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1 Introduction

Recently, one of the essential challenges of sciences and engineering is the trustable
modeling of natural phenomena by the lightest possible equations. In this regard, frac-
tional differential equations provide new constructions to this field. In reality, fractional
differential equations are a mix of arbitrary order differentiation and integration. The
so-called “memory effect” is a distinguishing feature of a positive real-order derivative
[46]. However, it is evident that many natural occurrences have long memory qualities.
As a result, fractional order (FO) differential equations provide an effective tool for
modeling such processes with certain unique qualities, such as extended memory and
hereditary traits. [36, 38, 46]. There has recently been significant reporting in the liter-
ature on the application of the fractional calculus in a variety of sectors of science and
engineering, including financial models [10], energy systems [2], optimization [15, 18],
medical sciences [3, 12] and secure communications [8, 43].

Neural networks, introduced at the beginning of the twentieth century, have been
used in many scientific fields and applications such as computer science [45], medical
science [31], aerospace [22], optimization [14, 20], security [26] and so on. Hopfield
neural networks (HNNs) [23, 48] abstracted from brain dynamics are some of the most
important neural networks and are able of storing certain memories or patterns in a
manner rather similar to the human brain. Owing to the wide applicability in pattern
recognition [52, 53], medical science [7] and associative memories [6], there is nowa-
days much motivation on the study of Hopfield neural networks. Recent two decades
have witnessed increasing attention to chaotic systems. High sensitivity to initial val-
ues, fractal properties of the motion in the phase space and broad Fourier transform
spectra are some substantial properties of a chaotic system. Due to these significant
features, chaos theory has been utilized in many practical research issues which include
secure communications [54], information processing [39], and neural networks [47, 50].
Furthermore, chaotic and hyper-chaotic behaviors have been reported in many artificial
neural networks. In [24], new classes of chaotic Hopfield neural networks have also been
offered.

Based on this controversy, in the present study, a new type of three-dimensional
fractional-order Hopfield neural network (FOHNN) is provided and its dynamical be-
haviors are investigated. To this end, we apply the bifurcation analysis and maximal
Lyapunov exponent (MLE) criterion. The bifurcation diagram can identify different
responses of the system under different situations derived by the change of some effec-
tive parameters on dynamics. To be sure that a dynamical system can show chaotic
behavior, the positive value of the MLE criterion is sufficient.
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It should be noted that the chaotic response is not always desirable. So, the control
of FO chaotic systems has become an interesting subject for research. And, recently
some control methods have been applied to control/stabilize chaotic treatment of FO
dynamical systems [21]. Therefore, diverse approaches for stabilization of FO chaotic
systems are applicable. In [29], to H∞ synchronize uncertain FO complex systems, by
using fuzzy logic, an adaptive controller has been suggested. But, as demonstrated
in [1], the authors supposed that the procedure of non-integer differentials were the
same as integer ones, hence the main results of their method were not correct. In
[19, 41], the problem of stabilization of FO non-autonomous systems using active control
methods was investigated. The authors of [5, 40] have introduced switching adaptive
control methods to stabilize unknown FO complex systems. Recently, some sliding
mode controller approaches have been designed in [42, 49, 51, 55] for the stabilization
of FO chaotic systems. In [34], according to Laplace transformation, a robust control
method is designed for chaos synchronization in a new fractional hybrid system. In
[33], an adaptive sliding terminal is designed to synchronize FO quadratic complex
flows. The authors of [25], to synchronize and stabilize the FO complex systems, have
suggested an adaptive fuzzy type-2 control method by using a projection algorithm. In
[30], using the FO version of Lyapunov-stability-theory, an FO adaptive SMC method
is presented to synchronization FO neural networks. H∞ performance analysis and
stabilization for FO complex neural networks is reported in [35] with a non-fragile
robust finite-time controller. In [16], based on a neural estimator, an adaptive FO
SMC scheme is designed to control a class of complex systems with nonlinearities.

Although virtually all of the methods presented in the literature have a common
weakness, almost all of them share a common weak point: they all employ all of the
words associated with the FO systems in the control input. In contrast, there is no
specific information regarding the linear and non-linear dynamic aspects of the FO-
systems in real-world scenarios. As a result, the development of control mechanisms
for the stabilization of FO chaotic systems with model-free structures is a critical sub-
ject in both theoretical and experimental studies. Nonetheless, as one knows, the
model-free control approach has received little attention in the literature, and the con-
trol purpose of this study is to examine this topic further. An adaptive model-free
control mechanism is presented in this study, which is intended to suppress the compli-
cated behavior of the suggested FOHNN. The bounded property of the chaotic systems
is used for introducing an efficient adaptive model-free control method, in which the
linear-or-nonlinear elements in relations of the introduced FOHNN are not utilized.
Two numerical simulations are provided to ensure the application and efficacy of the
designed adaptive model-free stability strategy. For the purpose of developing an effec-
tive adaptive model-free control approach, the bounded property in chaotic systems is
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used, and the linear and nonlinear components of the dynamics of the newly presented
FOHNN are not utilized. The applicability and effectiveness of the proposed adaptive
model-free control approach are demonstrated by a number of simulations, which are
also included.

The following is the structure of this work. It is discussed in Section 2 how to
formulate preliminary thoughts concerning fractional differential equations. In Section
3, some essential details about bifurcation analysis and maximal Lyapunov exponent are
given. Section 4 is devoted to introducing the fractional-order Hopfield neural network.
Then, using the MLE criterion and bifurcation analysis, it is shown that the nonlinear
behavior of the FOHNN is chaotic. In Section 5, according to the bounded property
of the chaotic systems, an adaptive model-free control approach is designed and the
theoretical results are proved. Two illustrated examples are presented in Section 6.
Finally, a summery of the results of this work are presented in Section 7.

2 Preliminary Concepts

In this section, fundamental definitions and concepts about fractional calculus and an
essential theorem for stability analysis of FO equations are presented.

Definition 1. [37] The Fractional integeral is called Riemann-Liouville FO integral for
a fractional of FO α of a continuous function Ψ is introduced by

t0It =
1

Γ(α)

∫ t

t0

Ψ(θ)(t −θ)α−1dθ, (1)

where t0 shows the initial amount of time and Γ(.) shows the Gamma function

Γ(z) =
∫ ∞
t0

ts−1e−tdt. (2)

Definition 2. [37] Let α ∈ (r −1, r) and r ∈N , then the Caputo FO derivative of order
α for a function Ψ : R+→ R is given as follows

t0D
α
t Ψ(t) =

1
Γ(r −α)

∫ t

t0

Ψ(r)(θ)(t −θ)r−α−1dθ. (3)

In the rest of the article, Dα demonstrates the Caputo derivative.

Lemma 1. [28] Let we have the following FO system:

DαX = G(X), (4)
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where X(t) = [x1(t),x2(t), ...,xn(t)]T ∈ Rn and α ∈ (0,1), then equilibrium point in the FO
system (4) reaches to asymptotical stability if there is a positive-definite symmetric,
real matrix Ω such that the equation

∆ = XTΩDαX < 0.

3 Bifurcation Analysis and Maximal Lyapunov Exponent

In nonlinear dynamical systems, the variation of some parameters may cause structural
deviations. If a dynamical system has instability in its nature, then the system can
exhibit unexpected qualitative changes by enforcing it through an arbitrarily small
variation in some parameter. Bifurcation theory is the nonlinear dynamic analysis of
sudden changes in the qualitative behavior of a given nonlinear system. Bifurcation
analysis can be applied for the study of continuous and discrete systems and can provide
the possible long-term evolution of a system as a function of a bifurcation parameter
[56, 13, 11].

The exponential divergence of initially nearby trajectories with time is known as
sensitivity to initial conditions. This feature is a common property of chaotic systems.
The Lyapunov exponent is a criterion for the identification of chaos through the quan-
tification of the sensitivity on initial conditions. An m-dimensional dynamical system
has m Lyapunov exponents defined as

λi = lim
n→∞

1
t
ln

∥∥∥∥ di(t)di(0)

∥∥∥∥, (5)

where di(0) and di(t) represent distance between two trajectories at times 0 and t in
the ith direction, respectively and ∥.∥ denotes the vector norm. However, just one
positive Lyapunov exponent is sufficient for a nonlinear system to be chaotic. So, in
many practical situations, the maximal Lyapunov exponent is computed. In the present
study, the algorithm of Rosenstein [44] is applied to calculate the MLE of the system.

4 Model Description and Complex Dynamics

Here, a fractional-order description of the Hopfield neural network (HNN) in [23] is
presented. Then, using maximal Lyapunov exponent and bifurcation analysis, the
complex dynamics of the introduced fractional-order Hopfield neural network (FOHNN)
are examined.
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Figure 1: Phase space plot of FOHNN (9), for random values of the fractional order α.
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Figure 2: The MLEs of FOHNN (9) for different values of the fractional order α increasing
from 0.5 to 1.
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Figure 3: Bifurcation diagram of FOHNN (9) with control parameter α increasing from 0.5
to 1.

4.1 Fractional-order model of Hopfield neural network

An integer-order HNN has been given in [23] as

Ẋ = −CX +Wf (X), (6)

where X = [x1,x2, ,xn]t ∈ Rn is a vector of dynamical variables, C is the vector of
constant parameters. The weight-matrix W , is an n× n matrix and connects neurons,
and f (X) is a bounded differentiable function defined by f (X) = tan(X).

In the three-dimensional case, the HNN (6) can be represented as

ẋi = −cixi +
3∑
j=1

wij f (xj ), i = 1,2,3, (7)

where xi ∈ R,i = 1,2,3 is the variable of the neural network, ci is a constant parameter,
wij are the elements of W and f (xi ) = tanh(xi ).

A new chaotic Hopfield neural network has been suggested in [27], which is presented
as follows: 

ẋ1 = −x1 +2tanh(x1)− tanh(x2),
ẋ2 = −x2 +1.7tanh(x1) + 1.71tanh(x2) + 1.1tanh(x3),

ẋ3 = −2x3 − 2.5tanh(x1)− 2.9tanh(x2) + (0.56+ p) tanh(x3).

(8)
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The HNN (8) exhibits a chaotic and unpredictable behavior for p = 0. For more
details, the Ref. [27] can be read.

Here, according to the definition of a fractional differential equation and using
Equation (8), the following fractional order Hopfield neural network model is proposed.

Dαx1 = −x1 +2tanh(x1)− tanh(x2),
Dαx2 = −x2 +1.7tanh(x1) + 1.71tanh(x2) + 1.1tanh(x3),

Dαx3 = −2x3 − 2.5tanh(x1)− 2.9tanh(x2) + (0.56+ p) tanh(x3),

(9)

where α ∈ (0,1) is the fractional order of the FOHNN.

Remark 1. In (9), in the case of p , 0 have been considered in [43] a synchronization
problem of a vast class of FO neural networks. It is demonstrated that considering p = 0

does not have any fundamental effect on the framework and behavior of the system.

Remark 2. There are different definitions of the dynamics of the Hopfield neural
network. For instance, recently, a new class of the 3-dimensional FO Hopfield neural
networks has been taken into account in [32]. Moreover, for chaos suppression of the
system an adaptive SMC approach is generated and then the attractors are synchro-
nized in a finite time.

4.2 Complex dynamical behavior

Now, it is illustrated that the proposed FOHNN can show the wide range of dynam-
ical behaviors like stable behaviors, limit cycles and chaotic motions. These diverse
behaviors can be seen in Figure 1, where the 2 − d phase orbit of the system have
been demonstrated for α = 0.82 (period-2 orbit), α = 0.87 (period-4 orbit), α = 0.89

(period-8 orbit), α = 0.9 (period-4 orbit), α = 0.91 (single-scroll chaotic orbit), α = 0.93

(double-scroll chaotic orbit), α = 0.94 (period-10 orbit), α = 0.96 (double-scroll chaotic
orbit) and α = 0.99 (double-scroll chaotic orbit).

As it is shown using maximal Lyapunov exponent criterion, dynamical behaviors
of FOHNN (9) are chaotic. The MLE diagrams of FOHNN (9) for distinct values
of the FO α ∈ [0.5,0.99] are plotted in Figure 2. One can see that for the values
of 0.87 ≤ α ≤ 0.99, the FOHNN (9) has positive value MLE, therefore it has chaotic
dynamics in phase space.

Furthermore, the bifurcation diagram shown in Figure 3 aids us for having a per-
vasive view of the dynamics of the FOHNN. Clearly, the variation of α has divided
dynamics of the system into three regions. The first region contains a single stable
fixed point, i.e., system does not oscillate and the dynamics of system terminate in
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a single fixed point. This means that different trajectories in accordance with differ-
ent values of α have the same qualitative structure and the small perturbation to the
system due to the variation of α does not affect the long-time dynamic of system.

The second region contains consecutive period-doublings. The first period-doubling
is the starting point of this region. The creation of new two stable fixed points and the
fluctuation of system dynamics between them are distinctive points of the second region
in comparison with the first region. Roughly speaking, the phase space of system is a
periodic closed orbit. With the increase of α the generated fixed points are separated
from one another. The creation of new fixed points and their divergence continues until
the consecutive periods-doubling terminates in chaos where the dynamics possesses
infinitely many equilibria and fixed points. The third region defines the chaotic zone,
where the system fluctuates in an unsystematic way independent of the value of α.
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Figure 4: State trajectories of the controlled FOHNN system (10) in Example 1 (8).

Remark 3. Actually, the adaptive control approaches (15) and (16) are called model-
free because the nonlinear/linear dynamical terms of the system have not been used in
the design of the controller. This means that the formulation of the controller is only
based on the states of the systems.
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Figure 5: Time history of adaptive controller (15), applied on Example 1.
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Figure 6: Time response of the updating laws (16), in Example 1.
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Figure 7: State trajectories of the controlled FOHNN system (10) in Example 2.
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Figure 9: Time response of the updating laws (16), in example 2.

5 Control of the Proposed FOHNN

Here, we concern the chaos control problem in system (9) with the adaptive scheme.
To suppress the chaotic behavior of system (9), we should add control signals to the
system. Consider the following chaotic FOHNN with control input ui , i = 1,2,3:

Dαx1 = −x1 +2tanh(x1)− tanh(x2)−u1,
Dαx2 = −x2 +1.7tanh(x1) + 1.71tanh(x2) + 1.1tanh(x3)−u2,
Dαx3 = −2x3 − 2.5tanh(x1)− 2.9tanh(x2) + 0.56tanh(x3)−u3.

(10)

By converting Equation (10) to a matrix-form, one obtains
Dαx1
Dαx2
Dαx3

 =

−1 0 0

0 −1 0

0 0 −2

︸           ︷︷           ︸
A


x1
x2
x3

︸︷︷︸
X

+


2 −1 0

1.7 1.71 1.1

−2.5 −2.9 0.56

︸                   ︷︷                   ︸
B


tanh(x1)

tanh(x2)

tanh(x3)

︸      ︷︷      ︸
Y

−


u1
u2
u3

︸︷︷︸
U

, (11)

which is equivalent to
DαX = AX +BY −U. (12)

If the rows of the matrices A and B are called ai and bi (i = 1,2,3) respectively,
then the Equation (12) is equivalent to

Dαx1 = g1(X,Y )−u1,
Dαx2 = g2(X,Y )−u2,
Dαx3 = g3(X,Y )−u3,

(13)
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in which gi(X,Y ) = aiX + biY , i = 1,2,3.

Assumption: On the basis of phase space, it has been proved that the state
trajectories of chaotic systems have a global constraint in their state space [9, 17].
Actually, this is made by irregular attractors of the chaotic systems. As it turns out,
this is a byproduct of chaotic systems’ irregular attractors. It is therefore necessary to
confine the right-hand portion of a complicated system. Because of this, there are finite-
valued positive constants ρi , i = 1,2,3 for the nonlinear components of the FOHNN
(13), gi(X,Y ) = aiX + biY , i = 1,2,3 such that

|gi(X,Y )| < ρi <∞, i = 1,2,3. (14)

One of the well-known methods with too many desirable features is the adaptive
control method. Here, an adaptive model-free controller is proposed to suppress the
chaotic behaviors of the FOHNN (10). The controller is designed so that it does not
require any information about dynamical terms of FOHNN (10). Thus on the basis of
bounded feature in a chaotic system, the adaptive model-free controller is designed as

ui(t) = ξi(t)
(
kiΥ(xi ) + ciΥ(xi )

)
, i = 1,2,3, (15)

Dαξi(t) = λi |xi |, ξi(0) = ξi0, i = 1,2,3, (16)

where

Υ(x) =

 sign(x), if x > 0,

0, if x ≤ 0,

and

Υ(x) =

 0, if x > 0,

−tanh(x), if x ≤ 0,

where, ki > 1, ci < −1 and λi > 0 are constant values and ξi0 > 0 shows the initial
condition of the adaptive parameter ξi(t).

It should be noted that, to avoid undesirable chattering phenomenon the Υ and the
Υ functions are joined in the control approach.

Theorem 1. Consider the fractional-order neural network (10) with control inputs.
The trajectories of the neural network (10) will asymptotically converge to zero under
the control scheme (15) and updating law (16).

Proof. Suppose that W is given by W (t) = [X(t),γ(t)]T , where

X(t) = [x1(t),x2(t),x3(t)]
T and γ(t) = γ1(t),γ2(t),γ3(t)]

T .
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Thus,

DαW (t) = [Dαx1(t),D
αx2(t),D

αx3(t),D
αγ1(t),D

αγ2(t),D
αγ3(t)]

T ,

where
γi = (ρi − ξi ) i = 1,2,3.

Then,
Dαγi = −Dαξi = −λi |xi |, i = 1,2,3.

Based on Theorem 1, the matrix P must be chosen in a way that the following
relation holds.

∆ =W TPDαW < 0.

By selecting P as
P = diag (1,1,1,

1
λ1
,
1
λ2
,
1
λ3

),

one has

∆ =
3∑
i=1

xiD
αxi +

3∑
i=1

λ−1i γiD
αγi . (17)

Inserting Dαxi from Equation (13) into the above equation, one obtains

∆ =
3∑
i=1

xi

(
gi(X,Y )−ui

)
+

3∑
i=1

λ−1i γi (−λi |xi |)︸   ︷︷   ︸
Dαγi

=
3∑
i=1

xi

(
gi(X,Y )−ui

)
−

3∑
i=1

(
ρi − ξi )︸   ︷︷   ︸
γi

|xi |.

According to the relation (14) and the design of ui(t) in relation (15), one gets

∆ <
3∑
i=1

[
ρi |xi | − ξi(t)

(
ξ(t)

(
kiΥ(xi ) + ciΥ(xi )

))]
−

3∑
i=1

(ρi − ξi )|xi |

<
3∑
i=1

xi

[
ρi − ξi(t)

(
kiΥ(xi ) + ciΥ(xi )

)]
−

3∑
i=1

(ρi − ξi )|xi |

=
3∑
i=1

[
ρixi − xiξi

(
kiΥ(xi ) + ciΥ(xi )

)]
−

3∑
i=1

[
ρi |xi | − ξi(t)|xi |

]
≤

3∑
i=1

[
ρi |xi | − kixiξiΥ(xi )− cixiξiΥ(xi )− ρi |xi |+ ξi(t)|xi |

]
.

Therefore,

∆ <
3∑
i=1

[
ξi(t)|xi | − kixiξiΥ(xi )− cixiξiΥ(xi )

]
. (18)
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• Case 1. If xi > 0, in (18) we have

∆ <
3∑
i=1

[
ξi(t)|xi | − kixiξisign(xi )

]
=

3∑
i=1

(
ξi(t)|xi | − kiξi |xi |

)
=

3∑
i=1

[
ξi(t)|xi |(1− ki )

]
. (19)

Since ki > 1 and the adaptive condition ξi(t) > 0 are ensured, we obtain

∆ <
3∑
i=1

[
ξi(t)|xi |(1− ki )

]
< 0. (20)

• Case 2. If xi ≤ 0, in (18) one has

∆ <
3∑
i=1

[
ξi(t)|xi |+ cixiξitanh(xi )

]
. (21)

Since xitanh(xi ) ≤ |xi | is true for any xi ∈ R, one obtains

∆ <
3∑
i=1

(
ξi(t)|xi |+ ciξi |xi |

)
=

3∑
i=1

[
ξi(t)|xi |(1 + ci )

]
. (22)

Since ci < −1 and the adaptive condition ξi(t) > 0 are ensured,

∆ <
3∑
i=1

[
ξi(t)|xi |(1 + ci )

]
< 0. (23)

Thus, the stability condition in Lemma 1 is satisfied by relations (20) and (23).
Therefore, the procedure of the proof is done.

Remark 4. The parameters λi , ki , ci and ξi in (15) and (16) mean the switching control
gain, which should be adjusted to some special values such that λi > 0, ki > 0,ξi > 0

and ci < −1 for i = 1,2,3, in order to assure the stability of system equilibrium point.
According to the controller, it can be shown that the values of these parameters have
an effect on the amount of control effort required in the suggested method. To put it
another way, high values of the parameters result in a significant control energy.
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6 Illustrative Examples

To validate the efficiency and applicability of the proposed adaptive control method
(15) in suppressing the complex dynamics of the FOHNN in a given time interval, two
illustrative examples are provided for different values of α. It should be indicated that
a numerical algorithm, which is presented in [4], is utilized and the controller begins to
operate after t = 15 sec.

6.1 Example 1

In this example we fix α, the order of derivative of the FOHNN (10), at 0.91 where
the chaotic behavior of the complex network (10) is ensured. Moreover, the initial
conditions of the FOHNN (10) are selected as x1(0) = 1, x2(0) = 2 and x3(0) = −1.
Subsequently, the parameters of the controller (15) and updating law (16) are chosen
as k1 = k2 = k3 = 4.5 , λ1 = λ2 = λ3 = 3 and c1 = c2 = c3 = −1.5 respectively.

The state trajectories of the controlled FOHNN system (10) and the time history
of adaptive controller (15) are plotted in Figures 4 and 5. It is obvious that the strange
attractors of the chaotic FOHNN system are stabilized quickly. Furthermore, it is seen
that the control input (15) converges to an equilibrium point. The time response of the
updating law (16) is depicted in Figure 6. Obviously, all of the parameters of updating
law (16) approach to some fixed value. This means that the designed adaptive controller
can effectively suppress the chaotic behaviors of fractional-order HNN system and the
controller is feasible in the real world.

6.2 Example 2

Here, we assume that the fractional order of the FOHNN (10) is equal to 0.99. With
this choice, the behavior of (10) will be unstable and chaotic, surely. To overcome
this unstability, the parameters of the control law (15) and updating law (16) are
selected as k1 = k2 = k3 = 4, λ1 = λ2 = λ3 = 2 and c1 = c2 = c3 = −1, respectively.
Moreover, the initial values of the FOHNN (10) are chosen as x1(0) = 2, x2(0) = −1
and x3(0) = 1. Figures 7-9 show the state trajectories of the FOHNN (10), the time
response of the adaptive controller (15) and the time history of the updating law (16),
respectively. It can be seen that the state trajectories and control signals converge to
the equilibrium point. Furthermore, all of the parameters of the updating law (16),
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approach to the bounded values. This means that the proposed adaptive controller can
effectively stabilize the chaotic behavior of the introduced FOHNN.

7 Conclusions

In this paper, a new fractional-order Hopfield neural network (FOHNN) was introduced
and the existence of chaos was examined. Using the maximal Lyapunov exponent
criterion and bifurcation analysis, it aws ensured that the FOHNN exhibits chaotic
behavior. In this regard, an adaptive control scheme was designed for control and
stabilization of the FOHNN. The designed control method aws independent of the
linear/nonlinear terms of the complex system states. By applying the adaptive control
method and the stability analysis theorem of the fractional-order systems, the analytical
terms of this controller were proved. Simulation results showed that the introduced
FOHNN exhibited chaotic attractors and the proposed adaptive controller could simply
undertake the observed chaotic behaviors.
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