− 2V(xi, tn − tj)

∆t2

+O(∆t2−α)
)

×
( s2−α

2− α

)tj+1

tj

=
1

Γ(2− α)

n−1∑
j=0

(Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

∆t2

+O(∆t2−α)
)

×
( t2−α

j+1 − t2−α
j

2− α

)
=

1

Γ(2− α)

n−1∑
j=0

(Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

∆t2

+O(∆t2−α)
)

×
(((j + 1)∆t)2−α − (j∆t)2−α

2− α

)
=

(∆t)2−α

(2− α) Γ(2− α)

n−1∑
j=0

(Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

∆t2

+O(∆t2−α)
)

×
(
(j + 1)2−α − j2−α

)
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=
(∆t)−α

Γ(3− α)

n−1∑
j=0

(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)(
(j + 1)2−α − j2−α

)
+

(∆t)2−αO(∆t2−α)

Γ(3− α)

n−1∑
j=0

(
(j + 1)2−α − j2−α

)
=

(∆t)−α

Γ(3− α)

n−1∑
j=0

(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)(
(j + 1)2−α − j2−α

)
+

(n∆t)2−αO(∆t2−α)

Γ(3− α)
.

Clearly, if n∆t < ∞, then (n∆t)2−αO(∆t2−α)/Γ(3 − α) = O(∆t2−α). Therefore, the Ca-
puto fractional derivative of order 1 < α < 2 is approximated, with an error of orderO(∆t2−α),
by

CDα
t V(xi, tn) =

(∆t)−α

Γ(3− α)

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
, (2)

where bj = (j + 1)2−α − j2−α.

3.2 Approximation in Space

At the mesh points (xi, tn), i = 1, 2, . . . ,N − 1 and n = 1, 2, . . . ,M − 1, the second-order
space derivative is approximated by the central difference

∂2V(xi, tn)
∂x2

=
Vn
i+1 + Vn

i−1 − 2Vn
i

(∆x)2
+O

(
(∆x)2

)
. (3)

3.3 Approximation of the Noise Term

To simulate the stochastic system numerically, we employ the Brownian sheet W(x, t) over
the domain [0,L] × [0, T ]. Following Hoult and Yan [8], a two-dimensional Brownian sheet
satisfies the following properties.

1. Boundary values: W(x, 0) = W(0, t) = 0 for all x ∈ [0,L] and t ∈ [0, T ].

2. Gaussian increments: For any rectangle R = [xi, xi+1] × [tn, tn+1], the rectangular
increment

∆W(xi, tn) = W(xi+1, tn+1)−W(xi, tn+1)−W(xi+1, tn) +W(xi, tn),

is normally distributedwithmean zero and variance∆x∆t, that is,∆W ∼ N (0,∆x∆t).
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3. Independent increments: Increments over disjoint rectangles are independent.

The space-time white noise Ẇ(x, t) is formally related to the Brownian sheet through the mixed
partial derivative Ẇ(x, t) = ∂2W(x, t)/∂x ∂t. On a regular grid with time step ∆t and space
step∆x, the noise term at each grid point (xi, tn) is approximated as

Ẇ(xi, tn) ≈
∆W
∆x∆t

≈ N (0,∆x∆t)

∆x∆t

≈
√
∆x∆t N (0, 1)

∆x∆t
≈ X n

i√
∆x∆t

,

(4)

where X n
i ∼ N (0, 1) are independent and identically distributed (i.i.d.) Gaussian random

variables with zero mean and unit variance.

3.4 Scheme Formulation for the Given Model

Combining the approximations (2), (3), and (4) derived in Sections 3.1–3.3, the numerical ap-
proximation of the TFSTWE (1a) takes the form

(∆t)−α

Γ(3− α)

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
= K2 V

n
i+1 + Vn

i−1 − 2Vn
i

(∆x)2
+ σ Vn

i

X n
i√

∆x∆t
,

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
=

K2 Γ(3− α)

(∆t)−α

Vn
i+1 + Vn

i−1 − 2Vn
i

(∆x)2
+

Γ(3− α)σ

(∆t)−α
Vn
i

X n
i√

∆x∆t
,

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
=

K2 Γ(3− α)

(∆t)−α(∆x)2
(
Vn
i+1 + Vn

i−1 − 2Vn
i

)
+

σ Γ(3− α)

(∆t)0.5−α(∆x)0.5
Vn
i X n

i ,

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
=

K2 Γ(3− α)(∆t)α

(∆x)2
(
Vn
i+1 + Vn

i−1 − 2Vn
i

)
+

σ Γ(3− α)(∆t)α−0.5

(∆x)0.5
Vn
i X n

i .

Separating the term j = 0 (recall that b0 = 1) from the sum gives

Vn+1
i + Vn−1

i − 2Vn
i +

n−1∑
j=1

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
= a

[
Vn
i+1 + Vn

i−1 − 2Vn
i

]
+ cVn

i X n
i ,

(5)
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where
a =

K2 Γ(3− α)(∆t)α

(∆x)2
, c =

σ Γ(3− α)(∆t)α−0.5

(∆x)0.5
,

bj = (j + 1)2−α − j2−α,

(6)

and X n
i ∼ N (0, 1).

The initial conditions (1b) and (1c) are approximated as

V0
i = Ψ1(xi), i = 0, 1, 2, . . . ,N , (7)

V−1
i = V1

i − 2∆tΨ2(xi), i = 0, 1, 2, . . . ,N , (8)

and the boundary conditions (1d) and (1e) take the form

Vn
0 = 0, n = 0, 1, 2, . . . ,M, (9)

Vn
N = 0, n = 0, 1, 2, . . . ,M. (10)

For n = 0, Equation (5) reduces to

V1
i + V−1

i − 2V0
i = a

(
V0
i+1 + V0

i−1 − 2V0
i

)
+ cV0

i X 0
i ,

V1
i +

(
V1
i − 2∆tΨ2(xi)

)
− 2V0

i = a
(
V0
i+1 + V0

i−1 − 2V0
i

)
+ cV0

i X 0
i ,

V1
i =

a

2
V0
i−1 +

a

2
V0
i+1 + (1− a)V0

i +∆tΨ2(xi) +
c

2
V0
i X 0

i ,

where (8) has been used in the second line. The complete discretization of the TFSTWE is
therefore given by

V1
i =

a

2
V0
i−1 +

a

2
V0
i+1 + (1− a)V0

i +∆tΨ2(xi) +
c

2
V0
i X 0

i , n = 0, (11)

and, for n ≥ 1,

Vn+1
i = aVn

i−1 + aVn
i+1 + (2− 2a− b1)Vn

i + (2b1 − b2 − 1)Vn−1
i

−
n−2∑
j=2

(bj−1 + bj+1 − 2bj)Vn−j
i + (2bn−1 − bn−2)V1

i − bn−1 V0
i + cVn

i X n
i .

(12)

3.5 Matrix Representation of the Derived Scheme

Let

Vn =


Vn
1

Vn
2
...

Vn
N−1

 , X n =


X n
1

X n
2
...

X n
N−1

 ,
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H =


∆tΨ2(x1)

∆tΨ2(x2)
...

∆tΨ2(xN−1)

 ,

and let I denote the identity matrix of order (N − 1)× (N − 1). The product VnX n below is
understood componentwise. The complete discretized TFSTWE, given by (11) and (12), can
then be written in matrix form as

V1 = Q1V0 +H+
c

2
V0X 0, n = 0, (13)

and, for n ≥ 1,

Vn+1 = Q2Vn + (2b1 − b2 − 1)Vn−1 −
n−2∑
j=2

(bj+1 + bj−1 − 2bj)Vn−j

+ (2bn−1 − bn−2)V1 − bn−1 V0 + cVnX n,

(14)

where Q1 and Q2 are matrices of order (N − 1)× (N − 1) with entries

Q1 = (rij), rij =



1− a, j = i,

a/2, j = i− 1,

a/2, j = i+ 1,

0, otherwise,

Q2 = (sij), sij =



2− 2a− b1, j = i,

a, j = i− 1,

a, j = i+ 1,

0, otherwise.

4 Stability Analysis

This section analyzes the mean-square behavior of the proposed scheme. The analysis is carried
out for the first time step, where all weights of the scheme are non-negative under the restriction
on ∆t; the difficulty at later time levels is explained in Remark 1.

Proposition 1 (One-step mean-square bound). Suppose that∆x and ∆t satisfy the restriction

∆t ≤

[
(∆x)2

(
3− 22−α

)
2K2 Γ(3− α)

]1/α

. (15)
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Then the first step (11) of the explicit finite difference scheme for the TFSTWE (1) satisfies

E
∥∥V1

∥∥2
∞ ≤ (1 + λ∆t)E

∥∥V0
∥∥2
∞ + 2

(
∆t+∆t2

)
∥Ψ2∥2∞ , (16)

where
λ = 1 +

σ2Γ(3− α)2(∆t)2α−2

∆x
+

σ2Γ(3− α)2(∆t)2α−3

∆x
, (17)

E ∥Vn∥2∞ := sup1≤i≤N−1 E |Vn
i |

2, and ∥Ψ2∥∞ := sup1≤i≤N−1 |Ψ2(xi)|.

Proof. Set Si :=
a
2 V

0
i−1 +

a
2 V

0
i+1 + (1− a)V0

i . By Equation (11),

V1
i = Si +

c

2
V0
i X 0

i +∆tΨ2(xi).

Applying Lemma 2 with ϵ = ∆t to the decomposition x = Si and y = c
2 V

0
i X 0

i +∆tΨ2(xi),
and then the elementary inequality (y1 + y2)

2 ≤ 2y21 + 2y22 , we obtain∣∣V1
i

∣∣2 ≤ (1 + ∆t) |Si|2 +
(
1 +

1

∆t

) ∣∣∣ c
2
V0
i X 0

i +∆tΨ2(xi)
∣∣∣2

≤ (1 + ∆t) |Si|2 +
1

2

(
1 +

1

∆t

)
c2

∣∣V0
i X 0

i

∣∣2
+ 2

(
1 +

1

∆t

)
(∆t)2 |Ψ2(xi)|2 . (18)

The coefficients a/2, a/2, and 1 − a of Si sum to exactly 1, so applying Jensen’s inequality
(Lemma 3) requires them to be non-negative, which imposes the restriction 1− a ≥ 0, that is,

∆x ≥ K
√
Γ(3− α) (∆t)α/2. (19)

This condition is implied by (15), because (3− 22−α)/2 ≤ 1 for α ∈ (1, 2]. Under it,

|Si|2 ≤
a

2

∣∣V0
i−1

∣∣2 + a

2

∣∣V0
i+1

∣∣2 + (1− a)
∣∣V0

i

∣∣2 .
Taking expectations and suprema, and using E

∣∣X 0
i

∣∣2 = 1 together with the independence of
X 0
i from the deterministic initial data, we obtain

sup
1≤i≤N−1

E
∣∣V1

i

∣∣2 ≤[
(1 + ∆t) +

1

2

(
1 +

1

∆t

)
c2
]

sup
1≤i≤N−1

E
∣∣V0

i

∣∣2 + 2
(
∆t+∆t2

)
sup

1≤i≤N−1
|Ψ2(xi)|2 ,

E
∥∥V1

∥∥2
∞ ≤

[
1 + ∆t

(
1 +

c2

2∆t
+

c2

2∆t2

)]
E
∥∥V0

∥∥2
∞ + 2

(
∆t+∆t2

)
∥Ψ2∥2∞ .

Since
c2/∆t = σ2Γ(3− α)2(∆t)2α−2/∆x,

and
c2/∆t2 = σ2Γ(3− α)2(∆t)2α−3/∆x,

the bracket is bounded by 1 + λ∆t, which gives (16).
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Remark 1. For n ≥ 1, the general step (12) contains the weight−bn−1 < 0 and, in general, the
weight 2bn−1−bn−2, whose sign is not covered by Lemma 1. Consequently, Jensen’s inequality
(Lemma 3) cannot be applied to the general step, and the bounds required by Definitions 2 and 3
for all time levels are not established here. Stability over all time levels is supported numerically
(Figures 1 and 2 and Table 1) and remains an open problem for an energy-type analysis.

Remark 2. If a bound with the factor 1 + λ∆t held at every time level, it would give (1 +

λ∆t)n ≤ eλn∆t ≤ eλT , which is uniform in the mesh only if λ remains bounded. Under
the restriction (15) alone, λ is in general unbounded as ∆x → 0; in particular, λ∆t → 0

is guaranteed only when α > 4/3. For 3/2 < α ≤ 2, λ is bounded under the additional
restriction

∆t 2α−3 ≤ K0∆x, (20)

with a fixed constant K0 > 0, in which case λ ≤ 1 + σ2Γ(3 − α)2K0 (1 + T ). For α = 2,
condition (20) follows from (15). For 1 < α ≤ 3/2, no such uniform bound is available, and
any full-time estimate would hold for each fixed mesh only.

5 Convergence Analysis

In this section, we discuss the consistency of the scheme and the error at the first time step.
Convergence over all time levels requires a stability estimate for the general step, as explained
in Remark 1.

Proposition 2 (One-step error estimate). Let V̂n
i and Vn

i denote the exact and approximate
solutions of the TFSTWE (1) at the mesh point (xi, tn), respectively, and let En

i = V̂n
i − Vn

i .
Then the error of the first step (11) of the explicit finite difference scheme satisfies

E
∥∥E1

∥∥2
∞ = O

(
(∆x)2 +∆t2−α

)2
,

where E ∥En∥2∞ := sup1≤i≤N−1 E |En
i |

2.

Proof. Let T n
i denote the local truncation error at time level n for 1 ≤ i ≤ N − 1. By

the consistency of the approximations (2), (3), and (4), the local truncation errors are of order
O
(
(∆x)2 + ∆t2−α

)
in the mean-square sense. From Equations (11) and (12) we have, for

n = 0,

T 1
i = V̂1

i − a

2
V̂0
i−1 −

a

2
V̂0
i+1 − (1− a) V̂0

i −∆tΨ2(xi)−
c

2
V̂0
i X 0

i

= O
(
(∆x)2 +∆t2−α

)
,

(21)

and, for n ≥ 1,
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T n+1
i = V̂n+1

i − a V̂n
i−1 − a V̂n

i+1 − (2− 2a− b1) V̂n
i − (2b1 − b2 − 1) V̂n−1

i

+
n−2∑
j=2

(bj−1 + bj+1 − 2bj) V̂n−j
i − (2bn−1 − bn−2) V̂1

i + bn−1 V̂0
i − c V̂n

i X n
i

= O
(
(∆x)2 +∆t2−α

)
.

(22)

Subtracting the scheme (11) from (21) gives

E1
i =

a

2
E0
i−1 +

a

2
E0
i+1 + (1− a) E0

i +
c

2
E0
i X 0

i + T 1
i .

For the exact initial condition, V̂0
i = V0

i , and hence E0
i = 0 for all i. Therefore E1

i = T 1
i , and

E
∥∥E1

∥∥2
∞ = sup

1≤i≤N−1
E
∣∣T 1

i

∣∣2 = O
(
(∆x)2 +∆t2−α

)2
.

Remark 3. For n ≥ 1, the error equation obtained by subtracting (12) from (22) contains the
same negative weights as the general step. A mean-square error bound over all time levels, as
required by Definition 3, therefore follows only from a stability estimate for the general step,
which is not established here (see Remark 1). The observed second-order behavior for α = 2

in Table 1 is numerical evidence for such a bound.

6 Numerical Experiments

In this section, the numerical experiments were carried out using 1000 Monte Carlo realiza-
tions to approximate the mean solution. All simulations were implemented in Python using
NumPy, with the random number generator seed fixed at np.random.seed(0) to ensure full
reproducibility of the reported results.

Example 1. Consider the TFSTWE with multiplicative space-time white noise and the follow-
ing initial and boundary conditions:

CDα
t V(x, t) = K2 ∂

2V(x, t)
∂x2

+ σ V(x, t) Ẇ(x, t), (x, t) ∈ [0, 1]× [0, 1], 1 < α ≤ 2,

V(x, 0) = sin(5πx) + 2 sin(7πx), 0 < x ≤ 1,

Vt(x, 0) = 0, 0 < x ≤ 1,

V(0, t) = 0, 0 < t ≤ 1,

V(1, t) = 0, 0 < t ≤ 1.

When α = 2 and σ = 0, the exact solution of the governing equation in Example 1 is [6]

V(x, t) = sin(5πx) cos(5πKt) + 2 sin(7πx) cos(7πKt). (23)

The numerical results are shown in Figures 1–5 and Table 1 and are discussed in Section 7.
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Figure 1: Unstable numerical solution of the TFSTWE for α = 1.5 at time t = 0.02.

Figure 2: Comparison of the exact solution (23) and the numerical solution of the TFSTWE for α = 2, σ = 0,
and K = 1.

Table 1: Global MSE and empirical convergence order p = 1
2
log2

(
MSEcoarse/MSEfine

)
across grid refinements

for α = 2, as the noise intensity σ decreases from 1 to 0.0001.

∆x = 1/50

∆t = 1/100

∆x = 1/100

∆t = 1/200

∆x = 1/200

∆t = 1/400

∆x = 1/400

∆t = 1/800

σ MSE MSE p MSE p MSE p

1 5.787672× 10−2 5.338372× 10−2 0.058 5.253846× 10−2 0.012 5.246564× 10−2 0.001

0.1 6.475157× 10−3 8.926669× 10−4 1.429 5.383908× 10−4 0.365 5.348914× 10−4 0.005

0.01 5.976572× 10−3 3.802779× 10−4 1.987 2.869329× 10−5 1.864 6.815487× 10−6 1.037

0.001 5.972051× 10−3 3.750106× 10−4 1.997 2.359619× 10−5 1.996 1.530227× 10−6 1.974

0.0001 5.972052× 10−3 3.749432× 10−4 1.997 2.354519× 10−5 1.996 1.476652× 10−6 1.998
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(a) σ = 0 (b) σ = 1

(c) σ = 2 (d) σ = 3

Figure 3: Approximate two-dimensional mean solutions of the TFSTWE at time t = 0.01 for α = 1.8, 1.85, 1.9,
and 1.95, with∆x = 1/250 and∆t = 1/500: (a) σ = 0, (b) σ = 1, (c) σ = 2, and (d) σ = 3.
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(a) σ = 0 (b) σ = 1

(c) σ = 2 (d) σ = 3

Figure 4: Approximate two-dimensional mean solutions of the TFSTWE for α = 2 at times t = 0.97, 0.98, 0.99,
and 1, with∆x = 1/250 and∆t = 1/500: (a) σ = 0, (b) σ = 1, (c) σ = 2, and (d) σ = 3.



Co
rre
cte
d p
ro
of
sMojad et al. 17

(a) σ = 0 (b) σ = 1

(c) σ = 2 (d) σ = 3

Figure 5: Approximate three-dimensional mean solutions of the TFSTWE for α = 2, with ∆x = 1/250 and
∆t = 1/500: (a) σ = 0, (b) σ = 1, (c) σ = 2, and (d) σ = 3.
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7 Results and Discussion

We validate the proposed scheme for the TFSTWE using graphical representations, compar-
isons with the exact solution, and a global MSE analysis. When the noise intensity σ is large
(specifically, σ ≥ 1), the stochastic fluctuations become clearly visible in the approximate
mean solution profiles. These findings collectively indicate how the dynamics of the solution
are shaped simultaneously by the fractional order and the stochastic component.

To examine the efficiency of the method, we performed simulations for multiple values
of the fractional order α and the noise intensity σ. Figure 1 shows the parameter regimes in
which the numerical solution becomes unstable, which illustrates the need for a time-step restric-
tion such as (15) of Proposition 1. This indicates that the explicit FDM solves the TFSTWE
consistently under the given conditions. Figure 2 compares the exact solution (23) with the
approximate numerical solution for α = 2 and σ = 0, which validates the accuracy of the
method.

Figures 3 and 4 further examine how the stochastic term influences the two-dimensional
approximate mean solutions. Figure 3 illustrates these effects for the fractional orders α ∈
{1.80, 1.85, 1.90, 1.95} at the early time t = 0.01 and for the noise intensities σ ∈ {0, 1, 2, 3}.
Figure 4 shows the solutions for α = 2 at the final times t = 0.97 to t = 1, indicating that
the noise continues to influence the system as it evolves. Finally, Figure 5 presents the three-
dimensional approximate mean solutions, visualizing the computed values of V(x, t) for α = 2

across varying noise intensities.

Table 1 reports the globalMSE and the empirical order p forα = 2, comparing the TFSTWE
with its classical limit as σ decreases from 1 to 0.0001. For σ = 0.001 and σ = 0.0001, p ≈ 2 at
all resolutions, confirming that the TFSTWE recovers the second-order accuracy of the classical
scheme as σ → 0. As σ increases, p drops below 2, and it does so earlier: for σ = 0.01, it stays
near 2 until the finest grid, whereas for σ = 0.1 and σ = 1, it falls almost immediately. This
occurs because the noise adds a fixed error that does not decrease with grid refinement; once this
fixed error exceeds the decreasing truncation error, further refinement no longer improves the
accuracy. The MSE values reflect this pattern: on the coarsest grid, the MSE is nearly identical
across all small values of σ, but on the finest grid, it varies sharply with σ. This indicates that σ
determines how much refinement can help, even though the scheme itself shows second-order
convergence numerically for α = 2.
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8 Conclusion

In this paper, an explicit FDM was developed to solve the TFSTWE with fractional order
α ∈ (1, 2]. The method incorporates multiplicative space-time white noise to simulate stochas-
tic perturbations, and the Caputo fractional derivative accounts for memory effects. The mean
approximate solutions for a particular example were plotted using Python. Increasing the noise
intensity makes the wave propagation increasingly irregular and stochastically perturbed, which
has a major effect on the amplitude and smoothness of the solution. For the first time step, a
mean-square stability bound (Proposition 1) and an error estimate (Proposition 2) were derived;
stability and convergence over all time levels are supported by the numerical experiments (Ta-
ble 1) and remain to be proved (Remarks 1 and 3).

Limitations. (a) A stability and convergence proof over all time levels is not provided,
because the scheme contains negative weights at later time levels, so the analysis is limited
to the first step and is complemented by numerical evidence; (b) the method is restricted to
one spatial dimension; (c) the error analysis does not provide strong convergence rates in the
probabilistic sense (only mean-square convergence of the scheme is established); and (d) no
comparison with an implicit or Crank–Nicolson analogue is provided.

Future work. (1) Extension of the explicit FDM to two-dimensional domains for the
TFSTWE, where the noise approximation becomes more involved and the computational cost
increases substantially; (2) development of an unconditionally stable implicit or semi-implicit
scheme for themultiplicative-noise TFSTWE, building on the Crank–Nicolson approach ofMo-
jad et al. [15] to overcome the conditional stability restriction; (3) investigation of the strong
convergence rate (in the L2(Ω) sense), rather than only the mean-square convergence of the
numerical scheme, using Malliavin calculus or stochastic Gronwall arguments; and (4) applica-
tion of the proposed methodology to nonlinear TFSTWEs, where multiplicative noise interacts
with nonlinear wave terms arising in continuum mechanics and geophysical wave modeling.

Overall, this work offers a computationally simple framework for simulating stochastic
fractional wave propagation, while identifying gaps in dimensionality, the full-time stability
and convergence theory, and the stability class that future work should address.
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1 Introduction

Fractional stochastic calculus offers a natural framework for capturing randomness andmemory
effects in complex systems. Combining fractional calculus with stochastic processes such as
Brownian motion and white noise makes it possible to describe accurately systems that exhibit
long-term dependence and uncertainty [4]. Fractional stochastic differential equations (FSDEs)
incorporate both memory and uncertainty effects, and they work well precisely where classical
differential equations fall short in capturing uncertainty and long memory. When white noise is
present, FSDEs are generally interpreted in infinite-dimensional probability spaces and are of-
ten formulated using Caputo derivatives [2]. These equations have found applications in several
fields: in biology, to describe disease propagation and population dynamics under stochastic
impacts [20, 23]; in finance, to capture long-memory features of market dynamics [1, 11]; and
in physics, to model turbulence and thermal memory effects [7, 21].

To solve FSDEs, a variety of numerical techniques have been developed, such as Adomian
decomposition, spectral methods, finite elementmethods, and finite differencemethods [12, 14].
Finite difference schemes stand out for their simplicity, flexibility, and ease of implementa-
tion on structured grids. Explicit finite difference method (FDM) schemes are computationally
simple and easy to implement, although they come with a conditional stability requirement.
They also suit real-world FSDE applications well, since they can be readily adapted to higher-
dimensional problems and to random disturbances [24]. Moghaddam et al. [14] reviewed in
detail the development of FDM, spectral, and meshless approaches for fractional stochastic
partial differential equations, including both additive and multiplicative white noise cases.

Other researchers have proposed various discretization approaches for FSDEs. Singh et
al. [19] introduced a cubic B-spline-based collocation technique that solves the fractional
diffusion-wave equation with higher precision and lower computational cost. Chukwuyem et
al. [3] addressed time-fractional stochastic wave equations using the Crank–Nicolson finite ele-
ment method (CNFEM), which offers a stable and reliable numerical framework. By combining
finite difference schemes with Python-based visualizations, Ghode et al. [6] developed a compu-
tational framework for solving time-fractional wave equations. Singh andMehra [18] proposed
difference schemes for stochastic space-fractional diffusion equations with additive space–time
white noise using the Wong–Zakai approximation and a shifted Grünwald–Letnikov formula.
Hoult and Yan [8] proposed a numerical scheme for Caputo-type stochastic fractional differ-
ential equations with integrated multiplicative noise, approximating the noise by a piecewise
constant function. Li et al. [10] developed a finite difference method for Caputo generalized
time-fractional diffusion equations, extending the L1 scheme in time and using central differ-
ences in space. Mojad et al. [15] employed a Crank–Nicolson finite difference scheme for
space–time fractional stochastic traveling wave equations with additive white noise, where the
noise is independent of the solution. Unlike this additive case, multiplicative noise couples
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directly with the solution, which introduces additional challenges and motivates the present
work.

In the present work, we employ an explicit FDM to solve the TFSTWE driven by multi-
plicative space-time white noise. The TFSTWE considered here, together with its initial and
boundary conditions, is given by

CDα
t V(x, t) = K2 ∂

2V(x, t)
∂x2

+ σ V(x, t) Ẇ(x, t),

0 < x ≤ L, 0 < t ≤ T , 1 < α ≤ 2, (1a)

V(x, 0) = Ψ1(x), (1b)

Vt(x, 0) = Ψ2(x), (1c)

V(0, t) = 0, (1d)

V(L, t) = 0. (1e)

The term CDα
t V(x, t) denotes the Caputo fractional derivative of orderα ∈ (1, 2] of the stochas-

tic process V(x, t). The functions Ψ1(x) and Ψ2(x) are known initial data, assumed to be
bounded and continuous on [0,L], which ensures the existence of a unique solution to the model
(1). Here, σ denotes the noise amplitude, and L, K, and T are positive constants. The term
Ẇ(x, t) is a space-time white noise defined on a filtered probability space (Ω,F , {Ft}t≥0,P),
where Ω is the sample space of all possible outcomes, F is the complete σ-algebra of events,
and the filtration {Ft}t≥0 satisfies the usual conditions of right-continuity and completeness.
Throughout this paper, Ẇ(x, t) is a generalized Gaussian process with zero mean and the delta-
correlated covariance structure

E
[
Ẇ(x, t) Ẇ(s, y)

]
= δ(x− s) δ(t− y),

where δ(·) denotes the Dirac delta function. This is the distributional derivative of the Brownian
sheet and corresponds to space-time white noise.

The remainder of this paper is organized as follows. Section 2 introduces the essential
definitions and lemmas from fractional stochastic calculus. Section 3 describes the proposed
numerical scheme in detail. The mean-square stability and the error of the first time step are
analyzed in Sections 4 and 5, respectively, together with a discussion of the difficulties at later
time levels. Section 6 presents a numerical example implemented in Python, in which the
behavior of the solution is illustrated graphically to show how the dynamics of the system are
affected by both random perturbations and the fractional order. The results are discussed in
Section 7, and Section 8 concludes the paper.
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2 Preliminaries

This section reviews the essential definitions and lemmas from fractional stochastic calculus
that are used in the subsequent analysis.

Definition 1. Let w be a continuous real-valued function defined on [0,∞). For a fractional
order α > 0 such that n − 1 < α ≤ n with n ∈ N, the Caputo fractional derivative [9] is
defined by

Dα
t w(t) :=


1

Γ(n− α)

∫ t

0
(t− ζ)n−α−1w(n)(ζ) dζ, if n− 1 < α < n,

w(n)(t), if α = n ∈ N,

where w(n) denotes the classical derivative of order n of w. The Euler gamma function Γ(·) is
defined for p > 0 by

Γ(p) :=

∫ ∞

0
e−xxp−1 dx.

Definition 2. A stochastic difference scheme is said to be stable in the mean-square sense [16]
if there exist positive constants ϵ and δ and non-negative constants λ and v such that

E
∥∥Un+1

∥∥2
∞ ≤ λ evt E

∥∥U0
∥∥2
∞

for all t = (n + 1)∆t, where E[·] is the mathematical expectation operator on the probability
space (Ω,F ,P). The time step ∆t and the space step ∆x must satisfy 0 < ∆x ≤ ϵ and
0 < ∆t ≤ δ. A difference scheme is called unconditionally stable if no restriction is imposed
on the relation between∆x and∆t; otherwise, it is called conditionally stable.

Definition 3. A stochastic difference scheme Lm
i Sm

i = Gm
i that approximates a stochastic

differential equation (SDE) LS = G at time t = (m + 1)∆t is said to be convergent in the
mean-square sense [13] if

E ∥Sm
i − S∥2∞ → 0 as i∆x → x, m∆t → t, ∆x → 0, ∆t → 0.

Lemma 1 (Sun and Wu [22]). Let bj = (j + 1)2−α − j2−α for j = 1, 2, . . . and α > 0. Then

1. bj > 0 (positivity);

2. bj > bj+1 (monotonically decreasing);

3. bj+1 − bj < bj − bj−1 (convexity).

Lemma 2 (Young’s inequality). For real numbers x, y and any ϵ > 0,

(x+ y)2 ≤ (1 + ϵ)x2 +
(
1 +

1

ϵ

)
y2.
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Proof. By Young’s inequality [17], xνy1−ν ≤ νx + (1 − ν)y for x, y > 0 and 0 ≤ ν ≤ 1.
Setting ν = 1

2 gives √
xy ≤ x+y

2 . Substituting x → ϵx2 and y → y2/ϵ yields |xy| ≤
ϵ
2x

2 + 1
2ϵy

2. Hence

(x+ y)2 = x2 + 2xy + y2 ≤ x2 + 2|xy|+ y2 ≤ (1 + ϵ)x2 +
(
1 +

1

ϵ

)
y2.

Lemma 3 (Jensen’s inequality). Let w1, w2, . . . , wm ≥ 0 be weights satisfying
∑m

j=1wj = 1,
and let x1, x2, . . . , xm be real numbers. Then

( m∑
j=1

wj xj

)2
≤

m∑
j=1

wj x
2
j .

Proof. By Jensen’s inequality [5], for any convex function f ,

f
( m∑
j=1

wj xj

)
≤

m∑
j=1

wj f(xj).

Since f(x) = x2 is convex, the result follows immediately.

3 Numerical Scheme

This section presents the explicit difference approximation used to solve the TFSTWE. To de-
velop the numerical scheme for the proposed model (1), we use the following notation. Let
C = {tn = n∆t | ∆t = T /M, n = 0, 1, 2, . . . ,M} be a set of uniformly distributed points
in the interval [0, T ]. Likewise, let D = {xi = i∆x | ∆x = L/N , i = 0, 1, 2, . . . ,N} be a
set of uniformly distributed points in the interval [0,L]. The quantity Vn

i denotes the numerical
approximation of the exact solution V(xi, tn) at the mesh point (xi, tn).

3.1 Approximation in Time

According to Definition 1, CDα
t V(x, t) can be written as

CDα
t V(x, t) =


1

Γ(2− α)

∫ t

0
(t− s)1−α ∂2V(x, s)

∂s2
ds, 1 < α < 2, x > 0,

∂2V(x, t)
∂t2

, α = 2.

At the mesh points (xi, tn), i = 1, 2, . . . ,N − 1 and n = 1, 2, . . . ,M− 1, the time-fractional
derivative for 1 < α < 2 is
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CDα
t V(xi, tn) =

1

Γ(2− α)

∫ tn

0
(tn − s)1−α ∂2V(xi, s)

∂s2
ds.

Using the substitution property
∫ a
0 f(x) dx =

∫ a
0 f(a− x) dx, which holds for any continuous

function f defined on [0, a], and splitting the integration interval into the subintervals [tj , tj+1],
we obtain

CDα
t V(xi, tn) =

1

Γ(2− α)

∫ tn

0
s1−α ∂2V(xi, tn − s)

∂s2
ds

=
1

Γ(2− α)

n−1∑
j=0

∫ tj+1

tj

s1−α ∂2V(xi, tn − s)

∂s2
ds

=
1

Γ(2− α)

n−1∑
j=0

∫ tj+1

tj

s1−α

×
(V(xi, tn − tj+1) + V(xi, tn − tj−1)− 2V(xi, tn − tj)

∆t2

+O(∆t2−α)
)
ds

=
1

Γ(2− α)

n−1∑
j=0

(V(xi, tn − tj−1) + V(xi, tn − tj+1)− 2V(xi, tn − tj)

∆t2

+O(∆t2−α)
)

×
( s2−α

2− α

)tj+1

tj

=
1

Γ(2− α)

n−1∑
j=0

(Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

∆t2

+O(∆t2−α)
)

×
( t2−α

j+1 − t2−α
j

2− α

)
=

1

Γ(2− α)

n−1∑
j=0

(Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

∆t2

+O(∆t2−α)
)

×
(((j + 1)∆t)2−α − (j∆t)2−α

2− α

)
=

(∆t)2−α

(2− α) Γ(2− α)

n−1∑
j=0

(Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

∆t2

+O(∆t2−α)
)

×
(
(j + 1)2−α − j2−α

)
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=
(∆t)−α

Γ(3− α)

n−1∑
j=0

(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)(
(j + 1)2−α − j2−α

)
+

(∆t)2−αO(∆t2−α)

Γ(3− α)

n−1∑
j=0

(
(j + 1)2−α − j2−α

)
=

(∆t)−α

Γ(3− α)

n−1∑
j=0

(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)(
(j + 1)2−α − j2−α

)
+

(n∆t)2−αO(∆t2−α)

Γ(3− α)
.

Clearly, if n∆t < ∞, then (n∆t)2−αO(∆t2−α)/Γ(3 − α) = O(∆t2−α). Therefore, the Ca-
puto fractional derivative of order 1 < α < 2 is approximated, with an error of orderO(∆t2−α),
by

CDα
t V(xi, tn) =

(∆t)−α

Γ(3− α)

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
, (2)

where bj = (j + 1)2−α − j2−α.

3.2 Approximation in Space

At the mesh points (xi, tn), i = 1, 2, . . . ,N − 1 and n = 1, 2, . . . ,M − 1, the second-order
space derivative is approximated by the central difference

∂2V(xi, tn)
∂x2

=
Vn
i+1 + Vn

i−1 − 2Vn
i

(∆x)2
+O

(
(∆x)2

)
. (3)

3.3 Approximation of the Noise Term

To simulate the stochastic system numerically, we employ the Brownian sheet W(x, t) over
the domain [0,L] × [0, T ]. Following Hoult and Yan [8], a two-dimensional Brownian sheet
satisfies the following properties.

1. Boundary values: W(x, 0) = W(0, t) = 0 for all x ∈ [0,L] and t ∈ [0, T ].

2. Gaussian increments: For any rectangle R = [xi, xi+1] × [tn, tn+1], the rectangular
increment

∆W(xi, tn) = W(xi+1, tn+1)−W(xi, tn+1)−W(xi+1, tn) +W(xi, tn),

is normally distributedwithmean zero and variance∆x∆t, that is,∆W ∼ N (0,∆x∆t).
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3. Independent increments: Increments over disjoint rectangles are independent.

The space-time white noise Ẇ(x, t) is formally related to the Brownian sheet through the mixed
partial derivative Ẇ(x, t) = ∂2W(x, t)/∂x ∂t. On a regular grid with time step ∆t and space
step∆x, the noise term at each grid point (xi, tn) is approximated as

Ẇ(xi, tn) ≈
∆W
∆x∆t

≈ N (0,∆x∆t)

∆x∆t

≈
√
∆x∆t N (0, 1)

∆x∆t
≈ X n

i√
∆x∆t

,

(4)

where X n
i ∼ N (0, 1) are independent and identically distributed (i.i.d.) Gaussian random

variables with zero mean and unit variance.

3.4 Scheme Formulation for the Given Model

Combining the approximations (2), (3), and (4) derived in Sections 3.1–3.3, the numerical ap-
proximation of the TFSTWE (1a) takes the form

(∆t)−α

Γ(3− α)

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
= K2 V

n
i+1 + Vn

i−1 − 2Vn
i

(∆x)2
+ σ Vn

i

X n
i√

∆x∆t
,

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
=

K2 Γ(3− α)

(∆t)−α

Vn
i+1 + Vn

i−1 − 2Vn
i

(∆x)2
+

Γ(3− α)σ

(∆t)−α
Vn
i

X n
i√

∆x∆t
,

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
=

K2 Γ(3− α)

(∆t)−α(∆x)2
(
Vn
i+1 + Vn

i−1 − 2Vn
i

)
+

σ Γ(3− α)

(∆t)0.5−α(∆x)0.5
Vn
i X n

i ,

n−1∑
j=0

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
=

K2 Γ(3− α)(∆t)α

(∆x)2
(
Vn
i+1 + Vn

i−1 − 2Vn
i

)
+

σ Γ(3− α)(∆t)α−0.5

(∆x)0.5
Vn
i X n

i .

Separating the term j = 0 (recall that b0 = 1) from the sum gives

Vn+1
i + Vn−1

i − 2Vn
i +

n−1∑
j=1

bj
(
Vn+1−j
i + Vn−1−j

i − 2Vn−j
i

)
= a

[
Vn
i+1 + Vn

i−1 − 2Vn
i

]
+ cVn

i X n
i ,

(5)
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where
a =

K2 Γ(3− α)(∆t)α

(∆x)2
, c =

σ Γ(3− α)(∆t)α−0.5

(∆x)0.5
,

bj = (j + 1)2−α − j2−α,

(6)

and X n
i ∼ N (0, 1).

The initial conditions (1b) and (1c) are approximated as

V0
i = Ψ1(xi), i = 0, 1, 2, . . . ,N , (7)

V−1
i = V1

i − 2∆tΨ2(xi), i = 0, 1, 2, . . . ,N , (8)

and the boundary conditions (1d) and (1e) take the form

Vn
0 = 0, n = 0, 1, 2, . . . ,M, (9)

Vn
N = 0, n = 0, 1, 2, . . . ,M. (10)

For n = 0, Equation (5) reduces to

V1
i + V−1

i − 2V0
i = a

(
V0
i+1 + V0

i−1 − 2V0
i

)
+ cV0

i X 0
i ,

V1
i +

(
V1
i − 2∆tΨ2(xi)

)
− 2V0

i = a
(
V0
i+1 + V0

i−1 − 2V0
i

)
+ cV0

i X 0
i ,

V1
i =

a

2
V0
i−1 +

a

2
V0
i+1 + (1− a)V0

i +∆tΨ2(xi) +
c

2
V0
i X 0

i ,

where (8) has been used in the second line. The complete discretization of the TFSTWE is
therefore given by

V1
i =

a

2
V0
i−1 +

a

2
V0
i+1 + (1− a)V0

i +∆tΨ2(xi) +
c

2
V0
i X 0

i , n = 0, (11)

and, for n ≥ 1,

Vn+1
i = aVn

i−1 + aVn
i+1 + (2− 2a− b1)Vn

i + (2b1 − b2 − 1)Vn−1
i

−
n−2∑
j=2

(bj−1 + bj+1 − 2bj)Vn−j
i + (2bn−1 − bn−2)V1

i − bn−1 V0
i + cVn

i X n
i .

(12)

3.5 Matrix Representation of the Derived Scheme

Let

Vn =


Vn
1

Vn
2
...

Vn
N−1

 , X n =


X n
1

X n
2
...

X n
N−1

 ,
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H =


∆tΨ2(x1)

∆tΨ2(x2)
...

∆tΨ2(xN−1)

 ,

and let I denote the identity matrix of order (N − 1)× (N − 1). The product VnX n below is
understood componentwise. The complete discretized TFSTWE, given by (11) and (12), can
then be written in matrix form as

V1 = Q1V0 +H+
c

2
V0X 0, n = 0, (13)

and, for n ≥ 1,

Vn+1 = Q2Vn + (2b1 − b2 − 1)Vn−1 −
n−2∑
j=2

(bj+1 + bj−1 − 2bj)Vn−j

+ (2bn−1 − bn−2)V1 − bn−1 V0 + cVnX n,

(14)

where Q1 and Q2 are matrices of order (N − 1)× (N − 1) with entries

Q1 = (rij), rij =



1− a, j = i,

a/2, j = i− 1,

a/2, j = i+ 1,

0, otherwise,

Q2 = (sij), sij =



2− 2a− b1, j = i,

a, j = i− 1,

a, j = i+ 1,

0, otherwise.

4 Stability Analysis

This section analyzes the mean-square behavior of the proposed scheme. The analysis is carried
out for the first time step, where all weights of the scheme are non-negative under the restriction
on ∆t; the difficulty at later time levels is explained in Remark 1.

Proposition 1 (One-step mean-square bound). Suppose that∆x and ∆t satisfy the restriction

∆t ≤

[
(∆x)2

(
3− 22−α

)
2K2 Γ(3− α)

]1/α

. (15)
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Then the first step (11) of the explicit finite difference scheme for the TFSTWE (1) satisfies

E
∥∥V1

∥∥2
∞ ≤ (1 + λ∆t)E

∥∥V0
∥∥2
∞ + 2

(
∆t+∆t2

)
∥Ψ2∥2∞ , (16)

where
λ = 1 +

σ2Γ(3− α)2(∆t)2α−2

∆x
+

σ2Γ(3− α)2(∆t)2α−3

∆x
, (17)

E ∥Vn∥2∞ := sup1≤i≤N−1 E |Vn
i |

2, and ∥Ψ2∥∞ := sup1≤i≤N−1 |Ψ2(xi)|.

Proof. Set Si :=
a
2 V

0
i−1 +

a
2 V

0
i+1 + (1− a)V0

i . By Equation (11),

V1
i = Si +

c

2
V0
i X 0

i +∆tΨ2(xi).

Applying Lemma 2 with ϵ = ∆t to the decomposition x = Si and y = c
2 V

0
i X 0

i +∆tΨ2(xi),
and then the elementary inequality (y1 + y2)

2 ≤ 2y21 + 2y22 , we obtain∣∣V1
i

∣∣2 ≤ (1 + ∆t) |Si|2 +
(
1 +

1

∆t

) ∣∣∣ c
2
V0
i X 0

i +∆tΨ2(xi)
∣∣∣2

≤ (1 + ∆t) |Si|2 +
1

2

(
1 +

1

∆t

)
c2

∣∣V0
i X 0

i

∣∣2
+ 2

(
1 +

1

∆t

)
(∆t)2 |Ψ2(xi)|2 . (18)

The coefficients a/2, a/2, and 1 − a of Si sum to exactly 1, so applying Jensen’s inequality
(Lemma 3) requires them to be non-negative, which imposes the restriction 1− a ≥ 0, that is,

∆x ≥ K
√
Γ(3− α) (∆t)α/2. (19)

This condition is implied by (15), because (3− 22−α)/2 ≤ 1 for α ∈ (1, 2]. Under it,

|Si|2 ≤
a

2

∣∣V0
i−1

∣∣2 + a

2

∣∣V0
i+1

∣∣2 + (1− a)
∣∣V0

i

∣∣2 .
Taking expectations and suprema, and using E

∣∣X 0
i

∣∣2 = 1 together with the independence of
X 0
i from the deterministic initial data, we obtain

sup
1≤i≤N−1

E
∣∣V1

i

∣∣2 ≤[
(1 + ∆t) +

1

2

(
1 +

1

∆t

)
c2
]

sup
1≤i≤N−1

E
∣∣V0

i

∣∣2 + 2
(
∆t+∆t2

)
sup

1≤i≤N−1
|Ψ2(xi)|2 ,

E
∥∥V1

∥∥2
∞ ≤

[
1 + ∆t

(
1 +

c2

2∆t
+

c2

2∆t2

)]
E
∥∥V0

∥∥2
∞ + 2

(
∆t+∆t2

)
∥Ψ2∥2∞ .

Since
c2/∆t = σ2Γ(3− α)2(∆t)2α−2/∆x,

and
c2/∆t2 = σ2Γ(3− α)2(∆t)2α−3/∆x,

the bracket is bounded by 1 + λ∆t, which gives (16).
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Remark 1. For n ≥ 1, the general step (12) contains the weight−bn−1 < 0 and, in general, the
weight 2bn−1−bn−2, whose sign is not covered by Lemma 1. Consequently, Jensen’s inequality
(Lemma 3) cannot be applied to the general step, and the bounds required by Definitions 2 and 3
for all time levels are not established here. Stability over all time levels is supported numerically
(Figures 1 and 2 and Table 1) and remains an open problem for an energy-type analysis.

Remark 2. If a bound with the factor 1 + λ∆t held at every time level, it would give (1 +

λ∆t)n ≤ eλn∆t ≤ eλT , which is uniform in the mesh only if λ remains bounded. Under
the restriction (15) alone, λ is in general unbounded as ∆x → 0; in particular, λ∆t → 0

is guaranteed only when α > 4/3. For 3/2 < α ≤ 2, λ is bounded under the additional
restriction

∆t 2α−3 ≤ K0∆x, (20)

with a fixed constant K0 > 0, in which case λ ≤ 1 + σ2Γ(3 − α)2K0 (1 + T ). For α = 2,
condition (20) follows from (15). For 1 < α ≤ 3/2, no such uniform bound is available, and
any full-time estimate would hold for each fixed mesh only.

5 Convergence Analysis

In this section, we discuss the consistency of the scheme and the error at the first time step.
Convergence over all time levels requires a stability estimate for the general step, as explained
in Remark 1.

Proposition 2 (One-step error estimate). Let V̂n
i and Vn

i denote the exact and approximate
solutions of the TFSTWE (1) at the mesh point (xi, tn), respectively, and let En

i = V̂n
i − Vn

i .
Then the error of the first step (11) of the explicit finite difference scheme satisfies

E
∥∥E1

∥∥2
∞ = O

(
(∆x)2 +∆t2−α

)2
,

where E ∥En∥2∞ := sup1≤i≤N−1 E |En
i |

2.

Proof. Let T n
i denote the local truncation error at time level n for 1 ≤ i ≤ N − 1. By

the consistency of the approximations (2), (3), and (4), the local truncation errors are of order
O
(
(∆x)2 + ∆t2−α

)
in the mean-square sense. From Equations (11) and (12) we have, for

n = 0,

T 1
i = V̂1

i − a

2
V̂0
i−1 −

a

2
V̂0
i+1 − (1− a) V̂0

i −∆tΨ2(xi)−
c

2
V̂0
i X 0

i

= O
(
(∆x)2 +∆t2−α

)
,

(21)

and, for n ≥ 1,
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T n+1
i = V̂n+1

i − a V̂n
i−1 − a V̂n

i+1 − (2− 2a− b1) V̂n
i − (2b1 − b2 − 1) V̂n−1

i

+
n−2∑
j=2

(bj−1 + bj+1 − 2bj) V̂n−j
i − (2bn−1 − bn−2) V̂1

i + bn−1 V̂0
i − c V̂n

i X n
i

= O
(
(∆x)2 +∆t2−α

)
.

(22)

Subtracting the scheme (11) from (21) gives

E1
i =

a

2
E0
i−1 +

a

2
E0
i+1 + (1− a) E0

i +
c

2
E0
i X 0

i + T 1
i .

For the exact initial condition, V̂0
i = V0

i , and hence E0
i = 0 for all i. Therefore E1

i = T 1
i , and

E
∥∥E1

∥∥2
∞ = sup

1≤i≤N−1
E
∣∣T 1

i

∣∣2 = O
(
(∆x)2 +∆t2−α

)2
.

Remark 3. For n ≥ 1, the error equation obtained by subtracting (12) from (22) contains the
same negative weights as the general step. A mean-square error bound over all time levels, as
required by Definition 3, therefore follows only from a stability estimate for the general step,
which is not established here (see Remark 1). The observed second-order behavior for α = 2

in Table 1 is numerical evidence for such a bound.

6 Numerical Experiments

In this section, the numerical experiments were carried out using 1000 Monte Carlo realiza-
tions to approximate the mean solution. All simulations were implemented in Python using
NumPy, with the random number generator seed fixed at np.random.seed(0) to ensure full
reproducibility of the reported results.

Example 1. Consider the TFSTWE with multiplicative space-time white noise and the follow-
ing initial and boundary conditions:

CDα
t V(x, t) = K2 ∂

2V(x, t)
∂x2

+ σ V(x, t) Ẇ(x, t), (x, t) ∈ [0, 1]× [0, 1], 1 < α ≤ 2,

V(x, 0) = sin(5πx) + 2 sin(7πx), 0 < x ≤ 1,

Vt(x, 0) = 0, 0 < x ≤ 1,

V(0, t) = 0, 0 < t ≤ 1,

V(1, t) = 0, 0 < t ≤ 1.

When α = 2 and σ = 0, the exact solution of the governing equation in Example 1 is [6]

V(x, t) = sin(5πx) cos(5πKt) + 2 sin(7πx) cos(7πKt). (23)

The numerical results are shown in Figures 1–5 and Table 1 and are discussed in Section 7.



Co
rre
cte
d p
ro
of
s

38 Explicit Scheme for Fractional Stochastic Waves

Figure 1: Unstable numerical solution of the TFSTWE for α = 1.5 at time t = 0.02.

Figure 2: Comparison of the exact solution (23) and the numerical solution of the TFSTWE for α = 2, σ = 0,
and K = 1.

Table 1: Global MSE and empirical convergence order p = 1
2
log2

(
MSEcoarse/MSEfine

)
across grid refinements

for α = 2, as the noise intensity σ decreases from 1 to 0.0001.

∆x = 1/50

∆t = 1/100

∆x = 1/100

∆t = 1/200

∆x = 1/200

∆t = 1/400

∆x = 1/400

∆t = 1/800

σ MSE MSE p MSE p MSE p

1 5.787672× 10−2 5.338372× 10−2 0.058 5.253846× 10−2 0.012 5.246564× 10−2 0.001

0.1 6.475157× 10−3 8.926669× 10−4 1.429 5.383908× 10−4 0.365 5.348914× 10−4 0.005

0.01 5.976572× 10−3 3.802779× 10−4 1.987 2.869329× 10−5 1.864 6.815487× 10−6 1.037

0.001 5.972051× 10−3 3.750106× 10−4 1.997 2.359619× 10−5 1.996 1.530227× 10−6 1.974

0.0001 5.972052× 10−3 3.749432× 10−4 1.997 2.354519× 10−5 1.996 1.476652× 10−6 1.998
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(a) σ = 0 (b) σ = 1

(c) σ = 2 (d) σ = 3

Figure 3: Approximate two-dimensional mean solutions of the TFSTWE at time t = 0.01 for α = 1.8, 1.85, 1.9,
and 1.95, with∆x = 1/250 and∆t = 1/500: (a) σ = 0, (b) σ = 1, (c) σ = 2, and (d) σ = 3.
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(a) σ = 0 (b) σ = 1

(c) σ = 2 (d) σ = 3

Figure 4: Approximate two-dimensional mean solutions of the TFSTWE for α = 2 at times t = 0.97, 0.98, 0.99,
and 1, with∆x = 1/250 and∆t = 1/500: (a) σ = 0, (b) σ = 1, (c) σ = 2, and (d) σ = 3.
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(a) σ = 0 (b) σ = 1

(c) σ = 2 (d) σ = 3

Figure 5: Approximate three-dimensional mean solutions of the TFSTWE for α = 2, with ∆x = 1/250 and
∆t = 1/500: (a) σ = 0, (b) σ = 1, (c) σ = 2, and (d) σ = 3.
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7 Results and Discussion

We validate the proposed scheme for the TFSTWE using graphical representations, compar-
isons with the exact solution, and a global MSE analysis. When the noise intensity σ is large
(specifically, σ ≥ 1), the stochastic fluctuations become clearly visible in the approximate
mean solution profiles. These findings collectively indicate how the dynamics of the solution
are shaped simultaneously by the fractional order and the stochastic component.

To examine the efficiency of the method, we performed simulations for multiple values
of the fractional order α and the noise intensity σ. Figure 1 shows the parameter regimes in
which the numerical solution becomes unstable, which illustrates the need for a time-step restric-
tion such as (15) of Proposition 1. This indicates that the explicit FDM solves the TFSTWE
consistently under the given conditions. Figure 2 compares the exact solution (23) with the
approximate numerical solution for α = 2 and σ = 0, which validates the accuracy of the
method.

Figures 3 and 4 further examine how the stochastic term influences the two-dimensional
approximate mean solutions. Figure 3 illustrates these effects for the fractional orders α ∈
{1.80, 1.85, 1.90, 1.95} at the early time t = 0.01 and for the noise intensities σ ∈ {0, 1, 2, 3}.
Figure 4 shows the solutions for α = 2 at the final times t = 0.97 to t = 1, indicating that
the noise continues to influence the system as it evolves. Finally, Figure 5 presents the three-
dimensional approximate mean solutions, visualizing the computed values of V(x, t) for α = 2

across varying noise intensities.

Table 1 reports the globalMSE and the empirical order p forα = 2, comparing the TFSTWE
with its classical limit as σ decreases from 1 to 0.0001. For σ = 0.001 and σ = 0.0001, p ≈ 2 at
all resolutions, confirming that the TFSTWE recovers the second-order accuracy of the classical
scheme as σ → 0. As σ increases, p drops below 2, and it does so earlier: for σ = 0.01, it stays
near 2 until the finest grid, whereas for σ = 0.1 and σ = 1, it falls almost immediately. This
occurs because the noise adds a fixed error that does not decrease with grid refinement; once this
fixed error exceeds the decreasing truncation error, further refinement no longer improves the
accuracy. The MSE values reflect this pattern: on the coarsest grid, the MSE is nearly identical
across all small values of σ, but on the finest grid, it varies sharply with σ. This indicates that σ
determines how much refinement can help, even though the scheme itself shows second-order
convergence numerically for α = 2.
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8 Conclusion

In this paper, an explicit FDM was developed to solve the TFSTWE with fractional order
α ∈ (1, 2]. The method incorporates multiplicative space-time white noise to simulate stochas-
tic perturbations, and the Caputo fractional derivative accounts for memory effects. The mean
approximate solutions for a particular example were plotted using Python. Increasing the noise
intensity makes the wave propagation increasingly irregular and stochastically perturbed, which
has a major effect on the amplitude and smoothness of the solution. For the first time step, a
mean-square stability bound (Proposition 1) and an error estimate (Proposition 2) were derived;
stability and convergence over all time levels are supported by the numerical experiments (Ta-
ble 1) and remain to be proved (Remarks 1 and 3).

Limitations. (a) A stability and convergence proof over all time levels is not provided,
because the scheme contains negative weights at later time levels, so the analysis is limited
to the first step and is complemented by numerical evidence; (b) the method is restricted to
one spatial dimension; (c) the error analysis does not provide strong convergence rates in the
probabilistic sense (only mean-square convergence of the scheme is established); and (d) no
comparison with an implicit or Crank–Nicolson analogue is provided.

Future work. (1) Extension of the explicit FDM to two-dimensional domains for the
TFSTWE, where the noise approximation becomes more involved and the computational cost
increases substantially; (2) development of an unconditionally stable implicit or semi-implicit
scheme for themultiplicative-noise TFSTWE, building on the Crank–Nicolson approach ofMo-
jad et al. [15] to overcome the conditional stability restriction; (3) investigation of the strong
convergence rate (in the L2(Ω) sense), rather than only the mean-square convergence of the
numerical scheme, using Malliavin calculus or stochastic Gronwall arguments; and (4) applica-
tion of the proposed methodology to nonlinear TFSTWEs, where multiplicative noise interacts
with nonlinear wave terms arising in continuum mechanics and geophysical wave modeling.

Overall, this work offers a computationally simple framework for simulating stochastic
fractional wave propagation, while identifying gaps in dimensionality, the full-time stability
and convergence theory, and the stability class that future work should address.
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