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1 Introduction

In this paper, we consider the following multiobjective semi-infinite programming prob-
lem (MSIP):

() inf (fi(2), fa(2), ..., fo(2))
s.t. g(x) <0 teT, z € R",

where f;, 1 € I :={1,2,...,p} and ¢, t € T are locally Lipschitz functions from R"
to R, and the index set T # () is arbitrary, not necessarily finite. When T is finite, (P)
is a multiobjective optimization problem, and when p = 1 and T is infinite, (P) is a
semi-infinite optimization problem.

Necessary and sufficient optimality conditions for efficient, weakly efficient, and
isolated efficient solutions of MSIP have been studied by many authors; see for instance
[13, 18] in linear case, [12, 14] in convex case, [5] in smooth case, and [7, 11, 19, 20, 21, 23]
in locally Lipshitz case. In almost all of the mentioned articles, the Karush-Kuhn-
Tucker (KKT) type necessary conditions are justified for MSIPs under some constraint
qualifications, and sufficient conditions are proved under several kinds of generalized
convexity and generalized invexity. We know that the most general generalization of
concept of invexity is (®, p)—invexity, has been introduced by Caristi et al. in [5, 6] for
smooth functions. Antczak and his coauthor presented the concept of (P, p)—invexity
for nonsmooth functions [1, 2], and Kanzi [19] extended this definition to a wider range
of nonsmooth functions. In the present paper, we will use this most general form of
(®, p)—invexity.

On the other hand, the gap function for mathematical programming problems has
been studied in various publications in recent years. Hearn [17] introduced a gap
function for scalar convex optimization problems. Chen et al. [9] investigated a gap
function for differentiable multiobjective optimization problems. The weak point of the
gap function introduced in [9] is set-valued, i.e., brings a set to any point. Recently,
Caristi et al. [4] can present some scalar-valued gap functions to nonsmooth multiob-
jective problems. Given the complexity of set-valued maps, these new single-valued gap
functions are very useful. The defect gap functions introduced in [4] is that they work
only for problems with convex\quasiconvex data. In the present article, this weakness
will be resolved. For this end, we will define a gap function for nonsmooth MSIP, using
(®, p)—invexity. Of course, it should be mentioned that, in this study, if we replace
“(®, p)—invex” by “invex”, the results will still be original which are the extensions of
the existing theorems in mentioned articles.

We organize the paper as follows. In the next section, we provide the preliminary

results to be used in the rest of the paper. In Section 3, we first overview some necessary



A. Rezayi/ COAM, 3(2), Autumn-Winter 2018 15

optimality conditions for weakly efficient and efficient solutions, that are presented in
literatures. Then, we state a similar result for properly efficien solutions. In Section 4,
we introduce a new gap function involving (®, p)—invexity, and present some charac-
terizations for efficient, weakly efficient and properly efficient solutions of MSIP respect
to considered gap function, unlike of other papers that consider separate gap functions

for each kind of efficiency.

2 Preliminaries

In this section, we briefly overview some notions of nonsmooth analysis widely used in
formulations and proofs of main results of the paper. For more details, discussion, and
applications see [8].

As usual, (z,y) stands for the standard inner product z,y € R". Given z,y € R",
we write z < y (resp. z < y) when x # y and z; < y; (resp. x; < y;) foralli € {1,...,n}.
The zero vector of R" is denoted by 0,,.

Given a nonempty set A C R, we denote by A? and A~, the polar and strictly
polar cones of A, defined respectively by

AY = {z € R"| (z,a) <0, Vac A},
A" ={z eR"| (z,a) <0, Vaec A}

Also, we denote the cotingent tangent cone of A at & € A by T'(4, ), i.e.,

T(Az):= {v € R" | 3t, L 0, Jv, — v such that & + t,v, € A Vr € N}.

Let £ € R™ and let ¢ : R® — R be a locally Lipschitz function. The Clarke directional
derivative of ¢ at & in the direction v € R™, and the Clarke subdifferential of ¢ at &

are respectively given by

t —
(@ 0) = lim sup oy +tv) — o(y)
Y, t10 t

and
dep(2) == {E€ € R™ | (¢,v) < ©O(&;v)  forallwe R"}.

The Clarke subdifferential is a natural generalization of the classical derivative since it
is known that when function ¢ is continuously differentiable at z, 0.¢(2) = {Vp(2)}.
Moreover when a function ¢ is convex, the Clarke subdifferential coincides with dp(%),

the subdifferential in the sense of convex analysis, i.e.
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0p(&) = {EeR" | p(x) > (&) + ({2 — &) VzeR".
It is worth to observe that 0. (%) is a nonempty, convex, and compact subset of R™.

Theorem 1. Let ©¥; and 92 be locally Lipschitz functions from R™ to R and & € R"™.
Then,
a0(0”91 + ﬁﬁQ)(i) - 0480191(.%) + 560192(‘%)’ \V/Ol, ﬂ eR.

3 KKT Type Necessary Conditions

At starting point of this section, we observe that the feasible set of (P) is denoted by
M, i.e.,
M:={xeR" | g(x) <0, VteT}.

For each & € M, set
Fp:=Jo.fi(2), and Gi:= |J 0cgu(d),
il teT(2)

where, T'(Z) denotes the set of active constraints at Z,
T(z):={teT|g(z)=0}.

There exist different kind of optimality, named efficiency, in multiobjective optimiza-
tion. A feasible point Z is said to be efficient solution [resp. weakly efficient solution]
for (P) if and only if there is no x € M satisfying f(x) < f(Z) [resp. f(z) < f(&)].
As well as in the classical case, the KKT type optimality conditions hold at efficient
and weakly efficient solutions of (P), provided some constraint qualifications (CQ) are
satisfied. For example, Kanzi [20] emphasized on weakly efficiency, and introduced the

CCQ as,

Definition 1. Let & € S. We say that (P) satisfies the Cottle constraint qualification
(CCQ, in brief) at &, if J is a compact subset of RP, and the function (x,t) — g;(z) is

upper semicontinuous on R"™ x T', and 0°g;(x) is an upper semicontinuous mapping in

t for each z, and (G3z)~ # 0.
Then, following KKT type theorem is proved in [20, Theorem 3.6].

Theorem 2. (KKT Necessary Condition) Let & € M be a weakly efficient solution of
(P) and CCQ holds at . Then there exist a; > 0 (for ¢ € I) with >, a; = 1, and
B >0 (for t € T(z)) with 5; # 0 for at most finitely many indices, such that

p
0€ > idefi(@) + Y Bi0cgu(d).
=1

teT(2)
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Caristi and Kanzi [7] considered the efficient solutions of (P), considered a Meda
type CQ as,

(MCQ):  (Fz)’N(Gs)° C ﬂT(Qi,fv%

where, Q'(%) := {x e M| filx) < filz) Vie I\{z}}, and in [7, Theorem 3.3| proved
the strong KKT type result as follows.

Theorem 3. (Strong KKT Necessary Condition). Let & be an efficient solution of (P).
If in addition, (MCQ) and the condition

(Fa%)o \ {On} C U (acfl(i'))ia (1)

i=i
hold at z, then there exist scalars «; > 0, ¢ € I, and an integer £ > 0, and a set
{t1,te,...,tx} CT(&), and scalars ;. > 0 for r € {1,2,...,k}, such that

p k
06> idefi(®)+ > Brdegr, ().
i=1 r=1

Also, Kanzi in [19, Theorem 3| (resp. [19, Theorem 4]) presented the KKT (resp.
strong KKT) condition under Zangwill (resp. strong Zangmill) CQ, that introduced
there.

Everywhere in the above, we consider the efficiency and weakly efficiency for (P).
Proper efficiency is a very important notion used in studying multiobjective optimiza-
tion problems. There are many definitions of proper efficiency in literature, as those
introduced by Geoffrion, Benson, Borwein, and Henig; see [16] for a comparison among
the main definitions of this notion. We recall the following definition from [15, pp.
110].

Definition 2. A point & € M is called a properly efficient solution of (P) when there
exists a A > 0, such that

A F(@)) < (A f(2)), Vo € M.

As proved in [10, Section 3], the above definition of proper efficiency is weaker than
its other definitions (under some assumed conditions). The following theorem gives us

a strong KKT condition for properly efficient solutions of (P).

Theorem 4. (Strong KKT Necessary Condition) Let Z be a properly efficient solution
of (P), and CCQ holds at #. Then, there exist a; > 0 (for ¢ € I) with >* o =1,
and f; > 0, (for t € T(&)), with B, # 0 for finitely many indexes, such that

p
0€ > idefi(@) + Y Bi0egu(@).
=1

teT(2)
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Proof. By the definition of proper efficiency, there exist some scalars \; > 0 (for ¢ € I)
such that

P P
ZAifi(fi‘) < Z)\ifi(x)a Vo e M.
i=1 i=1
This means that 2 is a minimizer of the following scalar semi-infinite problem:
P

Applying Theorem 2, we get

00 € 70:( I M) @) + D mdeanl@). 2)

tET(2)

for some 7 > 0 and pu¢ > 0, (t € T(&)), with gy # 0 for finitely many indexes. Since

Theorem 1 guaranties that
P P
Oc( Do NF()) (@) € D NOfi(@),
i=1 i=1
(2) concludes that

p
On €7 Y NOefi(&) + Y 1u0egi(&).
i=1

tET(2)

Dividing both sides of above inclusion to 7Y %_; A;, we conclude that

p
Ai 5 Hit N

teT ()
For each i € I and t € T'(Z) take
Ai [t
o= =, and Bii=-——5—.
' 1 A T 1 Ai
Since Y ?_; a; =1, (3) completes the proof. O

We illustrate the application of Theorem 4 by an example.

Example 1. Consider the following problem:

inf (331, JZQ)

3
s.t. (cost)z1 + (sint)zy <0, t€ [m, %]

It is easy to check that
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M = {(x1,22) € R* | 2 + 23 <1} + {(x1,22) €ER? | 21 >0, 29 > 0}.

We consider the feasible point & = (cos «, sin «) for some « € (71', %’r)

Since f1($1,1'2) = 1, fQ(fL‘l,.’EQ) = x2, gt(l‘lng) = (COSt)x1+(Sint)x27 and T = [7'(' 371-])

' 4
we get

T(z) ={a}, Gz = {(cosa,sin )}, F; ={(1,0),(0,1)}.

Therefore, according to Theorem 4, we conclude % is a properly efficient solution for

the problem.

4 Characterization via gap function

This section is started by a definition from [19].

Definition 3. Suppose that the functions ® : R" xR xR" xR — R and p : R* xR" —
R, and the nonempty set X C R" are given. A locally Lipschitz function A : R™ — R
is said to be (P, p)—invex at z* € X with respect to X, if for each x € X one has:

<I>(:L‘,x*, On,r) >0 forallr>0, (4)
O(x,z*,.,.) is convex on R" x R, (5)
@(:c,a:*,ﬁ,p(a:, x*)) < h(x) — h(z¥), V&€ Inh(x¥). (6)

Notice that this definition is more general that [1, Definition 4] and [2, Definition
6], since there considered p are real number and here is a function. Everywhere in the
following, we will assume X equals to feasible solution of (P), i.e., X = M, but for the
sake of simplicity we will omit to mention X.

Since 1982, an important function respect to convex optimization problems was
defined by Hearn [17]. As mentioned in introduction, all existing literatures the gap
function was defined for optimization programming with convex or quasiconvex data.

Now, we define the gap function for nonsmooth MSIPs with (®, p)-invex functions.
Definition 4. Suppose that the f; functions are (®, p;)-invex at x € M. For each

p p
§=(&,....&) € [[0cfilz) and A= (A1,...,Ap) > 0, with > X =1,
=1

= 1=1

the gap function of problem (P) is defined as

p
T(Ili,f,)\) = inf {Z)\Z(I)(yaxaéﬂpl(yvx))} .
i=1

yeM
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It is worth mentioning that all the gap functions considered in [7, 9, 12, 17] are
special cases of above gap function. At the rest of this section, we will characterize

efficient, weakly efficient, and properly efficient solutions of (P) utilizing Y (z,&, \).
Theorem 5. Let the f; function be (®, p;)-invex at & € M for each i € I.

(a) If T(i‘,f, 5\) =0 for some & := (él,...,fp) e [17_, 0.fi(#) and A= (5\1, CeAp) >
0p with Y7 | A; = 1, then & is a weak efficient solution for (P).

(b) If T(2,€,\) = 0 for some € := (£1,...,&) € [T, Befi() and X := (Ai,...,\p) >
0, with Y7 | A; = 1, then & is an efficient solution for (P).

Proof. (a) By contradiction assume that Y(,&,\) = 0 while Z is not a weak efficient
solution for (P). Then, we can find a feasible point zy € M such that f;(xg) < fi(%)
for all ¢ € I. Thus, the (@, p;)-invexity of f; functions implies that

O (0, 2, &, pi(20,2)) < filwo) — fi(#) <0, Vi€l (7)
On the other hand, since 2> 0Op, then there exists an index k € I such that
Me >0, and N >0 Viell\{k}. (8)
Clearly, (7) and (8) imply
Xk‘b(xo,i,fk,pk(xo,i)) <0, and )\ (I)(J}(],.I‘ fz,pl(:no, )) <0 Viel\{k}.

Hence,

) ¢(x0aj7éi7pi($07i')) < 07

W.Mh@
—
3/

which consequences that Y (z, f , 5\) < 0. This contradiction completes the proof. (b) If
T(i,€, M) = 0 while & is not an efficient solution for (P), there exist some zg € M and
some index k € I such that

fi(zo) < fi(2), Viel, and fg(wo) < fe(2).

According to the above inequalities, the (@, p;)-invexity of f; functions, and the as-

sumption of > 0p, we get

p p
ZA anx 517/01 wOa S Z % fz J?() (j;)) <0.
i=1 =1

So, Y(z, é, 5\) < 0, which contradicts the assumption. O
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Since properly efficientcy is stronger than weakly efficiency and efficiency, the fol-
lowing sufficient condition needs some assumptions which are stronger than Theorem

4, containing equality of p; functions for each i € I.

Theorem 6. Suppose that for each i € I, the f; function is (P, p)-invex at & € M.
If there exists a & := (51, .. ,ép) € [TX., 8.fi(&) such that T(:)ﬁ",é, A) =0 for all \ :=
(A1, . .3 Ap) > 0p with 7P A; =1, then  is a proper efficient solution for (P).

Proof. If % is not a proper efficient solution for (P), we can find some z9 € M and
A= (A},...,A5) > 0, such that

" \p
P p
D X filwo) < YA fil@).
i=1 i=1
we conclude that Y 7, Xi =1, and
p P
Z i(20) Z fi(#). (9)

We claim that Y% _; )Tifi isa (@, p)—invex function at #. Suppose that ¢ € >°F )Ti(?cfi(ic)

is given. It is enough to show that

Taking )TZ = )\71‘)\*,

i=1""

p p
®(z,7,¢, pla, ) < Z Z (%), VYoe M. (10)

For this end, we recall from Theorem 1 that ¢ = Y7, \ G for some (; € O.f;(z). The
(®, p)—invexity of f; functions at & and the convexity of ®(z,Z, .,.) imply that

®(2,4,C,p(x,7)) = @ (a: 2, Z NG, Zp: Nip(z, :ﬁ))

IN
2

K
—
&
&
L
2
8

8
=

p p p
< D N(f@) = F@) =D Nifilw) = D> Nifi(@).
' i=1 i=1
Thus, (10) is proved. Now, (9) and the (®, p)—invexity of > ©_, Xifi at & conclude that
p
x() Z (ff

This means T(i,f , X) < 0, which contradicts the assumption. ]

(I?(),IL' §17 (.Z'(), )) S

I Mw
I M»a

The following new definition will be required in the sequel.
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Definition 5. A locally Lipschitz function i : R™ — R is said to be “symmetric
(®, p)-invex” at ¥ € R™ if

o s (P, p)-invex at Z,
o O(7,7,&,p(%,2)) =0 for all £ € I.h(T).

h(.) is said to be symmetric (®, p)-invex, if it is symmetric (®, p)-invex at each point

in its domain.

We recall from [23] that for r-convex (r € Ry ) functions we have p(x,y) := r and

(I)(xayagvp) = <€7y - $> +er - y”2

So, r-convex functions are symmetric (®, p)-invex. Also, the skew invex functions,
which are defined in [22], are examples for nonconvex symmetric (®, p)-invex functions.
The following example shows that a symmetric (P, p)-invexity function does not need

to be invex.

Example 2. Consider a function ® : R x R x R x R — R defined by

*%Iﬂf?’ -y’ if y#0,
Yy
O(x,y,u,w) :=
w|z?| if y=0.

Let z and y be arbitrary elements of R. Since ®(z,v,.,.) is a linear function and

0 if  y#0,
r]a:3| if y=0,

O(x,y,0,r) = {

the conditions (12) and (26) hold. Take p(z,y) := —1 for all z,y € R, and h(z) := z3.
Since A(.) is continuously differentiable on R, then d.A(y) = {3y*}. Now, owing to

_ {—w3—y3| if  y#0,

we understand that A(.) is a (®, p)—invex function at each y € R with respect to R.
Also, th equality of

<I>(y7 Y, 3y2a _1) = 07

shows that A(.) is a symmetric (®, p)—invex function at each y € R. Furthermore, as

it follows by [3, Theorem 1], A(.) is not an invex function on R.
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Theorem 7. Let & € M be a weakly efficient solution of (P) and CCQ holds at z.
Suppose that for each ¢ € I the f; function is symmetric (P, p;)-invex at Z, and for each

t € T(z) the g, function is (P, py)-invex at z, satisfying
pr(y,2) >0, Vre IUT(z), Yy € M. (11)

Then, there exist & := (&1,...,&) € [[hL, 0cfi(2) and X := (A1,...,Ap) > 0, with
P 1 A =1, such that Y(z,£,\) = 0.

Proof. According to Theorem 2, we can find some \; > 0 and &; € 0.f;(%) (for ¢ € I)
with Y-, A; = 1, a finite subset T* for T'(), some p; > 0 and § € 9eg4(Z) (for t € T*),

such that
> N+ Y G = On. (12)
iel teT™*
For each (i,t) € I x T* set
~ )\7, N Ht
Aii=—————, and ji:=-—cF——.

Assume that ¢ € T* and y € M are arbitrarily chosen. Since T C T'(&), the (P, p¢)-

invexity of g; implies that
9t(y) <0 =g(2) = (v, 2, G pu(y,2)) <0, Vye M.

So, by jiz > 0 (for t € T*), we get

> u®(y, &Gy, ) <0, Vye M. (13)
teT*

On the other hand, Definition 3, (11) and (12) conclude that

<I>(y, 2,00, > Xipi(y, ) + D fupe(y, :&))

iel teT™

= 0y, > M+ D uGe o Nipily, )+ Y fupi(y, &) ) nonumber (14)

el teT™* el teT™*

Zj‘l(b(yvi‘aglapz(y’j)) + Z ﬂt‘p(yviactvpt(yai‘))v (15)

el teT*

0

IN

IN

where (15) is implied by >, ; 5‘i+ZtGT* iz = 1 and convexity of ®(y, &, .,.). Combining
the last inequality and (13), yields

i€l i€l

Since the symmetric (®, p;)-invexity of f; functions at & concludes
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Z )\1(1)(5&’ j?&l)pl(iai)) = Oa

i€l

the inequality (16) deduces that

p
=1

yeM

as requested. ]

Applying Theorems 3 and 4, and repeating the proof of Theorem 7, we can state

the following theorem for efficient and properly efficient solutions of (P), respectively.

Theorem 8. Assume that & € Mis an efficient solution of (P), the (MCQ) is satisfied
at 2, and (1) holds. Suppose that for each i € I the f; function is symmetric (®, p;)-
invex at Z, and for each ¢ € T'(Z) the g; function is (®, p;)-invex at z, satisfying (11).
Then, there exist & := (&1,...,&) € [[ho; 0.fi(2) and X := (A1,...,)\p) > 0, with
P X =1, such that Y(Z,£,\) = 0.

Theorem 9. Suppose that & is a properly efficient solution for (P) and CCQ holds at
#. Suppose that for each ¢ € I the f; function is symmetric (®, p;)-invex at z, and for
each t € T(z) the g; function is (P, p;)-invex at &, satisfying (11). Then, there exist
€= (&,..,&) € [1, 0cfi(d) and X := (A1,...,\p) > 0, with 3P, \; = 1, such that
T(#,6,\) = 0.

We note that the difference between the Theorem7 with Theorems 8 and 9 is that
in the first we have A > 0,,, whereas in the latter ones we have A > 0,. Also, it is worth

mentioning that the presented results generalize

5 Conclusion

In this paper, we considered the class of nonsmooth multiobjective optimization prob-
lems with arbitrary many constraints. We proved a Karush-Kuhn-Tucker type optimal-
ity condition for properly efficient solutions of the problems. We introduced a new gap
function that can characterizes efficient, weakly efficient, and properly efficient solutions

the problem, under (®, p;)-invexity and symmetric (P, p;)-invexity assumptions.
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