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1 Introduction

In mathematics, fuzzy sets are sets whose elements have degrees of membership. Fuzzy
sets were introduced by Lotfi A. Zadeh in 1965 [19] as an extension of the classical notion
of set. The usefulness of the introduced notion of fuzzy set theory was realized and
applied in studies in almost all branches of science and technology by many researchers.
(14, 10, 11, 12, 13]).

The fuzzy relation theory as a generalization of Euler's graph theory was first introduced
by Rosenfeld [14] in 1975. Some researchers work in graph by uncertain data on nodes
and arcs such as fuzzy graph [15, 16], bipolar fuzzy graph [2, 4, 18] and fuzzy interval
graph [8, 3]. A fuzzy number is a quantity whose value is imprecise, rather than exact
as the case with ”ordinary” (single-valued) numbers or interval numbers. M. Adabitabar
firozja and S. Firouzian [1] define the fuzzy number valued fuzzy relation.

The remaining part of the paper is organized as follows: In section 2, a background of
fuzzy concepts and fuzzy relations and also fuzzy numbers and some properties of fuzzy
numbers are presented. We will introduce the fuzzy number-valued fuzzy graph and prove
some properties of graph on fuzzy number-valued fuzzy graphs with examples in Section
3. Finally, conclusions are presented in Section 4.

2 Background

A fuzzy subset of X is a mapping p : X — [0,1] where p as assigning to each element
x € X a degree of membership, 0 < p(z) < 1.

If S be a set and p and v be fuzzy subsets of S then following properties exist:

1. A fuzzy subset p C v if and only if p(z) < v(z) for all x € S,

2. (pUv)(z) =p(x)\v(z) for all z € S,

3. (unv)(z) = plx) Av(z) for all z € S,

where, max and min are shown with \/ and A respectively.

Definition 1. (Rosenfeld, [14]) Let S and T be two sets and p and v be fuzzy subsets of
S and T, respectively. A fuzzy relation p from the fuzzy subset u into the fuzzy subset v
is a fuzzy subset p of S x T such that

p(z,y) < plx) Aviy), Ve e S,VyeT

Definition 2. (Rosenfeld, [14]) Let p : S x T' — [0, 1] be a fuzzy relation from a fuzzy
subset p of S into a fuzzy subset v of T and w : T x U — [0, 1] be a fuzzy relation from a
fuzzy subset v of T into a fuzzy subset £ of U. Define the composition p of w and denote
by pow : S x U — [0, 1] where for all z € S and z € U

pow(x,2) = \[{p(x,y) \w(y, 2)ly € T}. (1)

Notation p? to denote the composition pop, p* to denote the composition p¥~lop; k > 1.
Define p>(z,y) = V{p*(z,y)|k = 1,2,...} for all 2,y € S.

Definition 3. (Coroianu, [7]) The set of all fuzzy numbers is denoted by F'N and for
fuzzy number A € F N, we show the membership function by A(z) which is given by
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r < ay,
la(xz) a1 <z <as,
Alx)=4q 1 az <z < as, (2)
ra(xz) a3 <x < ay,
0 ay < x

where a1,a2,a3,a4 € R and [4(.) is nondecreasing and 74(.) is non-increasing and
la(ar) = 0, la(az) = 1, ra(az) = 1 and r4(ay) = 0. For any r € (0,1], r—cut of
fuzzy number A is a crisp interval as

[A]" ={z € R: A(z) 2 r} = [Ai(r), Au(r)]. (3)
Let A be a fuzzy subset of X; the support of A, denoted supp(A) whose
supp(A) = {z € X|A(z) > 0}. 4)

Definition 4. [9] let [A]" = [A;(r), Au(r)] and [B]" = [B;(r), B,(r)] be two fuzzy num-
bers. We get:

AV B =4 Bi(r), Au(r) \/ Bu(r)],

and
ANB = [A(r) \ Bir), Aur) \ Bu(r)],
A+ B = [AI(T’) + Bl(T)aAu(r) + BU(T)],
(KA (r), kAu(r)] k>0

klA) = { eA(r), kAL (r)] K <0,

and we used of the following ranking method

{ Ai(r) < Bi(r)
A=<B& < and vor (5)

Au(r) < Bu(r)

{ Ai(r) = Bi(r)
A=B & ¢ and Vor (6)
Ay (r) = By(r).

Proposition 1. With the above ranking AA B < Aand A\ B < B.

Definition 5. (Stefanini;[17], Bede-Stefanini;[5])The generalized difference (g-difference
for short) of two fuzzy numbers A, B is given by its level sets as

[Aoy B]* = Cl | J ([A) ©4u [B]");  Va € [0,1] (7)
BZa
where
[4)° = [B)® +[C)°
(A ©gn [B]ﬁ=[C]B<i>{ or (8)
[B]F = [4)° + (-1)[C)°

Proposition 2. (Bede-Stefanini;[5]) The g-difference is given by the expression
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[ASy B]* = [infg>amin F(B), supg>omazr F(f)] (9)

where F(8) = {Ai(B8) — Bi(B), Au(B) — Bu(B)}-
Proposition 3.(Proposition 5.20 ;[6]) For any fuzzy numbers A, B the g-difference Ac,B
exists and it is a fuzzy number.

3 Fuzzy number-valued fuzzy graph (FN-VFQ)

We show the set of all fuzzy numbers with support subset of [0,1] by FIN.
Definition 6. The fuzzy number valued fuzzy set A in V defined by

A:V = FIN

where
A={(z,Az))|lz € V} ={(z, [A(@)]")|z € V, r€[0,1]} (10)

Where [A(z)]" = [A(z)(r), A(z)(r)] is r—level.
For any two fuzzy number valued fuzzy sets A and B in V' we define:

AUB = {(z,A(z) vV B(z))|z € V}

AN B = {(x, A(x) A B(x))|z € V} ()

M. Adabitabar firozja and S. Firozian [1] define the fuzzy number valued fuzzy relation
as follows:

Definition 7. Let S and T be two sets and g : S — FIN and v : T — FIN be two
fuzzy number valued subsets of S and T, respectively. A FN-VFR p from p into v is a
fuzzy number valued subset p : S x T'— FIN such that p(x,y) < p(x) Av(y),Vz € S
and Vy € T

Definition 8. If G* = (V,E) is a graph and A is fuzzy number valued fuzzy set in
V' defined by definition 6, then by fuzzy number valued fuzzy relation B on set E by
definition 7, we define G = (A, B) is FN-VFG where

A={(z,A(z))|z € V,A(x) € FIN} and
B = {(zy, B(zy))|lzy € E, B(wy) = {A(z) N A(y)} € FIN}.

Throughout this paper, G* is a crisp graph and G is an fuzzy number valued fuzzy
graph.
Example 1. Let G* = (V, E) is a graph such that V = {z,y, 2z} and E = {zy,yz, zz}.
Let A be an fuzzy number valued fuzzy set of V and B be an fuzzy number valued fuzzy
set of E CV x V defined by:

A =
{(2,10.240.1r,0.4 — 0.17]), (3, [0.3 + 0.1r,0.5 — 0.17]), (2, [0.4 + 0.05r, 0.5 — 0.05r])}

B = {(xy,[0.1+0.1r,0.3—0.1r]), (yz,[0.2+ 0.1r,0.4 — 0.1r]), (2, [0.1 4+ 0.2r,0.4 — 0.17]) }

Then G = (A, B) is FN-VFG.
Definition 9. The Cartesian product G; x G of two FN-VFGs, Gy = (41, B;) and
Gy = (Ag,Bs) of the graphs G = (V4,E;) and G5 = (Va, E3) is defined as a pair
(A1 x As, By X Bs) such that
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{Al X AQ}(JEhl‘Q) = Al(.Tl) A AQ(CCQ); (1‘1,172) S ‘/1 X ‘/2 (12)
{Bl X BQ}((%,CEQ)(.%,yQ)) = Al(x) N BQ(JS‘QyQ); x e Vi, xoys € Eo (13)
{B1 x Ba}((z1,2)(y1,2)) = Bi(z1y1) A A2(2); a1y1 € En, 2 € Va, (14)

Example 2. Let G = (V4, Eq) and G5 = (Va, Es) be graphs where Vi = {a,b}, V5 =
{C, d}, E1 = {ab} and EQ = {Cd} If G1 = (Al,Bl) and G2 = (AQ,BQ) two FN-VFGs
where

Ay ={(a,[0.240.1r,0.4 — 0.17]), (b,[0.3 + 0.1r,0.5 — 0.17]) }

(

By = {(ab,[0.1+0.1r,0.4 — 0.2r])} (16
As = {(¢,[0.1 +0.2r,0.4 — 0.17]), (d, [0.2 + 0.17,0.6 — 0.27]) } (
By = {(cd,[0.1r,0.4 — 0.27]) } (

then we have
{A; x Az} (a,c 0.1+0.2r,0.4 — 0.17]

(a,¢) = [

{A; x As}(a,d) = [0.2 + 0.17,0.4 — 0.17]

{A1 x A2}(b,¢) =[0.140.2r,0.4 — 0.17]

{Ay x Ay} (b,d) = [0.2 + 0.17,0.5 — 0.17]

{B;1 x B2}((a,c)(a,d)) = [0.1r,0.4 — 0.2r]

{B;1 x B2}((b,c)(b,d)) = [0.1r,0.4 — 0.27]
{B1 x B2}((a,¢)(b,c)) =[0.1+0.1r,0.4 — 0.27]
{B1 x B2}((a,d)(b,d)) =1[0.1 4+ 0.1r,0.4 — 0.27]

Proposition 4. The Cartesian product G; X Ga = (A1 X A, By x Bs) of two FN-VFGs
of the graphs of G} and G3 is a FN-VFG of G} x G3.

Proof. Let x € Vi, xzoys € E5. Then

{B1 x Ba}((z,22)(2,92)) = A1(2) A Ba(22y2) = A1(2) A (A2(z2) A Az(y2))

= (Al(l‘) A AQ(IQ)) A (Al(x) A Ag(yg)) = A1 X AQ(JE,IQ) A A1 X AQ(I, y2)

Similarly, if z € V5, x1y; € E7 we have
{B1 x Ba}((z1,2)(y1,2)) = Bi(z1y1) A A2(2) = (Ar(z1) A A1(y1)) A Az(2)
= (A1(z1) A A2(2)) A (A1(y1) A Az(2)) = Ay x Aa(z1,2) A A X Az (1, 2)

Definition 10. The composition G1[Gs] = (A1 o Ay, By o By)) of two FN-VFGs G;
and Go of the graphs G} and G3 is defined as follows:

{Al o AQ}(.Tl,;EQ) A1(3:1) A A2(1?2) V(l‘h 172) eV
{B1 0 B2} (%, 22)(7,y2)) = A1(z) A Ba(w2y2) Vo € Vi ,x2ys € By,
{B1 o Ba}((w1,2)(y1,2)) = Bi(z1y1) A A2(2) Vz € Vo 2191 € By,
{B1 o Ba}((w1,22)(y1,92)) = Az(fﬂz) A As(y2) A Br(zayr)  V(z1,22)(y1,y2) € E° — E
(19)
Example 3. Let G7 and G35 be as in the previous example. Consider two FN-VFGs
G1 = (A1, By) and Gy = (Ay, Bs) defined by

Ay = {(a,[0.2 4 0.1r,0.4 — 0.17]), (b, [0.3 + 0.1r,0.5 — 0.1r])} (20)

By = {(ab,[0.1 +0.1r,0.4 — 0.27])} (21)
As = {(¢,[0.14+0.2r,0.4 — 0.17]), (d,[0.2 + 0.1r,0.6 — 0.27])} (22)
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By = {(cd,[0.17,0.4 — 0.27])} (23)
then we have
{Bj o B2}((a,c)(a,d)) = Ai(a) A Ba(cd) = [0.1r,0.4 — 0.27] (24)
{B1 0 B2}((b,c)(b,d)) = A1(b) A Ba(cd) = [0.17,0.4 — 0.27] (25)
{B1 0 Ba}((a,c)(b,c)) = Bi(ab) A Az(c) = [0.1 + 0.1r,0.4 — 0.2r] (26)
{Bj o B2}((a,d)(b,d)) = Bi(ab) A Ay(d) =[0.1 +0.1r,0.4 — 0.27] (27)
{Bj1 0 B2}((b,c)(a,d)) = A2(c) A Aa(d) A By(ab) = [0.1 + 0.1r,0.4 — 0.27] (28)

Proposition 5. The composition G;[G2] of FN-VFGs Gy and G2 of G and Gj is an
FN-VFG of G} [G3].
Proof. We proved one of cases and sufficient that show

{B1 o Ba}((,y)(x,2)) < {A1 0 A} (2,y) A {A10 Ao} (w,2) iV @€ Ay, yz€ By (29)

{Bi1 o Ba}((2,y)(x, 2)) = Ai(2) A Ba(yz) < As(2) A (A2(y) A As(2)) =

(A1 () A Aa(y)) A (Ar(z) A Az(2)) = {Ar 0 Ag}(x, y) A {Ar o Az} (x, 2).

Definition 11. The union G; U Gy = (A1 U Az, B; U By)) of two FN-VFGs G and G2
of the graphs G7 and G35 is defined as follows:

{Al U AQ}(%) = Al(l‘) vV Ag(x) (30)
{B1U B2} (xy) = Bi(zy) V Ba(zy)

Example 4. Let G5 = (V4, Eq) and G5 = (Va, E2) be graphs such that Vi = {a, b, ¢, d, e},
E; = {ab,be,be, ce,ad,ed}, Vo = {a,b,c,d, f} and Ey = {ab,bec,cf,bf,bd}. If two FN-
VFGs Gl = (Al,Bl) and G2 = (AQ,BQ) defined by

Ay = {(a,[0.1 +0.3r,0.7 — 0.17]), (b, [0.2 + 0.2r, 0.6 — 0.2¢]),
(¢, [0.5+0.2r, 0.9 — 0.2¢]), (d, [0.4 + 0.17, 0.7 — 0.2r]), (31)
(e,[0.34+0.2r,0.8 — 0.1r])}

By = {(ab, [0.1 + 0.3r,0.6 — 0.2r]), (be, [0.2 + 0.2r, 0.6 — 0.2r]),
(ce,[0.340.2r,0.8 — 0.17]), (be, [0.2 4+ 0.2r,0.6 — 0.2r]), (32)
(ad, 0.1+ 0.3r,0.7 — 0.27]), (de, [0.3 + 0.2r,0.7 — 0.27]) }

As = {(a,[0.2+0.17,0.6 — 0.2r]), (b,[0.5 + 0.2r,0.8 — 0.17]),
(¢, 0.3 + 0.2r,0.7 — 0.17]), (d, [0.1 + 0.2r, 0.5 — 0.17]), (£, [0.3 + 0.1r, 0.6 — 0.17])}
(33)
By = {(ab,[0.2+ 0.1r,0.6 — 0.27]), (bc, [0.3 + 0.27,0.7 — 0.17]),
(¢f,[0.3+ 0.1r, 0.6 — 0.1¢]), (bf, [0.3 + 0.1, 0.6 — 0.17]), (34)
(bd,[0.1+0.2r,0.5 — 0.17]) }

then we have

_J [0.240.1r,0.7—0.1r] r € [0,0.5],

{A1U Ao} (a) = { [0.140.37,0.7—0.17] 7 € [0.5,1]

{A1 U A>}(b) = [0.5+0.2r,0.8 — 0.1r] , A; U As(c) =[0.5+0.2r,0.9 —0.2r]  (36)
{A1UA2}(d) = [0.4+0.17,0.7 = 0.2r] , A;UAs(e) =[0.340.2r,0.8—-0.1r]  (37)
{A1UA2}(f) =[0.3+0.1r,0.6 — 0.17] (38)
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(mumen = { D1T0re 0 TERTY )

{B1 U By}(bc) =[0.3+0.2r,0.7—0.17] , B;U Ba(ce) =[0.3+0.2r,0.8—0.1r] (40)
{B1 U By} (be) = [0.2+0.2r,0.6 — 0.2r] , By U Bs(ad) = [0.1+0.3r,0.7 — 0.27] (41)
{By U By} (de) = [0.3+0.2r,0.7 — 0.2r] , By UBa(bd) = [0.1+0.2r,0.5—0.17] (42)
{B1 U By}(bf) = [0.3 + 0.17,0.6 — 0.17] (43)

Proposition 6. The union of two FN-VFGs G; and G2 of G} and G5 is an FN-VFG.
Proof.

{B1U Ba}(zy) = Bi(wy) V Ba(zy) < {A1(z) A A1(y)} vV {Aa(z) A Aa(y) }
= {Ai(2) V Az(2)} AM{A1(y) V Az(y)} = {A1 U Aa}(2) A {A1 U Az} (y)

Definition 12. The join G1 + G2 = (A; + A3, By + Bs)) of two FN-VFGs G; and G5 of
the graphs G and G35 is defined as follows:

(44)

{Al + AQ}(I) = Al(l‘) vV AQ(I)
{B1+ Ba}(zy) = B1(zy) V Ba(ay); if axy € E} N Ey (45)
{B1 + Ba}(zy) = A1(z) A Aa(y); ifzye E
Where E' is the set of all edges joining the nodes of V7 and V5.

Proposition 7. The join of FN-VFGs is a FN-VFG.
Proof. If zy € E; N Es then

{B1 + B2} (zy) = Bi(zy) V Ba(zy) = {A1(z) AN A1(y)} V {Aa2(z) A Aa(y)} (46)
= {A1(z) V Ag(x)} AM{A1(y) V A2(y)} = {A1 + Ao} (2) A{ AL + A2} (y)
Ifzy € E' then
{B1+ Ba}(zy) = Ar(z) A Az(y) = {Ai(z) v A2 ()} A{A1(y) V A2(y)} (47)

= {A; + A} () A {AL + A} (y)

Definition 13. Let G; = (41, B1) and Go = (Ag, Bs) be two FN-VFGs. A homomor-
phism f: Gy — Gs is a mapping f : V; — V5 such that

Ar(z) = Ao (f(2)); Ve eV

Bi(wy) < Bo(f()f(n); Vo € Vi,ay € By (48)

A bijective homomorphism with the property A;(x) = As(f(z)) is called a weak isomor-
phism.

A Dbijective homomorphism with the property Bj(zy) = Ba(f(2)f(y)) is called a weak
co-isomorphism.

A bijective mapping is called an isomorphism if weak isomorphism and weak co-isomorphism.

Example 5. Consider graphs G} = (V4,E;1) and G5 = (V2, E3) such that V; =
{a1,b1}, Vo = {az,b2}, By = {a1b1} and Fy = {azbs}. If Ay, Ao, By and By be fuzzy
number valued fuzzy subsets defined by:
(i)

A1 ={(a1,[0.2 +0.17,0.6 — 0.2r]), (b1,[0.3 + 0.2r,0.7 — 0.2r]) } (49)

By = {(a1b1,[0.1 + 0.2r,0.5 — 0.1r])} (50)
Ay = {(as,[0.340.2r,0.8 — 0.2r]), (bs, [0.2 4 0.2, 0.6 — 0.1r])} (51)
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B2 = {(ang, [02 + 0.27’, 0.6 — 027’])} (52)
Then, as is easy to see, the map f : V4 — Vi defined by f(a1) = by and f(b1) = a9 is a

homomorphism.
(ii)
A1 ={(a1,[0.2 +0.2r,0.6 — 0.17]), (b1,[0.3 + 0.2r,0.7 — 0.2r]) } (53)
Bl = {(albl, [O]. + 0.27’, 0.5— 017‘])} (54)
As = {(a2,[0.3+0.2r,0.7 — 0.27]), (b2,[0.2 + 0.2r,0.6 — 0.17]) } (55)
By = {(a3b2,[0.2+ 0.1r,0.5 — 0.17]) } (56)
a

Then, as is easy to see, the map f: Vi — V5 defined by f(a1) = be and f(by) = aq is
a weak isomorphism but it is not an isomorphism.

i Ay = {(a1,[0:2 + 0.2r,0.6 — 0.2r]), (b1, [0.3 + 0.2r,0.7 — 0.27])} (57)
By = {(arby, [0.1 + 0.2, 0.5 — 0.17])} (58)

Az = {(az,[0.340.2r,0.8 — 0.27]), (b2, [0.2 + 0.3r,0.6 — 0.17]) } (59)

By = {(ashs, [0.1 +0.2,0.5 — 0.17])} (60)

Then, as is easy to see, the map f : V3 — V5 defined by f(a1) = by and f(b1) = as is a
weak co-isomorphism but it is an isomorphism.

) Ar = {(a1,[0:2 + 0.2r,0.6 — 0.17]), (b1, [0.3 + 0.2r,0.7 — 0.27])} (61)
By = {(arby, [0.1+0.2r,0.5 — 0.17])} (62)

As = {(a2,[0.3 4+ 0.2r,0.7 — 0.2r]), (b2, [0.2 + 0.2,0.6 — 0.17])} (63)

By = {(agbs,[0.1 +0.2r,0.5 — 0.17])} (64)

Then, as is easy to see, the map f : V3 — V5 defined by f(a1) = by and f(b1) = as is an
isomorphism.
Definition 14. A FN-VFG, G = (A, B) is called complete if

B(zy) = A(z) NA(y); Vay € E (65)

Example 6. Consider a graph G* = (V, F) such that V = {z,y, 2}, E = {zy,yz, zz}. If
A and B are fuzzy number valued fuzzy subset defined by

A={(2,]0.3+0.2r,08 —0.2r]), (y, [0.2 + 0.2r,0.6 — 0.17]), (2, [0.2 + 0.3r, 0.7 — 0.17])}

B = {(xy,[0.2+0.2r,0.6 — 0.1r]), (yz,[0.2 + 0.27,0.6 — 0.1r]), (2, [0.2 4+ 0.3r,0.7 — 0.17]) }
then G = (A, B) is a complete FN-VFG of G*.

Definition 15. The complement of a FN-VFG, G = (4,B) of G* = (V,E) isa G =
(A,B) on G* = (V, E), where A = A and B is defined by

B(zy) = {A(x) N A(y)} ©¢ B(zy) (66)

Proposition 8. The complement of FN-VFG is a FN-VFG.
Proof. If G = (A, B) is complement FN-VFG of G = (A, B) then it is sufficient that

show -

B(zy) 2 A(z) NA(y); Yoy € E (67)
where with Proposition 2. and Proposition 3. and Eq. (66) proof is evident.
Example 7. Consider a graph G* = (V, E) such that V = {z,y, 2, t}, E = {2y, at, yz, yt, zzx, zt}.
If G = (A, B) is FN-VFG where
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A = {(z,[0.340.2r,0.8—0.2r]), (y, [0.24-0.27,0.6—0.1r]), (2, [0.24+0.3r,0.7—0.17]), (¢, [0.44+
0.2r,0.9 — 0.2r])}
B = {(xy,[0.2 + 0.2r,0.6 — 0.1r]), (yz,[0.1 + 0.2r,0.6 — 0.1r]), (x2,[0.1 + 0.2r,0.6 —
0.2r ), (xt,[0.1+0.1r,0.3 — 0.17])}
t = (A, B) is a complement of G where

A = {(2,]0.3 + 0.2r,0.8 — 0.2r]), (1, [0.2 + 0.27,0.6 — 0.17]), (2,[0.2 + 0.3r,0.7 —
1r)), (¢,[0.4 + 0.2r,0.9 — 0.2r]) }

{(tz,[0.2 + 0.3r,0.7 — 0.17]), (y2,[0,0.1 — 0.1r]), (xz,[0.1 + 0.1r,0.2]), (x¢,[0.2 +
1r,0.5 — 0.17])}

Definition 16. A FN-VFG, G = (A4, B) is called weak complete if
0 < B(zy) =X A(x) N A(y); Yay € E (68)

Proposition 9. If G = (4, B) is FN-VFG, then G UG is weak complete FN-VFG.
Proof. It sufficient that B(zy) V B(zy) > 0 where with Equation (66)

4 Conclusions

It is well known that fuzzy number valued fuzzy sets constitute a generalization of the
notion of fuzzy sets. The fuzzy number-valued fuzzy models give more precision, flexi-
bility and compatibility to the system when compared to the classical and fuzzy models.
Therefore, we have introduced fuzzy number-valued fuzzy graph and have presented sev-
eral properties for this relation. The further study of fuzzy number-valued fuzzy graph
may also be used for application on distribution networks such as water, electricity, gas
etc. Moreover, in FN-VFG, other properties in graph can be reviewed.
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