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1 Introduction

In 1965, L.A. Zadeh introduced fuzzy sets [9]. Initially introduced by Kauffman in 1973,
the notion of fuzzy graph was mainly developed by the papers written by Rosenfeld
[8], who presented presented basic structural and connectivity concepts. On the other
hand, Yeh and Bang developed the idea of different connectivity parameters and dis-
cussed their application. According to Rosenfeld, the fuzzy analogues of several there
are graph-theoretic concepts, such as bridges, paths, cycles, trees, and connectedness.
There are several theoretical developments in the theory of fuzzy graphs which are
based on Rosenfeld’s initial findings. Nowadays, fuzzy graph theory is applied in many
different areas.

The concept of edge regular fuzzy graph was introduced in [6]. In this paper, we
discuss the edge regular property of fuzzy line graphs. Some basic definitions in the
next section are from [1, 2, 3, 4, 5, 7.

Let V be a non-empty finite set and E C {{x,y};x,v € V}. A fuzzy graph G(V,E, 0, y)
is defined by functions: o :V — (0,1], p: E — (0,1] and u{x,y} < o(x) A o(y) for all
x,9 € V. Let |V(G)| = p and |E(G)| = q, then we say that G(V,E,o,u) = G(o,p) is a
(p,q)-fuzzy graph. Henceforth, the edge connecting the vertices x and y is denoted

by xy = {x,y}. The notions o(G) = ) o(x) and S(G) = ) pu(xy) are order and size of
xeV xy€E

a G(o,p). Also, G(o,p) is strong, if pu(xy) = o(x) Ao(y) for all xy € E and G(o, ) is
complete, if p(xy) =o(x) Ao(y) for all x,p e V.

In G(o,p), if o(x) = p(xy) = 1 for every x,y € V, then this graph is called the
underlying crisp graph and is denoted by G(V,E). In other words, in the fuzzy graph
G(o, ), if for every v € V we have o(v) =1 and for every e € E have p(e) =1, then G is
a crisp graph. This shows that every crisp graph is a fuzzy graph.

Let G(o,p) be a fuzzy graph, then the degree of a vertex x is dg(x) = ) p(xy). If

x:ty
for every v € V(G), v has same degree k, then G is a regular fuzzy graph or k— regular
fuzzy graph.
Let V(G) = {vy,vy,...,vp} and E(G) = {ey, €3,...,¢4}. The pxp matrix A = A(G) whose
(,j) entry is defined by a;; = p(v;v;) is called the adjacency matriz of G. Also, the pxp
matrix Dg whose (i, j) entry is defined by

dl _{ dG(vi)’ i:j’

77 o, 0.W.,

is called the degree matriz of G.
A p x g matrix M, with rows indicanting the vertices and columns indicanting the
edges, and (i,j) entry is defined by

I p(vivy), if v; is an endpoint of edge e; = v;vy,
00, 0.W.,

and is called (vertex-edge) incidence matrix of G.
The Fuzzy degree matrix of G is the matrix Dy with order p x p is defined by
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Vi #FVk

{ Y wvivg), i=j,
Cij =
0, 0.W..

The matrix E with order g x g and with entries

e) 1=},
eij:{(p)t(l) j

B 0.W..

is called the edge matrix of G.

2 Common Neighbourhood Graph
Definition 1. Let A = [a;;] and B = [b;;] be two matrices of size nxn. Then, we define
C = AOB as the nxn matrix whose (i,j) entry is a;;.b;;.

Lemma 1. Let G(o, p) be a (p, q)-fuzzy graph, such that A, M and Df are the adjacency
matrix, incidence and fuzzy degree graph of G respectively. Then

MMT =A0A+Dy.

Proof. Let A = [a;;]
(b

pxps M = [mZ]] Dr = [Cij]pxp and let AOA = [ti]']pxp and MMT =

then for i # j we get

9

T

bij Zmik.mkj
k=1

q
Z miemj = p(ex) = PP (v;v)).
k=1

pxq>
ij]px;n

For mjxmj, # 0, we have m; # 0 and mj = 0, the vertex v; is an endpoint of edge ey
and vertex v; is an endpoint of edge e;. Hence e = v;v;. Therefore, b;; = yz(v,-v]-) =
ajj.ajj +Cjj = tjj + 0. Thus MMT =AQA+ Drg.

If i = j and v; is an endpoint of edge ex = v;v;, then

q q
Zmik-m]{i = Z M Mk
k=1 k=1

q
Zmiz = ZVZ(Vin) = Cjj-

k=1 Vi#Vy

bj;

Therefore, b;; = a;;.a;;+c;; = 0+c;;. Also, in this case, we get MMMT = AOA+Dp. O

We can obtain similar results for crisp graphs. If G is a crisp graph then, Dr = D,
A®A =A. As a consequence of Lemma 1, we have the following remarks for crisp
graphs.
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Remark 1. Let G(V,E) be a (p,q)-graph and let A, M and D be the adjacency,
incidence and degree matrix graph G respectively. Then

M.MT =A+D.

Let G(V,E) be a graph. The common neighbourhood graph (or shorter, congraph) of
G, denoted by con(G), is the graph with vertex set {vy,vs,...,v,} in which two vertices
are adjacent if and only if they have a common neighbour in G. In other words, for
every x,y € V(G),
xy € E(con(G)) & Ng(x) N Ng(y) = 0.
The fuzzy congraph of G(o, ) is con(G)(w, ) such that w(x) = o(x) and A(uv) =
I)‘{éiél{]/l(ux).]/l(vx)}, where H = Ng(u) N Ng(v).

Lemma 2. Let G(o, p) be a (p, q)-fuzzy graph and con(G)(w, A) be the fuzzy congraph
of G(o, ). If G has no cycle of size 4, then

can ZV vu).dg(u Z}l vu).

Uu+v U#v

Proof.

I
g
=
<
=

dcon(G)(v)

pvw).p(wn)),

I
[
2.
=]

where w € H = Ng(v)NNg(u). Since G has no cycle of size 4, hence H = {w}. Therefore,

deon()(v) = ) _min (u(vw).p(wu))

vw,uweE(G*)

= ulvw Zy uw) — Zﬂz(vw)

vweE(G ) uzw WY
= Zy vw).dg(w Zy vw)
W2V W#Y
= Z vu).dg(u Zy vu).
UV U=V

In particular, let G be a graph. Then we have the following remark.

Remark 2. Let G(V,E) be a (p,q)-graph and con(G) be a (p,q’)-graph. If G has no
cycle of size 4, then for every v € V(G) we have

deon()(v) = ) dg(u)=dg(v)

ueNg(v)
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Definition 2. [5] Let G(o, y) be a (p,q)-fuzzy graph, then we define:

(V) My(G)= ¥ dgv;,
v;eV
(Y) Mz(G) = ‘ZEy(viVj)dei.dGVj,
(¥) F(G) = L dv;.
v;eV

Lemma 3. Let G(o, #) be a (p,q)-fuzzy graph. Then:

Z p(viv;)(d le + de de“

v;v;€E v;eV

In particular,

) uwivdgui+dgvy) = ) div;=M

v;v;€E v;eV
and
Z p(viv;)(d le +dév] Zdel =
v;v;€E v;eV
Proof.
1 &L
Y Mg +dfv) = 5 ) ) vy +dgv))
v;v;€E i=1 j=1
1 p p L 1 p p B
= EZZ# deZ+EZZ;4vv )dgv
i=1 j=1 i=1 j=1

p p
1
= 5 ) dgvide(vi)+ Zd do(v;)
i=1 j=1
= Zdéﬂvl
U,’EV

O

Let G(V,E) be a graph. The line graph of G, denoted by L(G)(Z, W), is a graph

such that Z = E.

For any pair {eq,e,} of distinct edges in G, they are adjacent (as vertices) in the
line graph if and only if they are adjacent (as edges) in the original graph which means
{e1,e2} € W if and only if |e; Ney| = 1. The graph L(G)(Z, W) is called the line graph of

G.
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3 Fuzzy Line Graph

The fuzzy line graph of G(o, ) is L(G)(w, A) such that for every e = uv € E we have
w(e) = p(uv) and for every e; = uvy, e, = uv, we have A(eje;) = p(uvy).pu(uvy) =
w(er).w(ey).
Lemma 4. Let G(o, p) be a (p, q)-fuzzy graph and L(G)(w, A) be (g,q’)-fuzzy line graph.
Then

drcyle) = p(vivj) (dc(vz’) +dg(vj) - 2#(7/1‘7/]'))-

Proof. For every e=v;v; €E, t # j and s # 1, we set e’ = vyvs, then we have:

dycyle) = ) Aee))
e’#e
= Z Alee’) + Z A(ee’)
eze’=v;v,€E e#e’=v;V;€E
= ) pwvpew)+ ) ) p)
v#Y;, t#] VEVj, S
= uvvj) Z u(vive) + p(vivj) Z u(viv;)

v#Y;,  t#] Vg#V), S#

vV, #V; V£V,

= p) () pwi) - pow)) + pw)( ) pwjes) = i)

= pivj)ldg(vi) +dg(vj) = 2u(vivi)]
O]

Remark 3. Let G(V,E) be a graph and L(G)(Z, W) be the line graph of G. Then for
every e = uv € E(G),

dr)e) =dg(u)+dg(v)—2.

Lemma 5. Let G(o,p) be a (p,q)-fuzzy graph, such that M and E are the incidence
matrix and edge of matrix G and L, respectively. Let L be the adjacency matrix of the
line graph G. Then

MT M=L+2EGE

Proof. Let M = [m;i]pxg, L = [lijlgxqs E = [eijlgxq and MTM = [Dijlgxq- Also, if vy is an
endpoint of edge e; = v¢v; and if vy is an endpoint of edge e; = vvg, then for i = j we
get

p

_ T .

bij = Zmik.mk]
k=1

p
D mimyg = plen)ple) = p(vivo p(vevs).
k=1



Firouzian, S., et al./ COAM, 6 (1), Winter-Spring 2021 87

For my;my; = 0, we have my; = 0 and my; # 0. The vertex vy is an endpoint of
edge e; and vertex vy is an endpoint of edge e;. This is implies that {e;e;} is an
edge in line graph G. That is, e;e; € Ef(g), where e; = vxvs and e; = vxv;. Therefore,
bij = y(vkvs)y(vkvt) = /\(61‘6]‘) = lij +0= ll] +€ij. Thus MT.M =L+ 2E OE.

If i = j, then for e; = v;v; we have:

P

T
kai'mkf
k=1

p P

_ 2 _ 2 2
Z My My = kai = My + Mg
k=1 k=1

= 12 (vvs) + P (vsvy) = 242 (e;) = 2ej.€44.

bi;

Therefore, b;; = 2u(e;) = I;; + 2e;i.e;; = 0+ 2¢;;.e;;. Also, in this case, we get
MT M =L+2EQE.
O

Remark 4. Let G be a (p, q)- graph, such that M and L are the incidence matrix graph
of G and the adjacency matrix line graph of G respectively. Then

T a1 =
MT.M=L+2l,,

Lemma 6. Let G(o, ) be a (p, q)-fuzzy graph and L(G)(w, A) be (g,q’)-fuzzy line graph.

Then
q

29 =M(G)=2) (e)
k=1

Proof.

q
20 = ) dygle= ) digle)

k=1 €=V Vjk
= Z drc)(ex)
V,‘ijkEE(G)
= Z kv (dg(vik) + dg(vjr) — 2pu(vikvik)
U,‘kV]‘kEE(G)
q
= ) pEavp)dewi) + de@i)) -2 ) e
'l/l'k'l/jkEE(G) k=1
q
= Mi(G)-2) ()
k=1
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Remark 5. Let G(V,E) be a (p,q)-graph and L(G)(q,q’) be the line graph of G. Then
, 1
q = E(Ml(G)—%I)-

Lemma 7. Let G(o,p) be a (p,q)-fuzzy graph, such that A and B are the adjacency
matrix graphs of G and con(G) respectively.

If G has no cycle of size 4, then A% = B+ Dy where Dy is the fuzzy degree matrix of
G.

Proof. Let A =[ajj]pxp and B = [bj;],x,- For i # j we get

For agjay; = 0, we have ay; # 0 and a;; # 0.

The vertex v; is adjacent to the vertex vi. Also, the vertex v; is adjacent to the
vertex vg. That is {v;v;} is an edge in graph con(G). Since G has no cycle of size
4, then there exists only vertex vy € V such that v;v; and wvsv; € E(G). Therefore,

(2

ai].) = p(vivg)u(vsv;) = bij +¢;j = b;; + 0. In this case we get A% =B+ Dy.

If i = j, then

p
2 _ o
a; = Ajk-Aki

1
“Z'Zk = Z yz(vivk).

1 Vk#Vi

>~
Il

1=

>~
I

Therefore, agf) = Y p?(vijvp) = by +cij = 0+ c;;. Also, in this case we get A?> = B+ Dp.
Vi #V;

O

Remark 6. Let G(V,E) be a (p,q)-graph, such that A and B are the adjacency matrix
graphs of G and con(G) respectively. If G has no cycle of size 4, then A> = B+ D where
D is the degree matrix of G.

Acknowledgment

The authors are thankful to a referee for making valuable suggestions leading to the
better presentation of the paper.



Firouzian, S., et al./ COAM, 6 (1), Winter-Spring 2021 89

References

[1] Nagoor Gani A., Malarvizhi J., 2008. “Isomorphism on fuzzy graphs”, Interna-
tional Journal of Computational and Mathematical Sciences, 2(4), 190-196.

[2] Nagoor Gani A., Malarvizhi J., 2009. “Properties of complement of a fuzzy graph”,
International Journal of Algorithms, Computing and Mathematics, 2(3), 73- 83.

[3] Nagoor Gani A., Radha K., 2008. “On regular fuzzy graphs”, Journal of Physical
Sciences, 12, 33-40.

[4] Nusantara T., Rahmadani D., Asmianto, Trisanti Y., Bin Gani A., 2021.
“Anti fuzzy line graphs”, Journal of Physics: Conference Series, 1783, 012097,
doi:10.1088/1742-6596/1783/1/012097

[5] Radha K., Kumaravel N., 2014. “On edge regular fuzzy graphs”, International
Journal of Mathematical Archive, 5(9), 100-112.

[6] Radha K., Kumaravel N., 2014. “Some properties of edge regular fuzzy graphs”,
Jamal Academic Research Journal (JARJ), Special issue, 121-127.

[7] Radha K., Kumaravel N., 2016. “ On edge regular fuzzy line graphs”, International
Journal of Computational and Applied Mathematics, 11(2), 105-118.

[8] Rosenfeld A., 1975. “Fuzzy graphs”, in: L.A. Zadeh, K.S. Fu and M. Shimura,
Eds., Fuzzy Sets and Their Applications, Academic Press, New York, 77 - 95.

[9] Zadeh L.A., 1965. “Fuzzy sets”, Information and Control, 8, 338-353.

How to Cite this Article:
Firouzian, S., Sedghi, S., Shobe, N. On Edge Fuzzy Line Graphs and their Fuzzy
Congraphs. Control and Optimization in Applied Mathematics, 2022; 6(1): 81-89. doi:
10.30473/coam.2021.44084.1102

@ O6

Copyright for this article is retained by the author(s), with publication rights granted
to the journal of “Control and Optimization in Applied Mathematics”. This is an open-
access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons. org/licenses/ by/4.0), which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided the original work is properly
cited.




	Apply Optimized Tensor Completion Method by Bayesian CP-Factorization for Image Recoveryto.44em.
	Ali Reza Shojaeifard, Hamid Reza Yazdani, Mohsen Shahrezaee 
	 A Decision Support System Framework Based on Text Mining and Decision Fusion Techniques to Classify Breast Cancer Patientsto.44em.
	Mostafa Boroumandzadeh, Elham Parvinnia, Reza Boostani, Sepideh Sefidbakht 
	On Optimal Identification of Distributions for Two Independent Markov Chains to the Subject Reliability Criterionto.44em.
	Leader Navaei, Reza Akbari 
	An Efficient Approach to Mental Sentiment Classification with EEG-based Signals Using LSTM Neural Networkto.44em.
	Ali Badie, Mohammad Amin Moragheb, Ali Noshad 
	Design of a Fuzzy System Based on Lookup Table for Diagnosis and Predicting of Metabolic Syndrome in Preschoolers, Children, and Adolescentsto.44em.
	Mohammad Dehghandar, Ghasem Ahmadi, Heydar Aghebatbin Monfared 
	On Edge Fuzzy Line Graphs and their Fuzzy Congraphsto.44em.
	Siyamak Firouzian, Shaban Sedghi, Nabi Shobe 

